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The purpose of the study is to analyze the proposed calculation models of a structure to take
into account the nonlinear properties of reinforced concrete. The paper studies a reinforced concrete
lightweight structure of a solid floor using light concrete packaged units. The numerical study is
based on the use of combined floor panel models and certain theories of material deformation.
The numerical study allowed us to obtain and compare structural indicators using various model
theories. It has been established that the design model of the combined floor structure based on the
finite element method (FEM) allows us to account for the nonlinear properties of concrete and rein-
forced concrete, as well as the influence on the distribution of bending moments and thrust forces
between two-way beams. We proposed design models which allow us to account for the uneven dis-
tribution of bending moments and thrust forces in the limit equilibrium method while analyzing the
floor according to the limit state. Based on the limit equilibrium method, we developed recommen-
dations on determining the distribution of bending moments along linear plastic centroids. The prac-
tical value of the study is to identify the features of the stress-strain state and establish the com-

pliance between the numerical results and the data of physical and mechanical experiments.
Keywords: combined lightweight reinforced concrete structure, stress-strain state, nonlinear
deformation, stress redistribution, thrust influence, methods of finite elements and limit states

Introduction

The purpose of the study is to establish the influ-
ence of the nonlinear deformation of concrete and
reinforced concrete on changes in the stress-strain
state of the floor elements. The numerical study is
based on structural models and certain theories of ma-
terial deformation. We obtained and compared struc-
tural indicators using various models and theories.
This paper studies a reinforced concrete lightweight
structure of a solid floor. A beam and grinder con-
struction was formed from heavy structural concrete.
The weight of the floor structure was reduced to 40—
60% through the use of light concrete packaged units,
wood fiber concrete units, or foam polystyrene inserts
laid out on the formwork with certain gaps, in which
the bottom and top reinforcement are installed.

Significance of the study

Numerical studies allow us to identify the
features of the stress-strain state and to establish the
compliance between the numerical results and the data
of physical and mechanical experiments. Accounting
for nonlinear deformation gives a better understanding
of the stress-strain state, which reduces the
consumption of steel reinforcement and increases
reliability. These studies are useful for practical design
engineering.

Analytical research

An analysis of possible schemes to account

for the nonlinearity of reinforced concrete

The research covered a section of a floor structure
consisting of four columns with a 40 x 40 cm cross-
section and a 20 cm plate attached by a mount which
transmits the bending moment. The distance between
the axes of the columns is 6 x 6 m; the length of the
columns below and above the plate is 3 m. The columns
and the plate are constructed from B25-concrete. Waf-
fle-slab floors are analogs to this structure. Two calcu-
lation options were most often used in practical design
engineering: the limit equilibrium method [1] and the
finite element method [2-5]. The results of calculations
for various options are shown below to apply design
methods for the first limit state (destruction).

Option 1. The finite element method based on the
theory of elasticity. Shell-type finite elements (Six
degrees of freedom) were used. The presence of
lightweight units was not taken into account; the plate
was considered to be homogeneous (the most common
design in design engineering practice).

Option Il. The finite element (FE) method using
volumetric rectangular FEs. The ratio of moments is
shown in Fig. 1. The presence of lightweight concrete
units was not taken into account; the plate was consi-
dered to be homogeneous.
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Fig. 1. Designation (a) and distribution (b) of bending moments

Option Ill. The finite element method using
the following design model.

Axial beams are modeled by volumetric FEs
(prism) since the width of the beam section is com-
parable to its height: b,, =40cm, h, = 24 cm.
The calculation allowed us to determine the stresses
in the FEs and displacements of the axial and sec-
ondary beams (deflections). The calculations were
completed with a stepwise load increase. The follow-
ing features of the stress state of the beams were es-
tablished:

e torsion appears in the axial beams, which can
be seen from the uneven distribution of stresses across
the width of the section. For example, near the col-
umns (support sections), there was a 2.17 times differ-
ence in tension longitudinal stresses;

e no tension stresses appeared in the secondary
beams located in the middle of the span of the axial
beams where they are supported by the axial beams
(support sections); tension stresses appeared in the
remaining beams;

e in all the beams (axial and secondary), stress
diagrams were asymmetric and slightly curvilinear;
the asymmetry of the diagram was 1.5...2.5 times,
which indicated the presence of normal forces apart
from the bending moments.

Option I11-(a). The design scheme for this option
is similar to that of option Ill. The task account for
inelastic deformations of compressed concrete and the
appearance of cracks in the stretched zones of beams.
Algorithms using the FE method have been proposed
to solve this problem [6-8]. The FE method was com-
bined with the theories of plasticity, creep, and defor-
mation of cracked reinforced concrete.

Software has been developed for particular cases
of structural systems, but they cannot be used in de-
sign engineering. The Lira software suite has a nonli-
near block; however, practical recommendations are
inaccurate, and the influence of cracking on the redi-
stribution of stresses and forces is not taken into ac-
count. Besides, there is no experience of using the
nonlinear component of Lira in practical design engi-
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neering. This study proposes an algorithm to account
for the nonlinear resistance using the elastic compo-
nent of Lira. The calculation consists of two stages
(steps).

At the first stage, we calculate the design load
and determine the amount of steel reinforcement.
At this stage, we select finite elements, in which the
compressive stresses have reached the values g, >
0.5R;, and the tension stresses have reached the values
Op: = Ry, Thus, we identify zones with inelastic
compressive deformations and cracks. In these zones,
the initial values of the elastic module of concrete
decrease according to the following dependencies:

o for compressed concrete FE:

R,
Sbl.red'

o for tensile concrete FE, the reduced module is
determined from the conditions of the equality of de-
formation and tension forces of the concrete FE and
its replacement by a section of steel reinforcement:

Eb red =

Ag
Ebt.red = ESE = LgHsM,
t

where p is the steel ratio and 7 is the correction coef-
ficient. If u, = 1% and n = 1 for B25 concrete, the
reduced module is Ej, ,.q = 2 - 10* kgs/cm?, which is
15 times less than the initial module E, = 30 - 10*
kgs/cm?.

At the second stage, the calculation is repeated
according to the same design model with corrected
elastic moduli.

The results of comparing the two calculations are
shown below:

1) with initial elastic moduli (conditionally
“elastic”);

2) with corrected elastic moduli (conditionally
“nonlinear”).

In our analysis, we calculated the stresses in the
FEs as well as the bending moments and longitudinal
forces in the axial and secondary beams in two direc-
tions (X) and (Y) (Fig. 2). Due to the different sizes of
the lightweight concrete units in plan view, the differ-
ence in the directions (X) and (Y) resulted in a differ-
ent number of secondary beams in these directions:
in the direction (X) — i = 13 pcs, in the direction (Y) —
j =7 pcs. Due to symmetry, we considered ' of
the floor section in plan view.

Results

The results of our analysis are shown below.

1. Axial beams:

e in the inelastic analysis, the uneven distribu-
tion of the axial stresses o, and g, over the width of its
section increased, which indicates an increase in tor-
ques in the axial beams due to the influence of the
secondary beams;

e in the inelastic analysis, we observe a redi-
stribution of the stresses o, and o, in the sections: on
the support, o, decreases by 1.3 ... 1.4 times, o, in-
creases by 1.7 ... 1.8 times; in the span o, and o, de-

crease by 1.3...1.5 times. This indicates a redistribu-
tion of internal forces from the main beams to the sec-
ondary beams;

e in the elastic analysis, the ratio of the mo-
ments MSYP /MSP in the main beams was 1.20...1.30;
in the inelastic analysis, it was 1.70...1.80, respective-
ly, which indicates that the forces are redistributed
from the main beams to the secondary beams diffe-
rently in the support and span sections; accounting for
the changes in the distribution of the bending mo-
ments allows us to reinforce the floor structure more
efficiently;

e in the inelastic analysis, we observe an in-
crease in the deflection of the main beam by 1.6...2.1
times, which corresponds to the experimental data and
results of calculations according to the Reference
Book [9, 10]

2. Secondary beams
In this section of floor, there are seven beams

along the (X) axis and four beams along the () axis
per % of the section. Fig. 2 shows the stresses in the
sections of these beams where they are supported by
the main beams and in the span sections. We com-
pared the stresses obtained in the elastic analysis with
the inelastic analysis (Figs. 3-5).
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Fig. 2. Stresses (10 MPa) in the support sections
of the secondary beams along the (X) axis
where they are supported by the axial beams
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Fig. 4. Stresses (10 MPa) in the support sections of the secondary beams
along the (Y) axis where they are supported by the axial beams
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Fig. 5. Stresses (10 MPa) in the span sections
of the secondary beams along the (Y) axis

We revealed a complex stress redistribution
scheme. Notably, changes to the stresses (increase —
decrease) ranged from 1.2 to 2.0 times. In the inelastic
analysis, differences in the compression-tension
stresses increased in the sections, as did the curvature
of the diagram along the height of the section.
A change in the longitudinal stresses in the sections
leads to a change in the bending moments and, accor-
dingly, changes in the steel reinforcement in the
strength and deformability analyses.

In the inelastic analysis, the deflection in the cen-
ter of the plate (point A in Figs. 3 and 4) increased by
14.5/6.87 = 2.1 times. This coincides with the experi-
mental data and calculation results.

Determination of the thrust

The presence of the thrust in floors (bent plate
structures) is noted in [9, 11]. The authors affirmed
that the longitudinal tension reinforcement can be re-
duced by 5 ... 20% due to thrust.

Thrust may appear for two reasons:

¢ Due to the resistance to bending of the columns
supporting the floors; the transverse force arising in
the column is transferred to the floor plate in the form
of a thrust;

e Due to the formation of cracks in the tension
areas of the floor plate, an arch (dome) of tension con-
crete supported by contour structures appears.

In this theoretical study of a section of a floor, the
thrust value was determined by the stress values in the
cross sections of the axial and secondary beams. Col-
umns were considered as supporting structures of the
axial beams, while the axial beams were considered as
supporting structures of the secondary beams.

In our previous analysis we found that the stress
diagrams in the beam sections are asymmetric
throughout the height of the section and differ in elas-

tic and inelastic analyses. Ignoring the curvilinearity
of the stress diagrams, the thrust value was calculated
from the system of equations:

o for compression stress

M H
T TwTa’
o for tension stresses
_ M H
= Tw T

where o,, o, are the known stresses; W, A are the
known geometric characteristics of the beam sections.

Figs. 6 and 7 show the results of calculating the
thrust values in the beams of the analyzed section of
the floor.

After comparing the results, we found that:

e The maximum thrust value appears in the areas
near the axle beams;

e The distributions of the thrust values along the
beams differ in the support and span sections;

e In the inelastic analysis, the thrust value
changes as compared to the elastic analysis; on aver-
age thrust value changes 1.4...2.1 times.

The use of the limit equilibrium method

The limit equilibrium method [3, 12] used to de-
sign bending plate structures assumes the appearance of
linear plastic centroids where bending moments reach
the limit values. There are recommendations for the
distribution of moments between the support and span
sections. Elastic analyses and testing of the plates sup-
ported by individual columns along the outline showed
that the difference in bending moments along the linear
plastic centroids can be significant. For example, ac-
cording to calculations, the moments in the direction of
the (X) axis along the (Y) axis differ by 0.51... 2.96
times, and when testing a section of a girderless struc-
ture, cracks near the columns (support zone)
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Fig. 6. Distribution of thrust values (10 kN) between the axial and secondary beams:
a) on supports in the direction of the (X) axis; b) in spans in the direction of the (X) axis;
c) on supports in the direction of the (Y) axis; d) in spans in the direction of the (Y) axis

Fig. 7. The structural diagram of the floor when determining the distribution of bending moments
in the two-way beams (point A is the center of the floor with maximum deflection)
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were 1.5...3.0 times wider than in the span zone [6,
13]. A significant difference is observed along the
proposed linear span plastic centroid.

The limit equilibrium method does not theoreti-
cally establish the distribution of bending moments
acting perpendicular to a linear plastic centroid. The
assumption that the distribution can be constant is
improbable, since at the elastic stage the distribution is
essentially inconstant (the difference is 1.50...3.00
times). Conversion of such unevenness into evenness
has not been observed in the experiments. To this end,
we have developed the following recommendations
for determining the distribution of bending moments
along linear plastic centroids.

For a plate with column supports, there may be
two fracture schemes (strip and adjacent) and, accor-
dingly, the equilibrium equations are written as fol-

lows:
Iy (Ly—2cx)2
q-A= [—y 5 = M7 + MZP, (€D)]

N A R A\
a'B=q|"g> (" “T3LL)| T

= 0.5(M;UP + M5P) + 05(M:F + M5T). (2

Applying these equations to the design of the
floor plate, we should write using one of the directions
(X) or (Y):

q-A=YroMYP + 3, MSF, (3)
where i is the number of beams in the direction (X), of
which M3J? and M35 are axial beams;

q-B=05 ZMSUP ZMSP

+0.5(X My + X M7), (4)
where j is the number of beams in the direction (Y), of
which M7? and M, are axial beams.

There are two options for determining the ratio of
moments in each of their sums in equations (3) and (4).

Option A. Using the results of calculations ac-
cording to the inelastic design model (option I11-a).

Option B. Building a design model and a system
of equations, in which the moments M; and M;
are unknown.

The design models are based on the following
notions:

1) The support conditions determining the ap-
pearance of M;"" in the secondary beams depend on
the deformation (displacement) of the axial beams;
possible displacements are angles of rotation, deflec-
tions, and horizontal displacements at points (i) and (j).

2) The support conditions determining the ap-
pearance of Mz” in the axial beams depend on the
deformation of the columns.

The systems of equations for determining the dis-
tribution of M3Y" and Mg" have the form (method of
forces):

811%) + 812% +
821X1 + 822X2 + -

- Aln
= Ay ( (5)

The general form is:

[Sij][xi] = [An], (6)
where x; = M5UF or MS?, &;; and A, are the angles
of rotation of the beam sections, accounting for their
horizontal and vertical displacements.

Systems (5) and (6) are not designed to determine
the values of M5P and MSUP, which is used to deter-
mine the amount of steel reinforcement. They are de-
signed to determine the ratio (distribution) of mo-
ments between the beams in the support and span sec-
tions. The necessary amount of steel reinforcement is
calculated by jointly solving the system of equa-
tions (4) and (6). The calculation and, accordingly,
reinforcement can be simplified by dividing all the
beams in each direction into two groups:

e A group near the columns, including the axial
beam and part of the secondary beams located near the
axial beam;

e A group between the columns, including the
remaining secondary beams.

Then, system (6) consists of two equations:

811%1 +812%, = A1} 0

82121 + 83007 = A3) "

The equations can be calculated by the following
formulas:

1 1 1
81‘] =@t Qsec = B + +-— (8)

ax Bser Cax

where B,, and B,,. are the bending stiffnesses of the
axial and secondary beams; Cy,, is the torsional stiff-
ness of the axial beam; and A; is the reciprocal angle
of rotation of the sections in the main system (Fig. 6)
caused by an external load. In this case, system (7) can
be solved “manually”. System (7) is compiled for the
support and span sections on the (X) and (Y) axes,
ignoring their mutual influence.

Accounting for the thrust values

in the limit equilibrium method

Apart from recommendations to account for
thrust to reduce the amount of steel reinforcement
by 5-20%, the literature [9, 11] presents formulas
to calculate the thrust value and adjust the reinforce-
ment. The essence of these proposals is that the mo-
ment AM, accounting for the thrust, is added to the
right side of the limit equilibrium equation (3) or (4).

The above studies of a section of a floor have
shown that the thrust is distributed unevenly between
the axial and secondary beams, and the nonlinear de-
formation influences this distribution. To this end, we
propose two options to account for thrust in the limit
equilibrium method.

Option A. Use the recommendations contained in
[9, 11, 14, 15] and distribute the thrust between the
beams, accounting for the results obtained in option
I-a.

Option B. Create a simple design model to de-
termine the thrust distribution. We propose an arched
diagram shown in Figs. 7, 8 and built according to the
following provisions:
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o The thrust appears due to a rigid contour in the
form of axial beams with a bending stiffness Bgyp in
the horizontal direction;

o The secondary beam in the limiting state is di-
vided into three sections: a solid compressed sections
and adjacent tensioned sections with cracks;

e In tensioned sections of steel reinforcement
connected to bonds, Bgy and Bgg are the stiffnesses of
the bottom and top reinforcement, respectively.

e The main system of the method of forces is ob-
tained by eliminating the bonds and replacing them
with the forces x; and x,.

The forces x; and x, are calculated from the sys-
tem of equations compiled for different areas — (i) or
(j) — of the connection of the secondary beams with
the axial beams:

811%1 + 812%; = Alq} ©)

821%1 + G325 = Dgg )

The following formulas were used to calculate
the coefficients in equation (9) (reciprocal horizontal
displacements):

¢ Horizontal displacements at point 1 (6) from an
external load to the secondary beam

A= L where H; = L

197 95, Bgy 1= 9%,
Mgl

A,y =qg—1;

2q ql+A1q

o Horizontal displacement of the secondary beam
fromthe actionx; =landx, =1
1 1
A(xy) =2—; D) = ——;
SH SB
e Horizontal displacements in the axial beam
from the actionx; = landx, =1
1
A= Ay= —(3a’l + 4a®);
- 1 . 2 6EI( a . a’)
where a is the distance from the axis of the column to

the point (i) or (j) where secondary beams are
mounted to the axial beams.

Conclusions

1. The design model of the combined floor struc-
ture made up of two-way beams presented in the form
of flat FEs allows us to account for the nonlinear
properties of concrete and reinforced concrete through

two-stage analysis (options 111 and Ill-a) and deter-
mine the bending moments and thrust forces.

2. A nonlinear two-stage analysis allows us to es-
tablish the influence of the nonlinear properties of
concrete and reinforced concrete on the distribution of
bending moments and thrust forces between the two-
way beams.

3. We recommended using two methods to de-
sign the floor structure: the two-stage method and the
limit equilibrium method. This provides control and
reliability in determining the amount and distribution
of steel reinforcement.

4. We proposed design models allowing us to
take into account the uneven distribution of bending
moments and thrust forces in the limit equilibrium
method when calculating the limit state of the floor
structure.

Designations, definitions, and symbols

The following designations are used in the text:

— axial beams are those along the axes of the col-
umns (section h, X Bay), Where h,, is the height of the
section, equal to the thickness of the floor plate; B, is
the width;

— secondary beams are those between the axes
of the columns (section hg X Bsec), Where Bg iS the
width of the section.

The following designations are used for the val-
ues of bending moments arising in beams (Fig. 1):

My are moments arising in the direction of the X
and Y axes;

Myo, Myo, My;, My; are moments in the axial
beams, respectively;

MgUP, M3UP, MgP, MpP are moments in the
beams at the supports (“SUP”) and in the span (“SP”).
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YUNCJIEHHOE UCCNIEAOBAHUE PABOTOCIMOCOBHOCTH
MInNTbl NEPEKPbITUA KOMBUHUPOBAHHOU KOHCTPYKUUU

FO.A. UeaweHko, C.A. COHUH

FOxHO-Ypanbckuli 2o0cyOapcmeeHHbIlU yHUsepcumem, 2. YensabuHck, Poccusi

Ienpb uccnenoBaHus — aHAIN3 MPEIOKEHHBIX PACUSTHBIX MOJieIeil KOHCTPYKIUH Ul ydeTa
HEJIMHEHHBIX CBOICTB *kene300eToHa. B craTbe uccnenyercs xene3o0eToHHast 00JIeryeHHas KOHCT-
PYKIHSI MOHOJIMTHOTO TEPEKPBITHS C MCHONB30BaHWEM COOPHBIX OJIOKOB M3 Jierkoro 6eroHa. Ymc-
JICHHOE HCCJIe0BaHIE OCHOBAHO HA IMPHUMEHEHUH MOJIeNeH TUTUTHI MEePeKPBITHS KOMOMHUPOBAHHOM
KOHCTPYKLMH U OIpEJeTeHHbIX TeopHil 1eopMHUpOBaHHs MaTepHAIOB. Pe3yabTaToM 4HCICHHOTO
HCCIICZIOBaHMUS SBJISCTCS TIOJMYYCHHE BEIMYUH MOKa3aTeseil KOHCTPYKIMH U UX CpaBHEHHE IPH HC-
MOJTB30BaHUH PA3IMYHBIX TEOPHH MOJeNel. YCTaHOBIIEHO, YTO pacdyeTHas cxeMa KOMOWHHpPOBaH-
HOH KOHCTPYKLMH HEPEeKpBITUs, pa3pabdoTaHHas Ha OCHOBE NMPUMEHEHHs METOJa KOHEYHBIX dJie-
meHToB (MKD), mo3BomsieT ydyecTs HeIMHEHHbIe CBOHCTBA OETOHA M XKelIe300eTOHa, a TaKKe BIIHS-
HHE Ha paclpeieieHre H3rubaroluX MOMEHTOB M PACHOPHBIX YCHIMH MEXIY MepeKpecTHBIMU
6ankamu. IIpemnoKeHbl pacueTHbIE CXEMBI, MO3BOJISIIOLIME B METOJE MPEIeIbHOIO PaBHOBECHS
ydecTh HEpaBHOMEPHOE pachpeleieHne N3rnOarolMX MOMEHTOB M PAclOPHBIX CHII NPH pacdeTe
MEPEeKPhITHS MO TpelelNbHOMY cocTosiHMio. Ha oOcHOBe Meroja TpeleibHOro pPaBHOBECHS
pa3paboTaHbl PEKOMEH/IALMHU TI0 OIPEACIICHHIO PACIPe/IeIeHUs] H3THOAIOIIIX MOMEHTOB BJIOJIb JIH-
HEHHBIX [UIACTHYECKUX MapHUPOB. IIpaKTHUECKOe 3HAYCHHE MCCIICIOBAHHH COCTOUT B BBISBICHHU
0COOEHHOCTEH HaIpsKEHHO-1e)OPMHPOBAHHOTO COCTOSIHHSL M YCTaHOBJICHHH COOTBETCTBHS YHC-
JICHHBIX PE3yJIbTaTOB JaHHBIM (PU3HKO-MEXaHHYECKHUX OIBITOB.

Kniouesvle cnosa: KOMOUHUPOSAHHASA 00ONe2YeHHAs dHcene300emOHHAs KOHCMPYKYUs, Hanpsi-
JHCEHHO-0eoOpMUpoOsanHoe cocmosanue, HenuHeliHoe oOedopmuposanue, nepepacnpeoenerHue Ha-
NPAACEHUT, BIUAHUE PACROPA, MEMOObL KOHEUHBIX DNEMEHMOE U NPEOENbHBIX COCMOAHULL

BecTtHuk KOYpIY. Cepus «CTpouTenbCcTBO U apXUTEKTypar.
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