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Paccmorpena 3amaga CTokca ¢ TpaHUYHBIME yCaoBusiMu HeliMaHa ¢ BXOASAIIUM YTJIOM HA TPAHUIE JBYMeEp-
Holt obiactu. Beejeno nousitue R,-000DOIIEHHOIO peIleHUs] B MHOXKeCTBaX BecoBbIX mpocTpancTB Cobosesa. 11o-
CTPOEH BECOBOU MeTOJ, KOHEYHBIX 3JIEMEHTOB Ha PABHOMEPHOII ceTKe, OCHOBAHHBIII Ha KOHEYHO-3JIEMEHTHOU mnape
Teitnopa—Xyaa BToporo mopsijika U BBeJeHUs B 0a3UC BeCOBON (DYHKIMU B HEKOTOPBIX CTENEHAX V™ u pu* Jjis
KOMITOHEHT TIOJIsT CKOPOCTEH ¥ CKaJIsIpDHON (DYHKIIMU JaBJIEHWSI COOTBETCTBeHHO. Becomasi (pyHkuusi B obyracTu
coBnaiaer ¢ pyHKIMEH pacCTOSTHUSL OT TOYKU [0 BEPIINHBLI BXOJSIIETO yIyla B HEKOTOPO#l J-OKPECTHOCTH W KOH-
cranTe § BHe ee. [IpoBe/IeHbI YNCICHHBIE SKCIIEPUMEHTDI B HEBBIILYKJION obstactu. [TosyueH mopsiiok cxoauMocT
MPUOIMKEHHOTO PEIIeHUsT K TOYHOMY PEIIeHNI0 33/1a9M, HE3aBUCSIIUI OT BEJIMYUHBI BXOJSAIIErO YIJIa U MIPEBBI-
IIAOIIHH TOPSIJIOK CXOAMMOCTH J1ist Kiaccudeckoro MKD. Pesynbrar o cxoqumoctu pgocruraercs: 6e3 reoMerpude-
CKOTO CTYINIEHUsI CETKU B OKPECTHOCTH TOYKM CUHTYJIApHOCTH. [IpoBesieHa cepusi YMCIEHHBIX SKCIEPUMEHTOB [T
Pa3IUYHBIX BEJUYWH BXOJSIINEro yIila W HaiieHa 06JIacTh MOAXOMISINNX CBOOOIHBIX MAapaMETPOB MPE/IJIOXKEHHOTO
noxxona. s ar060it TOYKU IIOCTPOEHHOH 00JIaCTH JOCTUIAETCsI ONTUMAJIBHBIN, C TOYKU 3PEHUS CXOTUMOCTH, Pe-
sysbrar. O6acTh BIGOPA MOJIXOSNIMX CBOOOHBIX IAPAMETPOB OTIMYAETCA OT OOJIACTH JIJIsi PACCMATPUBAEMOIL
3aJa9M C TPAaHUIHBIME ycjaoBusmu upuxite.

Karoueswvie caosa: yenosasn cuneysaprocmsv, 3adavwa Cmokca ¢ epanusnvimy  ycrosuamy Hetimana,
R, -0606wennoe pewernue, secosoti MK5S.

OBPA3ZEIIl INTUNPOBAHUAA

Pykapumankos A.B. O uwuciiennom merose juist 3aiadn CTOKca ¢ TPAHUIHBIME YCJIOBUSIMEU

Heiimana B HeBbinykJ0it obsactu // Becrauk FOYpI'Y. Cepust: BorauciurenbHas MareMaTHKa
u nadopmaruka. 2024. T. 13, Ne 4. C. 5-18. DOI: 10.14529/cmse240401.

BBenenue

Mmuorue MaTeMaTHIeCKHE MOJIEU TPUPOJIHBIX ITPOIECCOB OMUCHIBAIOTCS KPAEBbIMU 331898~
MU C IIOMOIIBIO CACTEM ypaBHEHHI ¢ YaCTHBIMH [POU3BOHBIMU, UMEIONIUE Ty MJIA UHYIO OCO-
6ennocTh. OCOOEHHOCTH pENeHusT TAKUX CHCTEM B JBYMEPHOH 3aMKHYyTOH obsjacti ) MOKeT
OBITH CBSI3aHA C BBIPOXK/IEHUEM UCXOJIHBIX JAHHBIX WM HAJUYIUEM BXOJSAIINX YIVIOB HA I'DAHUIE
objactu. BymeMm roBopuTh, 9T0 KpaeBas 3ajiada UMeeT CUJIBHYIO CHUHTYJISIDHOCTD, €CJIH €€ pellle-
HUe He IPUHAJIeXKUT rnpocTpancTBy CobosieBa Wzl(Q) Jpyrumu cioBamu, uuarerpas Jlupuxiie
OT ee pEIeHUsI PACXOIUTCsI. B citydae, Korjma perreHne TPUHAIEXKUAT pocTpaHcTBy CoboJre-
B W%(Q), HO He NpUHAJIeKUT npoctpancTBy CoboseBa WQQ(Q) KpaeBasl 3a/1a9a Ha3bhIBALTCS
3aja4ueil co cyiaboil CUHTYJIAPHOCTHIO WM IIPOCTO C CUHTYJIsIpHOCTHIO. Hampumep, obobinennoe
pellieHre KPaeBoil S/TUIITHIECKON 3a]a9i ¢ TPAHUIHBIME ycjIoBusiMu Jlupuxie B 1ByMepHOit 00-
JIACTH, COJiepzKalleil BXOJAIMuUil yrol Ha IpaHulle, T.e. yroJ u3 juanasona (7, 27|, HpuHaIeXKuT

Wl*‘rﬁ*f

Jub npocrpancTsy W (Q), B € [0.25,1), Tae € — NPOU3BOJILHOE IOJIOKUTEJbHOE JIefi-

CTBUTEJIbHOE YUCJIO. HOSTOMy HpI/I6JH/I}K€HH06 pemenue, 1moJlydeHHoe KJIaCCUIYeCKUMU MeTOJaMn
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O uywucsenHom merozne aJs 3agadm CTokca ¢ rpanmdHbiMEu ycjgoBusimu HeilimaHa ...

KOHEUHBIX PA3HOCTEH MM KOHEUHBIX 3JIEMEHTOB, CXOJIUTCS K TOUYHOMY PEIIEHHUIO HE ObICTpee YeM
co cxkopoctbio O(h?) .

s KpaeBbIX 3a/ilad C CHHTYJIAPHOCTBIO CYIIECTBYIOT PA3JIMYHbIE YUCJEHHBIE ITO/IXO0JIbI, OC-
HOBaHHbBIE HA BBIJIEJEHUN CHHTYJISPHBIX KOMIIOHEHT ODOODIEHHOTO PEIeHUs U CUYIIeHUs CETKHU
K TOYKE CHHTYJISPHOCTH (CM., HAIpUMED, ) ODTH METOJBI CYIIECTBEHHO YCIOKHSIIOT CXEMY
MeTozia KOHeUHBIX 3eMenToB (MKD), 4ro Bimser Ha CKOPOCTH BBIYUCJIUTENHHOTO IPOIECCa U
TOYHOCTb PE3yJIbTaTa.

B JJIE SJIIUNTUIECKUAX 3324 C IPAHUYHBIMU ycjaoBusaMu Jlupuxiie ObLIO IIPEJIO?KEHO
OIIpeIEJIsITh pelerne Kak R,-06001eHHoe B BecoBbIX mpocTpancTBax CobosieBa. Teopernueckue
pPe3yaIbTaThl, CBA3aHHBIE CO CYIECTBOBAHNEM, €INHCTBEHHOCTHIO U auddepeHInalbHbIMUA CBOT-
crBaMu R,,-0000IIEHHOTO PeIeHnsT Pa3INIHbIX 33129 U3y IeHbI B . Ha ocuose sToro moaxoma
OBLIN CO3/IAHBI YUCJIEHHBIE METOJIbI, MIO3BOJISIONINE MOIYIaTh MPEUMYIIECTBO 10 MOPSJIKY OTHO-
CHUTEJIBHO IHara CeTKU HaJl KJIACCUIECKUMU MOJX0AAaMU (CM., HAIPUMED, )

B npejicraBiennoit pabore pacemorpum 3agady CToKca ¢ FPaHUIHBIME yejioBusimu Heiimana,
onpenesinm R,,-0000IIeHHOE PeleHne 3aJai B BECOBBIX MHOXKeCTBax. TeopeTudecKuil aHajms
o606mennoro perrennst 3ajga4du Crokca (HaBpe—Crokca) ¢ rpannanbiMu yeiaosusimu Heiimana
BBITIOJTHEH B paboTrax . B u3ydeHa PeryaspHOCTb PENIeHus 3a/[a9d B IIPOCTPAHCTBAX
CobosieBa, cylecTBOBaHNE U €JMHCTBEHHOCTL cjiabbix pentennit Hasbe—Crokca. B moKasa-
HO KakK CBOiicTBa oneparopa CTOKCa MPUBOAAT K JIOKAJIBHBIM HJIM TVIOOAJILHBIM PEIIEHUSM JIJIs
MaJIbIX HA4YaJIbHBIX JAHHBIX. B IIPOBEJIEHO TEOPETUIECKOE UCCIIEOBAHNE PEIeHNs] HECTAIU-
OHAPHOI 3aJa4l, KOTOpasi sIBISIeTCSI JUHeapu3almeil MOIeJTbHON 3a1aduil CO CBODOIHON TpaHU-
neti. /lokazaHbl OIEHKH pelieHns B HOpMax MPOCTPAHCTB Jlebera u moJjiydeHo IPEuMYIIEeCTBO 110
CPABHEHUIO CO CJIyYaeM IPAaHUYIHOIO YCJIOBHUs O€3 IMPOCKAJb3bIBaHus. B OIIPEJIEJISIETCSI CBSI3h
cBoiicT oneparopa Crokca—Heiimana ¢ onteparopom Crokca—J/lupuxiie, B 4aCTHOCTH, CBSI3b UX
CcOOCTBEHHBIX 3HaYEHU. 3/1eCh IIPEJIOXKUM YUCIEHHbBI METOJ PElIeHNs 3a,1a9i, OCHOBAHHLIN Ha
omnpeiesiennn IR, -00OOIEHHOTO pelleHns] U BBEJIEHUU B 0a31MC BECOBOW (DYHKIINKU B HEKOTOPBIX
crenersix. [IpoBejieH psifi YUCTIEHHBIX SKCIIEPUMEHTOB 3a/Ia91 B HEBBITYKJIONH 00/I1aCTH. DKCIIEPU-
MEHTAJIbHO MOJIYIUM, UTO MOPSIOK CXOAUMOCTH ITPUOJIUKEHHOI'O PEIIeHUs] K TOYHOMY PEIIeHUTO
3a/1a9U HE 3aBUCUT OT BEJUYUHBI BXOSINErO yIJIa.

Cratbsi Opranu3oBaHa cJjejyionmuM obpazom. Pazmen CO,ILep}KI/IT HeoOXo/IuMbIe 0D03HAYE-
HUsl, ONIPEJIESIEHUS IPOCTPAHCTB U MHOXKECTB. PaS,ILeHHOCBHH_leH OIIPEJIEJIEHUIO KJIACCUIECKOTO
u R,-0060061mennoro pernrennii 3anaan CTOKCa ¢ FpaHUIHbIME ycjioBusMmu Heifimana. B paazxeﬂe
IIOCTPOEHA CXeMa BECOBOI'O METOJ[a KOHEYHBIX 3J1eMeHTOB. B paS,ILeHGHpe,ZLCTaBJIeHbI pesyJibra-
ThI YUCJIEHHBIX SKCIEPUMEHTOB U OIPe/JIeeHbl 00J1aCTH BIOOPa CBOOOIHBIX IIAPAMETPOB IIOXO0/IA.

B zakimouenun IpuBeIeHBI BBIBO/BI 1 HAMEYEeHBI HallpaBJICHUA JlaﬂbHefIHII/IX I/ICC.HGILOB&HI/II;'I.

1. Heobxomumbie obo3HadeHns. OnpeaejaeHns IPOCTPAHCTB
1 MHO>KECTB

Ob6jtactb () ecTh HEBBIMYKJBIE MHOIOYIOJBHMK C T'paHuieil [, comepKkaiuii BXOIAIINiA
YIOJI Ha IDAHUIE B JBYMEPHOM €BKJIMIOBOM IPOCTPAHCTBE RZ, rie X = (r1,x2) €ro sJeMeHT,
dx = dzd = (22 +22)"/? 11

X = dx1dxy ero Mepa u ||x|| = (] + x5 ero HOpMa. IlycTh BepIimHa BXOJSINErO YIJIa COB-
nagaer ¢ HadagoM koopauaar O = (0,0). Bepmmny Bxomsiiero yria OymgeM Ha3bIBATH TOUKOM

curarymsipaoctu. [lycrs Q = Q U T — 3ambikanme obmactu ).

6 Bectauk FOYpI'Y. Cepus «BpruunciaurenpHas MmareMaTnKa 1 “”HOOPMaTAKA»



A.B. PykaBuUIIIHUKOB

Beesem neobxomumblie ob6o3Hauenusi. [IycTh 3a/aHbl BeKTOpHBIE TOJIsA a = (aj,a3),c =

(c1,¢2),d = (di,d2) u ckansiproe nose b, Torma

62(11 82CL1 820,2 82CL2

T
Na = ( + + ) — omeparop Jlamnaca mosst a
0x?  Ox3’ 022  Ox3 patop ’
0 0 ob  Ib
diva = o + gaz _ JUBEPreHInst ToJst a, Vb = <—, —) — TpaaueHT mosst b.
Or1  Oxo O0x1" O

Kpowme Toro,

2
0b Oa; Oc;
a'Vb:izlaiaxij Va:Vc = Z axj ax]

7]7

2 2

Oa; , 9 (aVb) : (ch) = Z aia—éciﬁ

Va: (CVb) = %jcz'aixj,

4,j=1

[a(d-Vb)]:c:ZQ: (aab)cj,(Vad c—ZgZJchj.

i,j=1 ,j=1
Yepes ()5 obozHaunM 006J1aCTh, 00PA30BAHHYIO IIepecedeHreM Kpyra C IIeHTPOM B Havaje
koopunar O u pajuycom § ¢ Q, Te. Q5 = {x € Q: x| <§ < 1,5 > 0}. Oupenennm dbyukuuo
p(x) B , KOTOPYIO HA30BEM BECOBOI, MMEIONTYIO CJICLYIOITHiT BIT:

IIx||, eciu x € Qs,

p(x) = -
d , ecmmx € Q\ Qs.

OrpejiesiuM HEOOXOIMMbBIE HAM BECOBBIE TPOCTPAHCTBA M MHOYXKECTBA 0DOOOIEHHBIX (DYHKIIHIA.

Hepes Lg o (€2) o6o3HaIMM BecOBOE MPOCTPAHCTBO (ByHKIMIT v(X) ¢ OrpaHUICHHON HOPMOIi
1/2
vz, :(/Pza(x) vQ(X)dx) . (1)
Q

IIpuaem, ecim a = 0, 10 Lo o(2) = L2(£2). O6o3nawmm depes W217a(Q) IIPOCTPAHCTBO (DyHKITHI

v(x) Takux, 9ro v(x) € W%ja(Q), €CJTM OUPaHWYeHa MHTErpaJibHas HOpMa

1/2
lollwg .o = (0l oy + D 101D y) (2)
=1
re Dv(x) = i?ﬁgj}z — l-s1 0b0GIeHHast npon3BoiHas GyHkuun v(x) : |l = I} + lo, [; —

HEOTPUIIATEJIbHBIE TIeJIble Yucia, ¢ = 1, 2.

Beesiem ciepyrommue yeosust jisi hyHKImn v(X):

[u(x)] < C10 TpT % (x), x € Qs (3)
|IDl(x)| < 016 Tp" Hx), x€Qy, (4)
p*e (x)dx > (C3)? > 0, (5)

2\Qs

e C] — MOJOXKATEIbHAsT KOHCTAHTa, T — MAaJIblil IMOJIOXKUTEJLHBINA ITapamMeTp, He3aBUCIIIIT

or 6, u v(x). amee ompemeanM MHOXKECTBA B BBEJIEHHBIX BECOBBIX NPOCTPAHCTBaX. depe3

2024, T. 13, Ne 4 7



O uywucsenHom merozne aJs 3agadm CTokca ¢ rpanmdHbiMEu ycjgoBusimu HeilimaHa ...

L3 (€2, 6) obo3HatnM MHOXKeCTBO (DyHKIIHI v(x) u3 npocrpaHcTBa L o(€2), yI10BIeTBOPAIOMIX
YCTIOBUSIM u ¢ orpannvenHoit Hopmoit (1). OnpemenuMm MHOXKECTBO Lg o(,0) dymkimit
L ,(€2,6), econ v(x) € Lga 0,0) fp

v(x) Takmx, 9T0 V(X) € x)dx = 0 ¢ orpaHuvIeHHOI

HOpMOIt . Ecmm o = 0, To Lg
v(X) 13 BECOBOrO IPOCTPAHCTBA W21 o(€2), YIIOBIETBOPSIIOIINX yCIOBUSIM . C OrpaHHYeHHOI
HOPMOii . Ecimm o = 0, 1o Wy 1= W3(€, ).

JlisT BEeKTOPHBIX ITOJIEH, MPOCTPAHCTBA U MHOYXKECTBa Oy/IeM BBIIEJATH KUPHLIM IIPUQPTOM,

= Lg’O(Q §). Yepes W (8, 5) 0003HAYNM MHOXKECTBO (byHKITHI

Hapumep, v = (v1,v2) : v € Ly o(Q,0), ecim v; € Lo o(Q,9),7 = 1,2, ¢ orpanugeHHoil HOpMoii
2 1/2
_ 2
¥l oo = (3 il o))

2. Ompepesienne Kjaaccu4ieckoro u I7,-o600mieHHOro perrneHuii
zagadn CToKca ¢ rpaHudYHbIMHI ycaoBusiMu HelimaHa.
CBsa3p 1R,-000011I1eHHOTO 1 000OIIEHHOIO peIlleHnit

3amaga CTokca ¢ TPAHUYHBIME yCaI0BUsaMH HeliMaHa cOCTOMT B TOM, 9TO, 3Had (DYHKIIAN
= (f1,f2) B Q u r ma I' meobxonumo HaiiTu mosst ckopocreii u = (up,ug) W JaBIeHUS P,

KOTOPBIE VIOBJETBOPSIOT cUcTeMe audepeHITnaIbHbIX YPABHEHNI 1 TPAHUYIHBIX YCJIOBHIL:

—Au+Vp=f B Q, (6)
divu=0 B Q, (7)
(Vu + (Vu)T — p)n =r HA r, (8)

rje n = (ny,ng) eJIMHAYHBIN BEKTOP BHEIIHEeH HOpMasn K .

Ornpeiesium OUIMHEHHBIE U JIMHEHHYIO (POPMBI:

a(w,v) = /Vw 1 V(p*v)dx, 9)

Q

bi(w,q) = —/q div (p*w)dx, / ) div wdx, (10)
Q

D

r- (p*'v)ds,

e ds — auddepenmnua mo I,
ycTp

feLopg(),rely, (I),0< 8 <. (11)

Bsenem nousrue R,-o0bobiennoro pemenust 3agadn Crokca @f C TPAHUIHBIMA yCJIOBH-
AMUN HeﬁlﬂaHa B BECOBBIX MHOXKECTBaX.

Onpepenienne 1 (R,-0606mennoro pemenns). [lapy dyukumii (u,,p,) € W%W(Q, 0) X
Lgﬂ,(Q, ) nazoseMm R,-06001eHHbIM pemnenneM 3a1aun CTokca @7, ecJim JIJIst Beex 1map QyHK-

it (v,q) € W%,V(Q, J) x L%V(Q, ) CIpaBe INBbI MHTEIPAJILHBIE TOXKJIECTBA:

a(uy,,v) +bi(v,py) =1(v),
bQ(uua Q) = 0,

(12)
(13)
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rae f U r yIoBIETBOPSIOT YCJIOBUIM uuy, = (u1,,u2,).

Ompenenum cBs3b MexXay [RR,-0000meHHbIM u 000OIIeHHbIM perteHnsaMu 3agadn  CTok-
ea (8)-(8).

Bo-nepBoix, 1no anasorun ¢ Jlemmoit 4 HMeeT MECTO CJIELyIOIlee YTBEpPKIEHHe: 2z €
W%}V(Q, §) Toria m TOLKO TorMa, Korya pz € Wi Tlo ompeseennio HopMbl : q€ Lg,V(Q, 0)
TOTJIa U TOJIBKO TOTJA, Korma p’q € Lg.

Bo-BTOpBIX, CHPaBeJIUBbI CJIe/LyOIINe pecTaBierust Jist v = (v1,v2) 1 W = (w1, w3):

p*vi) _ 0 v) o, \Op”
8%‘]' =P 6xj + (p ,Ul) 895]-’
ow; _ 8(pl’w,~) _ 8py
= Y — Y 7 ’ sJ — 17 2
a:lij P 8xj pw al’j bJ

Corutacuo sTomy, 6unmneiinas dpopma a(w, v) B @ MOXKET OBITH IIPEJICTAB/IEHA B CJIEIYIOMEM
BUJIE:
a(w,v) =a(w,v) + aj(w,v),
rie
a(w,v) = /V(p”w) s V(p"v)dx,
Q
ar(w,v) = / [V(p”W) 1 (VVp") = (wVp") : V(p"v) — (WVp") : (vVp") dx.
Qs

Busnueiinbie dopmer by (w, q) u be(w, q) B MOTYT OBITH MIPEJICTABIEHBI B TAKOM BHJIE:
bl (W7 q) = B(Wv Q) + d(W7 q) n b2 (W7 q) = E(W7 Q) - d(W, Q)7

rie

b(w,q) = / () div (Pw)dx,  d(w,q) = - / (Fa)(w - Vp")dx.

Kpowme Toro,

e f = pf, F = p’ru v = p'v.
Ha ocHoBaHUM BBIMEN3I0KEHHOTO, ONPEICTNM 000DIEHHOE PEITEHUE 3a/1a N @—.
Omnpenenenne 2 (o6o6mennoro pemenust). Hapy dyukmmit (,p) € W3 x LY nasosem
00001eHHBIM pertenneM 3ajadn CTokca @7, ecam s Beex map dynkumit (v, §) € Wi x L

CIIpaBE€/IJINBbI UHTET'PDaJIbHbIE TOXKIAECTBa:

(
(

) +b(v,p) = (%), (14)
) =0, (15)

<N
=1}
<

I

o
=
=)

)

rae a = (i, U2).
Bameuanme 1. Bapmanmonnas mocramoska sagsaun (12), (13) npu ompenenennn

R,-060011IeHHOrO pelreHnst 3aa49u @7, B OTJINYME OT BapUAITMOHHON 3a/1a4m wl 1| mpu
ompeaeeHnn 0000IEHHOTO PEIIEHUST 38,181 @7, SABJISIETCS HECUMMETPUIHON BBUTY HAJIMINST

dbopwmst d(-, ), onpe/ieeHHON B §-OKPECTHOCTH TOYKU CHHIYJISIPHOCTH.
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Sameuanne 2. OTinune OnpeIeeHnsT PEIeHU UMeeT MECTO B 0-OKPECTHOCTHU BXO/ISIIIErO
yrIIa.

Sameuanne 3. [TokaxkeMm, 9TO MpUOIMIKEHHOE PEIIEHNe, TTOJYIeHHOE Ha OCHOBAHUH OIpe-
JieJieHHOTO R,,-0000IIEHHOTO PEIIEHIS UMEET MTOPAIOK CXOJUMOCTU K TOYHOMY PEIeHUIO 3a/a4u,
HE3aBUCAIIII OT BEJUIUHBI BXOISIIETO YTJIa, B OTJINYINE OT MPUOINKEHHOTO 0O0OIIEHHOTO petiie-
HUSI, TIOPSITOK CXOJUMOCTH KOTOPOTO YMEHBITAETCSI C YBEJTMICHNEM BEJTUIMHBI BXOIAIIETO YIJIA.
Pesynbrar mocturaercs 6aarofapst KadecTBeHHOMY yduery morperrmaoctun B (5. Ilpm sTom mo-
I'PEIIHOCTD He paclipocTpaHsieTcss u3 ()5 BO BHYTPEHHIO YaCcTh pacdeTHoil objactu. Pesysbrar

JOCTUTraeTCA 0e3 CIrylieHns CeTKU K TOYKE CUHIYJIAPHOCTH.

3. CxemMma BecoBOro MeTOJa KOHCYHBIX 39JIeMEeHTOB

[TocTponm cxemy BeCOBOrO METOIA KOHEUHBIX 3JIeMEHTOB 11t 3aadau CTokca @7, OCHO-
BaHHYIO Ha olpejiesieHnu R,,-06001ennoro pentenus. st 9Toit 1e/1 IpoBeieM KBa3upaBHOMED-
Hy1o Tpuanryismo T, obnactu ) . [Iycts Ls — MpOM3BOIBHBIH TPEYTONHHUK TPUAHTYJISIITIH
CO CTOPOHOI HOPsiJIKa h, ero Ha30BeM KOHeIHbIM dj1emenToM. O6o3naunm vepes 2 = L.eT, Ls
00 beIMHEeHe BCeX KOHEUHBIX 3JIEMEHTOB. JIJIsT KOMIIOHEHT BEKTOPa CKOPOCTEH, B KATECTBE Y3JI0B
AIIPOKCUMAITIH, OYIeM HCIIOJb30BATh BEPIIUHBLI U cepequHbl cTOpoH Lg. Ix MHOXKecTBO 000-
3HAYUM Hepe3 R”el, a JIJIst CKAJIIPHOM (DYHKITUU JTaBJIEHUS] BEPIIUHBI KOHEUHBIX 3JIEeMEHTOB. x
MHO>XKeCTBO 0003HauuM depe3 RP'®® u ornpenenM KOHEYHO-3JIEMEHTHYIO mapy Teiopa—Xyaa
2-ro nopsijika (cM., HalpuUMep, ) X, X Zy, e Xy, = X, X Xp 1
X ={h e C(Q) v, € Py(Ls) YLy € T1,};  Zp, = {2" € C(Q): 2|1, € Pi(Ls) VLs € Tj,}.

Ha ocunoBanuu BBINIEN3JI02KEHHOTO, TPEICTABUM OCOObIe 0Oa3ucHble (PYHKIIUU W TOCTPOUM
cxemy BecoBoro MK mjist npubsmykenHoro perrenusi 3agadn CTokca @—. Kax oMy y3my
N, € R u M, € RP"®* coorBercTByeT GasucHas dyHKIs

Ok(x) = p~" (X)er(x) m xi(x) = p* (x)Yr(x),  k, 1=0,1,...,

rue Soki(x) € Xha (pk(Nl) = 5]% u d)l(x) € Zha ¢I(Ml) = 5li7 i7k7l = 0717--') 6z] — CHMBOJI
Kponekepa, v* u p* cBoGomble (M0JI0KUTEIbHBIE) TAPAMETPBI MOXO0/IA.
Yepes Vj, u Q) 0603HAIMM MHOXKECTBA JJIsi KOMIIOHEHT BEKTOpa CKOpOoCTeil 1 (DyHKIUY ITaB-

JIEHUsT KaK JinHeiiHble 060109Kn cucreM 6asucubix dyukuuii {0} u {x;}; coorBercrBenno

ul (%) = dopfr(x),  ula(x) =Y dunifr(x),  phx) = en(x), (16)
k k

l

re d; = p” (N[j/Q])Jj, e; = p* (M;)é;. Koabdummentor d; u e; B OIIPEJIENIAIOTC KAK
peIlleHre CUCTEMBI JIMHEHHBIX aJIrebpanvecKuxX ypaBHEHH (CM. 1| mmxe. [lycts Vi, =V, XV,
nVy, C W%’V(Qh, 5) u Qp C Lg’y(Qh, (5)
Bsesem nousrue npubsmxkensoro R,,-0600mennoro pemenus 3agadu CTokca, @f.
Onpepeaenne 3. [IpubimkenasiM Ry,-06001eHHbIM perenueM 3aja4u CTokca, @f 110
BECOBOMY METOYy KOHEUHBIX 9JIEMEHTOB Ha30BeM Hapy (pyHKImit (ul}f , p,fj) € Vj, X QQp Takyro, 94To

JIIs TPOU3BOJILHON TTapbl (DyHKITHIT (vh , qh) € V}, X Qp, cripaBeJINBBI HHTErPAJIbHBIE TOXKJIECTBA!

a(uy, v*) +b1(v",p}) = 1(v"), (17)
b2(uh7 qh) =0, (18)

14

rae f u r yroBierBopsioT yeaoBusaM w) uwul = (uf,,ub ).
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Sasaua \l \l [IOPOXKAET CUCTEMY JIMHEHHBIX aJireOpanvdecKux ypaBHEHUN

A B F
T ' Y| = ) (19)
B; O z 0
T T .
re 'y = (do,dg,d4,...,dl,dg,d5,...) JZ = (60,61,62,...) , F — BexkTOp-crosiber 3HaveHUIt

suHeiHo# dbopmbl [(0f).
VTeparmonHblii 1Iporecc ¢ nepeobyc/aB/IiBaHieM MaTPUIB! cucTeMbl Bija (19) nocrpoen un
peayin30BaH (CM., HAIIPUMED, ) B ciepyiomem naparpade nposegeM HeoOX0IUMbBIE YUCTICHHBIC

9KCIIEPUMEHTHI ¥ [TOKAYKEeM [IPEUMYIIECTBO IIPEJJIOKEHHOTO HamMu BecoBoro MK?D.

4. Ywucaennble 3kcriepuMeHTbI. OnpeneseHne obiacTu BbIOOPa
CBOOOJHBIX TTapaMeTPOB IMOIX0IA

B srom pazsese nmpeacTaBuM pe3yJibTaThl YUCJIEHHBIX SKCIEPUMEHTOB pernenust 3a a9 CTok-

ca @f ¢ TpaHuYHbIMU ycjioBusMu Helimana juis ByX KOHMUIypalnii HEBBIITYKJIOH 00J1acTH
(em. puc.[1).

Tabuuia 1. 3aBUCUMOCTD MOTPENTHOCTEH TPUOTUKEHHOTO RR,,-0000I1IIEHHOTO PEIECHUST, UCIIO b~

3yst BecoBoit MKD, or mara cerkn h (mo crpokam) u cremeneit v u v* (u* = v*) B HOpMe

lu, — uﬁHWéyu(Q)a w= 37”

(6,v) (0.012,2.0) (0.0125,1.8)
h o v =037 v =035
001  1.20le-5 3.051e-5
0.005  6.004e-6 1.525¢-5
0.0025  2.998¢-6 7.615c-6

~—

Puc. 1. Tpuanrymusiun obnacreit 21 u o
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Tabuuia 2. 3aBUCHUMOCTH MOTPEITHOCTENH TPUOJIMKEHHOIO 00ODIEHHOTO PEIIeHUs], UCIIOJIb3YsT

kiraccndeckuit MK, or miara cerkn h (nmo cronbnam) (v = p* = v* = 0,0 = 1) B HOpMe

2 —a"lw; @), w =%

h 0.01 0.005  0.0025
o —0"|lwy () 1.647e-1 1.140e-1 7.822e-2

[TokazkeMm MpenMyIEecTBO BECOBOIO IoaxoAa Hal KiaaccudeckuM MK?D. IlpeacraBum TouaHOE

pellleHue 33,/1a491 @f B [OJISIPHBIX KoopauHaTax (1, ¢) B caemyoreil dbopme:

= 7 y(e),

xrk(e) | _ [ (14 Be)Ar(p) A () sin ¢
X2,k(¢) 1 () —(1+ Br)Ax(») cosp )’

() = (1+ Bk)2;\2(_¢i + A’é’(@)’
k

ur(r, ) = P x1.6(0),  ua(r, ) = rPxar(e), plr, @)

rje

Ag(p) = cos((1 = Br)ep) — cos((1 + Br)p)+

+(1+ ,Bk)fl sin((1 + Bk)p) cos(wkBr) — (Br — 1)*1 sin((B — 1)) cos(wkfB), k= 1,2,
rie B = min{f : sin(fwy) + Bsinwy, =0 u 5 > 0}. Torma mist wy = 37”, umeeM (31 =~ 0.54448,

a JIId wg = %’T — B2 & 0.67358. Takum obOpazoM, BeJMIUHA, (3}, OIPEIEIISIET ACUMIITOTHKY IIO-

BeJICHUsI PEIeHNsI B OKPECTHOCTU TOYKU CUHTYJIspHOCTU. Ilpm srom w; ¢ W;(Q),z =1,2n

p ¢ WH(Q) — Tunmmunas cuTyanus Jyis MOBeJeHHs DEMIeHdsl B HEBLITYKJIOH OOJAacTH C BXO-

AsmuM yryioMm Ha rpanute I, Ilosaraem, aro a = 1, h = %, rime N — KOJMYECTBO OTPE3KOB

pa30reHns 10 KarKI0My HAIIPABJIEHUIO, h — IIar CeTKH.

Benuunny morpernoctn mpubsimkeHHOT0 R,,-0600IIIEHHOT0 peIeHns Mot CKOPOCTeH u’,} u

npubsmKeHHoro 06o61enHoro pemternst (v = v* = p* =0, § = 1) nosas ckopocreit a” onpenens-
€M KaK MOI[‘yJIb Pa3HoCTu Me)K,Z[y TOYHBIM U HpI/I6HI/I)K€HHbIM pernrenndaMn B HOpMaX IIPOCTPaHCTB

W3, () 1 W3 ((Q) coorsercrsento.

7.03-107
2-107*
5.107°

(a) h = 0.01 (6) h = 0.005

Puc. 2. AbcomorHas IOrPEIIHOCTD IEPBOH KOMIIOHEHTDI 110JIs1 CKOPOCTEH IPUOJIMKEHHOrO
R,-0606menno0ro pemennst (v = 2.0, v* = p* = 0.375, 6 = 0.012), w = 37”
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PesynbraTs! mpejicraBieHsr B TabJI. u pI/IC.I/I [TapameTpst v, v*, ;* u §, npencraBieH-

HOro BecoBoro MKD), onpeiesieHbl 9KCIIEPUMEHTAJIBHO.

1.27-107
240~
5.107°

(a) h =0.01 (6) h = 0.005

Puc. 3. A6cooTHast TIOTPEITHOCTD TEPBOil KOMIIOHEHTHI TOJIsI CKOPOCTEH MPUOJINKEHHOTO

— kK _ __ 3m
obobmennoro pemenns (v =0, v* =p* =0, =1), w = 5

AVvE
0.3
0.4r
0.3r
0.2r
0.1
L 2 . & . 4 & L 2 . 2 >
0 0.6 0.8 1 1.2 1.4 1.6 1.8 2 A%

Puc. 4. O6yractb MOAXOSIINUX CBODOIHBIX TAPAMETPOB METOA JJIs yIyia W = 37“

Hanee mocrasum cebe 3asady 06 onpejienenun obaactu B nepeMeHsbix (v, v*)(u* = v*), s
KOTOPOii (B KaxKJI0ii ee TOUKe) 3HAYEHNE TIOIPEIITHOCTH OTJIMYAETCs OT ONTUMAJIBHOMN He 6ojiee YeM
Ha 6 nporenToB s Beex Besmmawa h = 0.01,0.005,0.0025. B kadecTBe pajimyca d-OKPECTHOCTH
BbIOMpaeM BesmauHy u3 juanazona [0.01,0.03]. B skcnepumenTax paccMarpuBaeM Iiar u3MeHe-
Hus 110 nepemenHoi v*, paBubiii 0.01 /J1s1 Bcex MOJIOXKUTEIbHBIX 3HAYEHUN U IIMAr 110 ITePEMEH-
Hoii v, pasubiil 0.2 u3 aumamazona [0.6,2.0] mrs Q u [0.4,2.0] s Q. Ha pI/IC.I/IHOKaSaHI)I
9KCIIEPUMEHTAJIbLHO HailJleHHbIe 00JIACTH BBIOOpPA CBOOOMHBIX ITAPAMETPOB IPEJJIOKEHHOTO O/

X01a.
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Tabuuia 3. 3aBUCUMOCTD MOTPEINTHOCTEH TPUOIUKEHHOTO R,,-00001IIEHHOTO PEIIECHUS, UCIIOTh-

3yst BecoBoit MKD, or mara cerkn h (mo crpokam) um cremeneit v u v* (u* = v*) B HOpMe

lu, — uﬁHWéW(Q)a w= %

(6,v) (0.0125,2.0) (0.015,1.8)

h v =0275 1v* =025
0.01 5.113¢-6 1.756¢-5
0.005  2.545e-6 8.731e-6
0.0025  1.277¢-6 4.369¢-6

Tabuuiia 4. 3aBUCHMOCTE MOTPEITHOCTENH TPUOJIMKEHHOIO 0DODIEHHOTO PEIIeHUs], UCIIOJIb3YsT

kiaccnaeckuit MKD, or mara cerkun h (o crombnam) (v = p* = v* = 0, 6 = 1) B HOpMe

@ — 0" lws (@), w=°F

h 0.01  0.005  0.0025
@ —a"[lwy ) 8-329e-2 5.202e-2 3.262e-2

AV

0.4r
0.31
0.2r
0.11

& 2 . 4 i 2 & 4 » & >

0 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2 Vv

5T

Puc. 5. O6yractb MOAXOASIIUX CBOOOIHBIX ITapaMeTPOB MeTOHa I yIjia w =

3akJro4eHne

B crarwe BBemeno nousitue R,,-00001meHHOe pertenne 3agadu CTOKCA ¢ TPAHUIHBIMU YCJIO-
Busimu Heifimana B HECHMMETPUIHON CMeEIIAHHON MOCTAHOBKHU 3aJa4n. KOMIIOHEHTBI peleHust
OIpeIeNsIioTca B MHOXKecTBax BecoBbix npocrpancTB C.JI. Cobosesa. IlocTpoen BecoBoii MeTos,
KOHEYHBIX 9JIEMEHTOB, OCHOBAHHBIA Ha OIpeleeHIN KOHEYHO-3JIEMEHTHOM mapbl Teiiopa—Xyia
2ro mopsiKa.

PesysibraThl 9ucIeHHBIX SKCIEpUMeHTOB 3aja9u CTOKCa ¢ TpaHUYHBIME yeaoBusiMu Heiima-

Ha B HeBbIHyKJIOfI obJsiacTu IIPUBOJAT K CJACAYIOIINM BBIBOIaM.

o [Ipubmmkennoe 0600IIEHHOE PEITIEHIEe, TI0JIyIeHHOEe ¢ TOMOIIBI0 Kiaccudeckoro MK, cxo-

JTCS K TOYHOMY DeTIeHmio 3a1aau co ckopoctbio He Bbime O(h%?1) uw O(hY67) ana Oy u
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()9 COOTBETCTBEHHO B HOPME IIPOCTPAHCTBA W%’O(Q) (Tabur. I/I, B TO BpeMsi KaK IIPH-
onmkenHoe R,-00001IeHHOE pelenne, noyderHoe biraromapst Becoporo MK, cxomures
TOYHOMY pereHno co ckopoctbio O(h) B HOpME MPOCTPAHCTBA W%V(Q) JIJIsT BCEX BEJIU-
9UH BXOJMAIIEro yria (Tabir. I/I. PesyabraThl coryiacyiorcsi ¢ alpuOpPHBIMU OIEHKAMU
CKOPOCTH CXOJIUMOCTH HPUOJIMZKEHHOTO PEIeHUsT K TOYHOMY PEIIeHUIO 3aa9u (CM. )

e Pesyibrar nocruraercd 6e3 CrynieHus CETKM B OKPECTHOCTH TOYKU CHHIYJISPHOCTH.

o [Ipemmoxkennsnrii BecoBoii MK3Y 1mo3BOJIsIET MPOU3BOIUTE BBICOKOTOUYHBIE BBIUMC/IEHUS B
OKPECTHOCTU BEPIIUHBLI BXO/IANICIO yIVia W HE Ja€T IMOTPEHTHOCTU PaCIIPOCTPaHATHCA BO
BHYTPEHHIOIO 9aCTh PACIeTHON 00J1aCcTH, IJle pelleHne 0b/IaaeT JOCTATOTHON I JKOCThIO
(cm. pnc..

e [locrpoena obacTh MOAXOAANINX CBOOOMHBIX ITapaMeTpoB Ioixona. Majgomy maMeHeHUIO
mapaMeTrpoB 00JIACTH COOTBETCTBYET MAJIO€ M3MEHEHUE TOIPEITHOCTH.

B nanpHeiimmx ucciieIoBaHUSAX, OCHOBBIBAsICh Ha onpefesieHnn IR, -0000IeHHOTO pellieHust 1
IpeIozKEeHHOTO BecoBoro MKD| mpeimosiaraeM moJIyInTh YUCACHHBIE PE3YIBTATHI JIJIsi PA3JIN-
HBIX opM HesmHelHbIX ypaBuenuit Hapre—CToOKCa, TAKNX KAK KOHBEKTUBHAS, KOCOCUMMETPHU -
Hasl, KOHCEPBATUBHAS U JIPYI'HUX.

Kpome Toro, knaccuueckuit MKD Tepsier B jBa pa3a CBOil MOPSAJIOK TOYHOCTU [IJIsi Kpae-
BOIl 3a/iaun ¢ rpaHuydnbiMu ycsoBusiMmu Jlupuxie—Helimana Ha cTOpoHax BXOJSINErO yIjia IO
cpaBuennio ¢ MKD st kpaeBoii 3a1a4n ¢ rpaHndHabiMu yeaosuamu upuxiae—upuxie nu Heii-
MmaHa—Helimana, (CM. ) [TpennoskeHHBIIT HAMI TIOAXOM HE TepsieT CBON IMOPSIIOK TOYHOCTH —
9TO OBLJIO YCTAHOBJIEHO I 3849l TEOPUU YIIPYTOCTH . B oanoit uz 6mxkaiimux padort uc-
caeayeM BecoBoit MKD 151 paccmaTpuBaeMoit 3a/1a4u B 00JIACTH C BXOISIIIIAM YTJIOM Ha TDAHUIE

u rpanundHbiMu yeaoBusMu Jlupuxiie—Hefimana na croponax 3Toro yria.

Paboma svimoanena 6 pamrax 2ocydapemeentozo 3adanus UIIM JIBO PAH (Ne 075-00459-
24-00). Pe3yavmamovt noAy“eHs: ¢ UCnoav308anuem 060pydosarus Llenmpa KoarexmueHnozo noab-
3osanus <«arvnesocmounoid evrucaumenvhut pecypes HAILY JIBO PAH (https://cc.dvo.ru).

JIureparypa

1. Ciarlet P. The Finite Element Method for Elliptic Problems. Amsterdam: North-Holland,
1978. 529 p.

2. Burda P., Novotny J., Sistek J. Precise FEM solution of a corner singularity using an adjusted
mesh // International Journal for Numerical Methods in Fluids. 2005. Vol. 47. P. 1285-1292.
DOI: 10.1002/1d.929.

3. Choi H.J., Kweon J.R. A finite element method for singular solutions of the Navier—Stokes
// Journal of Computational and Applied Mathematics. 2016. Vol. 292. P. 342-362.
DOI: 10.1016/j.cam.2015.07.006.

4. Rukavishnikov V.A. Differential properties of an R,-generalized solution of the Dirichlet
problem // Soviet Mathematics Doklady. 1990. Vol. 40. P. 653-655.

5. Rukavishnikov V.A. Methods of numerical analysis for boundary value problem with strong
singularity // Russian Journal of Numerical Analysis and Mathematical Modelling. 2009.
Vol. 24. P. 565-590. DOI: 10.1515/RJNAMM.2009.035.

6. Rukavishnikov V.A., Rukavishnikova E.I. Existence and uniqueness of an R,-generalized
solution of the Dirichlet problem for the Lame system with a corner singularity // Differential

2024, T. 13, Ne 4 15



https://cc.dvo.ru
http://dx.doi.org/10.1002/fld.929
http://dx.doi.org/10.1016/j.cam.2015.07.006
http://dx.doi.org/10.1515/RJNAMM.2009.035

O uywucsenHom merozne aJs 3agadm CTokca ¢ rpanmdHbiMEu ycjgoBusimu HeilimaHa ...

Equations. 2019. Vol. 55, no. 6. P. 832-840. DOI: 10.1134,/S0012266119060107.

7. Rukavishnikov V.A., Rukavishnikova E.I. On the Dirichlet problem with corner singularity //
Mathematics. 2020. Vol. 8, no. 11. P. 1870. DOI: |10.3390/math8111870.

8. Rukavishnikov V.A., Rukavishnikov A.V. On the existence and uniqueness of an R,-
generalized solution to the Stokes problem with corner singularity // Mathematics. 2022.
Vol. 10, no. 10. P. 1752. DOI: 10.3390 /math10101752.

9. Rukavishnikov V.A., Rukavishnikov A.V. Theoretical analysis and construction of numerical
method for solving the Navier-Stokes equations in rotation form with corner singularity
// Journal of Computational and Applied Mathematics. 2023. Vol. 429. P. 115218.
DOI: 10.1016/j.cam.2023.115218.

10. Rukavishnikov V.A., Rukavishnikova E.I. Weighted finite element method and body of
optimal parameters for elasticity problem with singularity// Computers & Mathematics with
Applications. 2023. Vol. 151. P. 408-417. DOI: 10.1016/j.camwa.2023.10.021.

11. Rukavishnikov A.V., Rukavishnikov V.A. New numerical approach for the steady-state
Navier—Stokes equations with corner singularity // International Journal of Computational
Methods. 2022. Vol. 19, no. 9. P. 2250012. DOI: 10.1142/S0219876222500128,.

12. Rukavishnikov V.A., Rukavishnikova E.I. Numerical method for Dirichlet problem with
degeneration of the solution on the entire boundary // Symmetry. 2019. Vol. 11, no. 12.
P. 1455. DOI: 10.3390/sym11121455.

13. Mitrea M., Monniaux S., Wright M. The Stokes operator with Neumann boundary conditions
in Lipschitz domains // Journal of Mathematical Sciences. 2011. Vol. 176, no. 3. P. 409-457.
DOI: 10.1007 /s10958-011-0400-0.

14. Monniaux S. Various boundary conditions for Navier-Stokes equations in bounded Lipschitz
domains // Discrete and Continuous Dynamical Systems - S. 2013. Vol. 6, no. 5. P. 1355-1369.
DOTI: 10.3934 /dcdss.2013.6.1355.

15. Shibata Y., Shimizu S. On the Stokes equation with Neumann boundary condition. // Banach
Center Publications. 2005. Vol. 70. P. 239-250.

16. Denis C., ter Elst A.F.M. The Stokes Dirichlet-to-Neumann operator // Journal of Evolution
Equations. 2024. Vol. 24. P. 22. DOI: 10.1007 /s00028-023-00930-x.

17. Rukavishnikov V.A., Rukavishnikov A.V. On the properties of operators of the Stokes
problem with corner singularity in nonsymmetric variational formulation // Mathematics.

2022. Vol. 10, no. 6. P. 889. DOI: [10.3390/math10060889.

18. Boffi D., Brezzi F., Fortin M. Mixed finite element methods and applications. Berlin:
Springer, 2013. 685 p. DOI: |10.1007/978-3-642-36519-5.

19. Rukavishnikov V.A., Rukavishnikova E.I. Weighted finite-element method for Elasticity
problems with singularity. Finite element method. Simulations, numerical analysis and
solution techniques. London: IntechOpen, 2018. P. 295-311. DOI: 10.5772/intechopen.72733.

Pykasumnukos Anekceit BukropoBud, K.(.-M.H., JOIEHT, BeIyIUH HAYIHBIN COTPYIHUK,
Xabaposckoro orienennst Uucruryra npukaaanoit maremarukn JIBO PAH (Xabaposck, Poc-
cuiickass Peneparist)

16 Bectauk FOYpI'Y. Cepus «BpruunciaurenpHas MmareMaTnKa 1 “”HOOPMaTAKA»


http://dx.doi.org/10.1134/S0012266119060107
http://dx.doi.org/10.3390/math8111870
http://dx.doi.org/10.3390/math10101752
http://dx.doi.org/10.1016/j.cam.2023.115218
http://dx.doi.org/10.1016/j.camwa.2023.10.021
http://dx.doi.org/10.1142/S0219876222500128
http://dx.doi.org/10.3390/sym11121455
http://dx.doi.org/10.1007/s10958-011-0400-0
http://dx.doi.org/10.3934/dcdss.2013.6.1355
http://dx.doi.org/10.1007/s00028-023-00930-x
http://dx.doi.org/10.3390/math10060889
http://dx.doi.org/10.1007/978-3-642-36519-5
http://dx.doi.org/10.5772/intechopen.72733

A.B. PykaBuUIIIHUKOB

DOI: 10.14529 /cmse240401

ON NUMERICAL METHOD FOR THE STOKES PROBLEM
WITH NEUMANN BOUNDARY CONDITIONS
IN NON-CONVEX DOMAIN

(© 2024 A.V. Rukavishnikov

Khabarovsk Division of Institute for Applied Mathematics, FEB RAS
(st. Seryshev 60, Khabarovsk, 680038 Russia)
E-mail: 78321a@mail.ru
Received: 15.11.2024

The Stokes problem with Neumann boundary conditions with an incoming angle at the boundary of the
two-dimensional domain is considered. The concept of an R,-generalized solution in sets of weighted Sobolev
spaces is introduced. A weighted finite element method on a uniform grid is constructed based on the second-
order Taylor-Hood finite element pair and the introduction to the basis of a weight function in some powers
v* and u* for the components of the velocity field and the scalar pressure function, respectively. The weight
function in the domain coincides with the function of the distance from the point to the vertex of the incoming
angle in some d-neighborhood and the constant § outside it. Numerical experiments in the non-convex domain is
carried out. The convergence rate of the approximate solution to the exact one is obtained, which is independent
of an incoming angle value and exceeds the convergence rate for the classical FEM. The convergence result is
achieved without geometric refinement of the mesh in the vicinity of the singularity point. A series of numerical
experiments for different values of an incoming angle was carried out and the domain of suitable free parameters
of the proposed approach is found. For any point of the constructed domain, an optimal result, from the point
of view of convergence, is achieved. The area of choice of suitable free parameters differs from the area for the
considered problem with Dirichlet boundary conditions.
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The PDF417 is a popular barcode symbology which is widely used in a huge variety of business processes.
In this paper, we propose an original method for precise PDF417 code localization. It can successfully process
projectively distorted images captured via the mobile device cameras. The core of this method is the analysis of the
Fast Hough Transform image. This analysis is aimed to: (a) determine the line, corresponding to the vanish point
of vertical symbol sides, using the RANSAC algorithm; (b) select the best pair of Hough-points corresponding
to the horizontal symbol sides. We also propose the evaluation methodology for assessing the accuracy of precise
PDF417 localization and a new dataset SE-PDF417-SYN-400, which consists of 400 synthesized PDF417 images
and is publicly available. The accuracy of the proposed method on SE-PDF417-SYN-400 is equal to 0.948, and
its error rate is about four times less than the one obtained by the popular ZXing detector. The average running
times on iPhone 8 and iPhone 14 Pro Max mobile devices are equal to 77 and 34 ms per image correspondingly.

Keywords: barcode reading, PDF417, Fast Hough Transform, vanish point, RANSAC.
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Introduction

Fast and reliable data entry is essential for a huge variety of business processes including
identity document (ID) verification and boarding passes validation. The manual approach is very
tedious and error-prone, so this is precisely the task where machines could replace humans. To
simplify this task, special machine-readable graphical symbols named barcodes were introduced
in the middle of the previous century.

Generally, they can be divided into three groups: one-dimensional (1D), stacked, and two-
dimensional (2D) codes. The 1D codes are represented as a set of parallel dark thick and thin bars
on light background. Typical examples of these types are UPC/EAN, Code 128, Interleaved 2
of 5. Stacked codes may be considered as a set of 1D codes placed on top of each other with some
extra meta information bars. The PDF417 symbology is the most representative example
of such codes and is the subject of this paper. It is widely used in ID documents issued by
American Association of Motor Vehicle Administrators (AAMVA) member jurisdictions and in
paper boarding passes supported by the International Air Transport Association (IATA). Samples
of these documents are presented in Fig. A general structure of PDF417 code is shown in Fig.
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Fig 1. The expected PDF417 localization results (in red) for samples taken from the open

sources

Nowadays, these codes are commonly captured via mobile device cameras in uncontrolled
conditions. In such circumstances, captured barcode images are regularly distorted by perspective
transformation .

Start  Left Row Data Right Row Stop
Pattern Indicator Codewords Indicator  Pattern

[ |

Fig 2. The PDF417 barcode structure. Image is taken from the open source

First goal in the barcode recognition field is to roughly determine the region of interest
(ROI) containing the image of a symbol. There are plenty of such detectors, most of them
nowadays are based on some supervised learning approaches . The next problem is the precise
localization of the code symbol. That usually means finding a quadrangle of symbol corner points
further denoted as @ = (a,b,c,d) (see red quadrangles in Fig. . Let us denote this problem
as P. In this paper, a new method for such barcode corners detection problem is presented. By
design, it may tackle with perspective distortion of symbols images and is suitable for the usage

on mobile devices. Like some other methods, it is based on the usage of the discrete integral
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image transformation. A typical choice in this case is the famous Hough Transform (HT). To
overcome its computational “bloating”, we propose using its fast discrete approximation, known
as Fast Hough Transform (FHT) . The usage of such approximation is not trivial, so we do
provide in-depth description of the resulting FHT image analysis specific for the problem under
consideration. We also use RANSAC scheme to estimate bar lines directions that allows to deal
with extra lines when the PDF417 symbol is placed on the complicated background.

The contributions of the paper can be formulated as follows. First, we propose the new
method for precise PDF417 codes localization. It is based on FHT image analysis and RANSAC
scheme. Second, we introduce a way to evaluate the accuracy of such precise localization. Finally,
we present a new dataset SE-PDF417-SYN-400 suitable for this problem.

The rest of this paper is organized as follows. In Section we review the related works.
Then, in Sectionwe discuss the details of the proposed method. The experiment methodology
and results are presented and analyzed in Section Theconcludes this work.

1. Related Works

The barcode localization problem P implies that we need to detect the position of symbol
corners () within an input image I. Currently, there is a wealth of approaches to deal with
this problem. Some of these approaches are not barcode-type specific @, and some of them
hugely rely on the internal barcode structure and so-called “finder patterns”. At the same time,
these approaches may impose different constraints on the input image. Some of them require the
presence of only one target symbol per image, others request the estimation of symbol size in
advance, and major part expect a binary image as an input instead of a grayscale one.

A common PDF417 barcode processing pipeline P contains the following stages : (a) ROI
extraction; (b) image preprocessing; (c) symbol localization; (d) symbol segmentation; (e) mes-
sage decoding. The subject of interest in this paper is the combination of stages (b) and (c).

One of the most popular steps in stage (b) is an application of some binarization procedure
to the input image E] It simplifies the task of further image analysis and increases the overall
runtime performance. By design, barcode symbol elements are black and white, and the usage of
binarization step seems to be inherent. Nevertheless, in uncontrolled environment the complexity
of barcode binarization task drastically increases due to uneven lighting conditions, presence of
shadows or reflections. Moreover, binarization methods may be sensitive to noise and can severely
damage some barcode patterns making their further decoding impossible . Today, there is
no generally accepted method for barcode binarization. Some special, “symbology oriented” bi-
narization methods, including ones for PDF417, have already been published . But their
usage generally does not make much difference.

Another conventional image preprocessing technique for PDF417 detection is mathematical
morphology (MM). The application of properly selected MM filters can enhance the barcode
image and simplify the task of edge detection or the stage of symbol segmentation .
The outcome of MM filter depends on the shape and size of the structured element (SE) being
used. If this size is too small, over-segmentation occurs, and vice versa. This SE size must be
in accordance with the barcode module size, which can vary a lot in presence of perspective
transformation. Therefore, the size of SE can not be set in advance in general case. In paper ,
authors propose to iterate through the set of various structural elements and return the best
result. These iterative strategies suffer from significantly increased method running times, which
makes them undesirable for the mobile devices.
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There are localization methods which detect the “start” and the “stop” patterns of the sym-
bol (see Fig.. The detection of such patterns commonly includes some template matching
strategy. This step is especially dependent on binarization accuracy. The stripes in these patterns
can be very thin and, thus, can be easily corrupted by binarization procedure. Having detected
precise positions of these patterns we can estimate the Q) of the whole barcode. Another approach
is to extract the contours from the image and analyze them . The contours of “start” and
“stop” patterns can drastically simplify this process.

The Hough transform is a commonly used tool in the barcode localization problem. The
example of HT application for 1D codes detection is presented in papers . In the paper ,
a promising method for localizing general matrix codes was proposed. It is based on the special
modification of HT and its analysis, but unlike our method, it requires high-resolution images. As
for PDF417 codes, the paper introduces the method of their localization and segmentation
based on the analysis of HT image. Unfortunately, in that work the problem of extra elements
placed near the PDF417 code symbol is not addressed.

The goal of analysis is to determine lines with strong edges corresponding to code’s columns
and estimate their vanish point. These lines are expected to be corresponded to the maxima
of HT image and the vanish point corresponds to a line on HT image passing through these
maxima. The naive HT calculation is notoriously slow. In this paper, a new method of code
localization based on FHT analysis instead of HT is presented. This method does not require
preliminary binarization step.

Thus, in the literature we found three groups of approaches to deal with P problem, which are
based on: (a) preliminary image processing with mathematical morphology; (b) special patterns
detection; (c¢) HT image analysis.

Unfortunately, at this point there some problems which preclude objective comparison of
methods proposed in listed papers. Some of these works, like , does not provide any infor-
mation about resulting performance or accuracy. Another do assess their methods over private
datasets, which are commonly very small. Moreover, the evaluation methodology for the P prob-
lem is not established. The commercial barcode readers that promote themselves as effective tools
for PDF417 recognition focus only on the end-to-end metric, i.e. the number of correctly read
codes. They do not provide any details about their internal subsystems and their performance.
Therefore, these solutions can not be used to evaluate the P problem. In order to overcome all
these issues we propose: (a) the P problem oriented dataset; (b) the evaluation methodology;
(c) the baseline.

e 1 Ibs. or arl
m m-commld vehicle with 3 GVWR less than 26,00

NAME
WITHIN 10 DAY' OF ADDRE o
‘

Tl

Fig 3. The image shows two examples: a red quadrangle indicating a ROI and a green
quadrangle demonstrating the result of localization
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2. Proposed Algorithm

Let Iy« g be the region of interest containing the whole PDF417 symbol Sgrx ¢, where R and
C' denotes the number of rows and columns respectively. It is assumed that Iy« is a grayscale
image with certain constraints: (a) there is a gap between the symbol and the input image
bounds (at least 5 pixels); (b) the center of image Iy« g lies within the symbol S; (¢) the area
of S occupies at least quarter of the image area. The location of the symbol is determined as an
ordered quadrangle of code corners @ = (a, b, ¢, d). Thus, our goal is to construct an algorithm
A g, which is able to detect such a quadrangle @ within the image Iy (see Fig..

The target quadrangle ) may be defined as intersection of four lines which lay on symbol
sides. At this point we assume that the code is oriented “mainly horizontally”: the total length
of parallel projection of sides (a,b) and (¢, d) on axis X is bigger than on axis Y’ (Fig.. Let us
denote the pairs of horizontal and vertical sides as S, = {(a,b), (¢,d)} and S, = {(b,¢), (a,d)}
respectively. In order to find these pairs, we propose to analyze the FHT image of Iy «g. Let
denote this image as F'HTty;.

At first stage, the “strongest” points are detected in F'H7Ty,;. Having found these points,
the corresponding sides are determined using two completely different approaches, namely Apg
and Ay . Now, let us describe these algorithms in depth.

Stage 1: “strongest” points extraction. To reduce the running time and simplify the process
of parameter fine-tuning, we scale input image Iy« in J. Both its sides are scaled equally, and
the scale factor f is calculated by Equation (1):

f=—7 (1)

In this work, the value of D is set to 800.

RESTRICTIONS: None

IIH%MFL‘}WHWMEI|III =

(d

Fig 4. The “strongest” points (P, P,) for the source image. (a) Source image I; (b) detected
P, points; (c) detected P, points; (d) Sets (P, P,) on the FHT image

Then, the image FHT,(J) = FHTy(J)UFHT,(J) is calculated. Here, FHT), and FHT,
parts correspond to horizontal and vertical lines, respectively (Fig., and the sign ‘U’ denotes
the procedure of their concatenation. This procedure is described in details in . After that,
the local maxima M of F'HTY,; image are calculated. Then, they are sorted by intensity and are
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examined from the “highest” to the “lowest” ones. For every such element e, all other maxima in
window of size W;,. centered in e are suppressed, thus filtering out some maxima. The size W;,,
is set to 17 pixels in this work. After that, the sets of brightest points P, and P, from Hough
spaces F'HTj, and FFHT, respectively are selected (Fig. and sorted by their intensity. Further,
all but the first IV, is set to 50 and N, is set to 30 points are removed from consideration and
the “survived” ones form the target pair of sets (P, P,). The whole procedure of the proposed
method Agrp of (P, P,) extraction is summarized in Algorithm and its application for a
sample image is demonstrated in Fig.

Algorithm 1: “strongest” points (P, P,) extraction

Data: grayscale image Iyyxg, D > 0, Wgize > 0, Ny, >0, N, >0
Result: (P, P,)

J < ScaleImage(Iywxm, D);

FHTYyyy < FastHoughT'rans form(J);

M < ExtractLocal M axima(FHTfuy);

S < NonMazximaSuppression(M, Wy;..);

(Py,, P,) < TakeBestMaxima(S, Nj, Ny );

return (P, P,);

S R W N =

Stage 2: horizontal lines detection. The goal of this algorithm Apg is to choose the best pair
of “strongest” points R = (R, R,,) and, therefore, determine a pair of corresponding symbol code
sides Sy, = (H;, Hy,).

Let us consider the surrounding area of the upper side H, of the symbol on source image
Iw < g. There should be predominantly “white” pixels above it and predominantly “black” pixels
below it. As for the lower side Hj, the intensity of pixels are arranged in the opposite way (see
Fig. . Relying on this observation, we divide the points Pj, (obtained on the previous stage)
into three sets: (a) H* — candidate points for H,; (b) H' — candidate points for H;; (c) the other
ones. The third set of points is discarded from further consideration. Let us generate the set of
all possible pairs Cj, = H* x H'. On FHT), image the area corresponding to the barcode symbol
should not contain major intensity changes. So, the pairs of points forming a non-monotonous
segment are filtered out. To do this, the third central statistical moment M3 of the segment is
calculated. Then, the value |Mj3| is compared with the threshold Tj,. If it is greater, than the
pair is filtered out.

Resulting set is denoted as C'y. Among its elements, the pair (R, Ry) = <rrl>a>é (intensity(i)+
©,3)€C

intensity(4)), i € H',j € H" is chosen as the best one. Thus, the pair S, = (Hj, H,) can be
restored. The algorithm of obtaining a straight line from a point on F HT image is shown in .

Algorithm 2: horizontal sides S;, calculation
Data: grayscale image FHT}y, Py, Th > 0
Result: (H;, H,)

1 HY,HY « SplitPoints(FHTy, Py);

2 O}, + CombinePairs(H', H");

3 Cf < Flilter Pairs(Ch);

4 R < SelectBestPair(Cy);

5

6

(H;, H,) < RestoreSides(R);
return (Hy, Hy,);
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a) Classification of the “strongest” Hough points

b)

The best pair of points

. Hu
-

B discarded

Fig 5. Example of horizontal sides selection

Stage 3: wvertical lines detection. Now we need to find S, = (V,V,) — the external vertical
sides of the symbol. But this time, we expect to have the similar elements inside the code which
separate the columns of PDF417 symbol. Such elements can be observed in Fig.|2| Thus, we
need to choose another approach for their detection. The lines corresponding to the edges of
guard patterns and internal edges share the same vanish point vp. Let denote the image of vp in
FHT, space as [. This image [ is represented as a straight line. We expect that the major part
of points from P, lies on this line. The other part of the points is considered as “outliers”. To
robustly determine the parameters of line [, we use the well-known RANSAC method . The
intensity profile P; corresponding to detected line [ is extracted from image F HT,. Such profile
is presented in Fig. |§| The next step is to find the PDF417 guard patterns in this profile. This
can be easily done by matching the known in advance pattern [1| with the given profile. After
that, the external edges of such patterns are taken as the symbol sides S,,. The full algorithm Ay
is presented in Algorithm

Algorithm 3: vertical sides L, calculation

Data: grayscale image FHT,, P,
Result: (V},V;)
1 | « RANSAC(FHT,, P,);
2 P, «+ CalculateProfile(l);
3 (G, G,) < FindGuardPatterns(Pr);
a (V,V,) < GetEzternal Edges(Gy, G,);
return (V;,V,);

(S
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a) Line [ on FHT, image

b) Profile for the line {

¢) Found guard patterns

Fig 6. Example of vertical sides calculation

Stage 4: symbol quadrangle restoration. The final step is to restore the required quadrangle
Q = (a,b,c,d). It can be calculated as cross product of detected sides: a = V; x Hy, b =V, x Hy,
c=V,. x H;, d=V; x H;, where the sign ‘x‘ denotes the intersection of lines.

The whole algorithm Ay, for @ detection is outlined in Algorithm

Algorithm 4: restoration of the symbol quadrangle )
Data: grayscale image Iywxg, D > 0, Wg;,e > 0, N, >0, N, >0
Result: Q

1 (P, P) < Astp(Uwxm, D, Wiize, Np, Ny)s

2 Sy« Ag(FHTy, Py);

3 Sy« Ay(FHT,, P,);

4 return IntersectionO f Lines(Sp, Sy);

RESTRIC TIOMS: MNone

[ e

Fig 7. The localization result ()

3. Experiments

3.1. Evaluation Methodology

Let us consider a quadrangle () found by algorithm Ay,;. We need to define whether this
quadrangle is correctly found or not. In order to do it, we have to know in advance the expected
“ground truth” result G; = (Qr, Rr,Cr). Here, Q1 stands for a quadrangle of symbol location
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within the image Iy« g; Ry and C; denote the expected numbers of symbol rows and columns
respectively.

In this work, the evaluation is interpreted as a binary value B(Q,G) € {0,1}. Here,
one stands for correct answers, zero — otherwise. We propose to calculate this binary value
B(Q, @) as comparison of some quadrangle score E(Q,G) € RT with the predefined threshold
T: B(Q,G) = [E(Q,G) < T). Here, [-] denotes Iverson notation; the value T'= 0.017, it is chosen
experimentally.

Now, let us define the way of F(Q, G) calculation. At first, we need to introduce the rectified
quadrangle T'Q) with sizes Ty and Tg. Then, Ty = 17 - Cr, and Ty = 3+ Ry. The left-top of T'Q
corner has (0,0) coordinates. Let the height of a module be 3pz, and the width of a module be
1pz. Now let calculate the parameters of projective transform H, which maps rectangle T'Q) into
quadrangle @Q: RQ = H(Q). Let us calculate the maximum Lo distance between corresponding
corners of T'Q) and RQ. This value normalized by the perimeter of T'Q) is taken as evaluation
value F(Q). The whole algorithm for a single quadrangle is presented in Algorithm

Algorithm 5: E(Q, Gr) calculation
Data: Q;, Gy = <Q[,R[,C}>
Result: F(Q) € RT
Tw,Ta =17-Ct, 3- Ry;
TQ = Quad((0,0), (Tw,0), (Tw, Ta), (0, Tx));
H = ProjectiveTransform(TQ, FQ);
RQ = H(Q);
P=2-(Tw+Tn);
for i from 1 to 4 do
‘ d; = HTQq:—PRQiHQ;

end

© 0 N & ok W N o+

return mazx (d;);
z‘e[l...4}( Z)

In fact, we have to evaluate this score not for a single image, but for the sequence of
ones. The dataset of images with corresponding ground truth values is defined as follows:
Dgyn = {UwxH,G) | Iwxu €,G € G,|I| = |G|}. Here, I represents the set of input images
with PDF417 symbols, G; determines the ground truth for every image Iy« € I. N denotes
the total number of items in the dataset Dsy,. Thus, the overall accuracy S of the proposed

method over the dataset Dy, is evaluated as follows:

S(Aguit; Dsyn) = % =Y B(Aga(l), Gr). (2)

Iel

The bigger the value of S is, the better accuracy it shows.
3.2. Data Description

To evaluate the accuracy S of proposed method, a dataset D;..q; of real PDF417 codes was
collected. For every image in it, the corresponding ground truth values were manually specified.
In addition to (@, R, C) they also include original textual message M. The real PDF417 codes
often contain some private information, thus, it is not recommended to publish them into public
domain due to legal issues. One way to overcome these issues is to synthesize the dataset Dy,
from D)., in three steps.
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At first, original messages M for the encoding are generated. Since a significant part of
real images with PDF417 codes includes ID cards, it is desirable to simulate a similar message
structure so as to approximate synthetic PDF417 codes to the real ones. The proposed message
structure includes, partially or completely, the following details in random order: (a) first and
second name; (b) geographical location; (c¢) some strings of letters and digits. For example, the
message «HIJKLMNO XYZ1234 Lombardy Italy 9876543210 Laura Thomas PQRSTUVW5» is
encoded in the barcode in Fig.

At the second stage, a rectangular code image S is generated from a given message M
according to the PDF417 symbology specification . The final step is to paste an image S into
some background taken from ID,..,; knowing the original coordinates of symbols’ boundaries Q.
There is a number of constraints for such pasting. In order for to fit the requested @, the image S
must be properly scaled. It is necessary to impose restrictions on the min/max scaling of each
side. To calculate the min/max valid side dimensions of @), one has to calculate the min/max
width and height of the quadrilateral. Thus, two ranges of lengths are obtained: one for width
and one for height. In this case, there are two difficulties: (a) variability in the ratio of width and
height; (b) variability in the dimensions of images, which leads to a large range of dimensions of S.
In order to avoid excessive compression or stretching of S, adjusting it to the @), it is necessary
to generate a large number of PDF417 of all valid sizes and dimensions from the detected ranges
and choose visually the best one from them.

Original colors of barcode modules for S are black and white. But naive pasting of such
binary images produces unnatural results. So, the intensities of white and black colors on the real
barcode are calculated and replaced with locally averaged ones in order to adopt to real image.
The ground truth values for the dataset D, are automatically populated from corresponding
items in D, during the generation process. Finally, the Dy, dataset contains 400 images. This
dataset is freely available for download at ftp://smartengines.com /se-pdf417-syn-400.

3.3. Results and Discussion

First of all, we have to set the baseline for the P problem. As was mentioned before, we can
not use any commercial barcode reader, because they do not provide the required information.
So, for these needs we use the well-known open source ZXing barcode reader (3.5.3 version). It
can return required information of () even in case of further code recognition failure. Let denote
Z the method of PDF417 corner points detection. It uses binarization and template matching
strategy for this problem solving.

For the dataset Dy, (see section l the value of S(Z, Dyy) is equal to 0.803. Thus, the 321
quadrangles of 400 are correctly detected according to metric B(Q,G) € {0,1} (see section.
As for the proposed method, its accuracy value S( Ay, Dgyrn) is equal to 0.948. Thus, the 379
quadrangles of 400 are correctly detected. It means that the error rate of the Ay,; method is
about four time less than for the Z method. The [ lines are detected correctly in 391 cases.

Let us examine the list of images where the proposed method does not produce the expected
result. The 21 errors are distributed into three equal classes (i), (ii), and (iii). The class (i)
contains errors associated with the incorrect choice of a pair of horizontal sides Sj. The class
(ii) consists of cases where the algorithm correctly found the line I, but failed at guard pattern
detection Fig. The class (iii) includes the cases when the input image contains extra objects
that create “strong” outliers on the FHT image Fig.
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d) Example error image from (iii) e) Line [ on FHT, image for image (d)

f) Profile for line [ for image (e). Blue box corresponds to the guard pattern which is not
distinguishable on the profile

Fig 8. The proposed method error samples

The errors of the (i) and (ii) classes can be corrected by adding some steps into the proposed
method. For the first class, the set of M first alternatives can be examined. The value of M
can be estimated experimentally according to the limitations of the computational resources.
For the second class, it is not obligatory to precisely determine the guard pattern positions.
Instead of that, only the outer borders of the barcode itself can be detected. After that, the
internal “barcodeness” level can be measured by some extra check. Another way to deal with
this problem is to increase the initial resolution of the image being analyzed. In such case, the
peaks and valleys in guard pattern structure are supposed to be better distinguishable. As for
the last class, some errors from it can not be corrected within the proposed method due to its
“integral nature”. Thus, the better initial localization of barcode region is, the better results it
shows. Another approach is to inspect some regions on original image in advance and use the
inspection results during the candidate selection process.
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Fig 9. Examples when the quadrangle was found correctly on images containing extra objects

To estimate the running time of the proposed method on dataset Dy, we used iPhone 8 and
iPhone 14 Pro Max mobile devices. The running time of the proposed method implementation
are equal to 29.2 and 12.9 seconds correspondingly, thus, the average running times are equal
to 77 and 34 milliseconds per image.

Conclusion

In this paper, we propose the precise method of PDF417 code localization based on Fast
Hough Transform usage and RANSAC scheme application. This method does not require com-
monly used preprocessing steps like binarization, edge detection or morphological filtering. It
utilizes only preliminary image scaling which helps to normalize its running time and tune up
its parameter values. The average running times measured on iPhone 8 and iPhone 14 Pro Max
mobile devices are equal to 77 and 34 ms per image respectively. The computational experiments
were conducted on an original dataset SE-PDF417-SYN-400, containing 400 synthesized PDF417
symbols. It is freely available for download at |ftp://smartengines.com /se-pdf417-syn-400. It ex-
hibits that the error rate of the proposed method is about four time less than for ZXing detector.

As for future research, the proposed method can be extended to other types of barcodes,
such as linear or other stacked codes. In this case, the part related to the “strongest” points
extraction from FHT image remains the same, but the part related to symbol edges selection
has to be adopted to barcode type.
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[Tocrymmna B pemaknuio: 30.09.2024

PDF417 — 310 momysnspHas CHMBOJIMKA IITPUXKOIA, KOTOpas IIUPOKO HCIOJIb3YeTCd B yIOCTOBEPEHUAX
JIMTYHOCTH U TPAHCIOPTHBIX cuCcTeMax. B 9Toil craThe MBI IIpe/ijlaraeM OPUTHHAIBHBIN METOJ] JIOKAJINIAIUN CHMBOJIA
PDF417. Ou moxer ycnemno o6pabaThiBATh IIPOEKTUBHO UCKAXKEHHBbIE M300ParKeHNsd, CHATBIE C TIOMOIIBIO KaMep
MOOHIBHBIX yCTpoicTB. OCHOBOI 3TONO METO/IA SIBJISIETCST aHAJIN3 M300parkeHns OBICTPOro mpeobpazoBanus Xada.
Iesbio 9TOrO aHaIN3a SABIAETC: (a) OUpee/ICHUe JIMHUN, COOTBETCTBYIONIEH TOUKE CXO/1a BEPTUKAJIBHBIX CTOPOH
cuMBOJIa, ¢ ucnosb3oBanueMm agropurMa RANSAC; (b) BeiGop sywumiell mapbl Todek Xada, COOTBETCTBYIOMIUX
TOPU30HTAJIBHLIM CTOPDOHAM CHMBOJIA. MBI Takrke MpejaraeM METOZOJOTHIO OIEHKH i OIEHKH TOYHOCTH
sokasmsaru PDF417 u Hosbiit Habop ganabix SE-PDF417-SYN-400, koropstit cocrout n3 400 cHHTE3MPOBAHHBIX
nzobpazkennit PDF417 u maxomurcss B orkpbiToM gocryme. Tounocts npemaraemoro merona wa SE-PDF417-
SYN-400 cocraasier 0.948, wacTtoTa OMMOOK MPEAIATAEMOrO METO/Ia MPUMEPHO B UETHIPE pa3a MEHBIEe, YeM
y nmerekTopa ZXing. Cpemnee BpeMmsi paboTbl Ha MOOMJIBHBIX ycTpoiicTBax iPhone 8 m iPhone 14 Pro Max
paBHO 77 u 34 Mc Ha U300parkeHue.

Karoueswie crosa: pacnosmnasanue wmpuxkodos, PDE17, 6wicmpoe npeobpasosarnue Xaga, moukra cxoda,
RANSAC.
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B crarpe paccmorpena 3ajada meTeKnuy aHOMAJBHBIX IOJIIOCIEIOBATEILHOCTEH MHOIMOMEDHOI'O IIOTOKOBO-
0 BPEMEHHOTO DsIa, JIEMEHTHI KOTOPOI'O IIOCTYHAIOT B PEXKHMME PEeaibHOrO BPEMEHM, BO3HHKAION[As B HACTO-
dAlee BpeMs B IMMPOKOM CIIEKTPE MPEAMETHBIX 0bJiacTeil: MPOMBINLIEHHBI VIHTepHET Belneil, mepCcoHaATbHOE
3/paBoOOXpaHenue u Jp. IIpeyioxKeH HOBBIM METO pellleHusl YKa3aHHOM 3a/1a4u, oIy anBInuit Hazsanue mDiSSiD
(Discord, Snippet, and Siamese Neural Network-based Detector of multivariate anomalies). IIpenmoxeHHbI# MeTOR,
HCIIOJIb3YeT KOHIEIIHIO IMCCOHAHCA BPEMEHHOTO Psiia (TI0/II0CIIeI0BATENLHOCTD, UMEIOIIAst HANO0Iee HE TOXOXKETO
Ha Hee Omkaimero cocesa), 0600IMEHHYI0 Ha MHOTOMEPHBIN cry4ail. [1og MHOrOMEPHBIM JIMCCOHAHCOM TIOHUMA~
ercst N-MepHas MOZIIOCIIE0BATEILHOCTb d-MepHOro BpeMenHoro psaga (rae 1 < N < d), koropas Haunbosee He
TIOXO02Ka Ha BCE OCTAJIbHBIE IOJIIOC/IEIOBATEIHLHOCTH [N-MEPHBIX BPEMEHHDIX PSIIOB, MOJIYIE€HHDBIX IIyTEM COCTaBJIe-
HUS BCEBO3MOXKHBIX covueTanuili u3 d psimoB mo N. JleTexnust aHOMAIMil peaM3yeTcsi ¢ MOMOIIBIO HEHpPOCeTEeBOM
MOJIeJT HA OCHOBE CHAMCKUX Helipocereil. BuraucnTe/ibHbIE SKCIIEPUMEHTHI Ha PEAJbHBIX BPEMEHHBIX PsjIax U3
Pa3JIMYHBIX IPEIMETHBIX obJiacTeil mokasasu, yro Merog, mDiSSiD B cpesneM omepekaer 1o TOYHOCTH OOHADY ¥Ke-
HUSI AaHOMAJIUH TIE€PEIOBBIE AHAJIOTH, UCTIOJIL3YIONIUE HHBIE HEHPOCETEBBIE TIOIXOABI (CBEPTOTHBIE U PEKYPPEHTHBIE
HelpOHHBIE CETH, ABTOIHKOIEPHI, TeHEPATHUBHO-COCTI3aTE/IbHbIE CETH).

Karouesvie ca08a: MHo20MEPHDBIT 8PEMEHHOT PAJ, NOUCK GHOMAAUL, OUCCOHANC, CHUNNEM, CUAMCKAA HETPOH-

HaA cems.

OBPASEII INTUNPOBAHUA

Kpaesa 4.A. HeiipocereBoit MeTos 0OOHAPY>KEHUSI AHOMAJM B MHOIMOMEDPHBIX ITOTOKOBBIX
BpeMeHHbIX psifiax // Becrauk FOYpI'Y. Cepusi: BurunciauresnbHas MareMaTika 1 MHQOPMATHKA.
2024. T. 13, Ne 4. C. 35-52. DOI: 10.14529 /cmse240403.

BBenenue

B macrosimee BpeMsl B IMIMPOKOM CIEKTPE IPHJIOKEHUI BocTpeboBaHBI 3DdeKTHBHBIE MO-
JI€JTH, METOJbI U AJTOPUTMBL JJIs JETeKINN aHOMAJIbHBIX IIO/IIOCIIEI0BATEILHOCTEN BPEMEHHBIX
PAIIOB, 3JE€MEHTBHI KOTOPBIX HMOCTYIAIOT /sl 0OPaOOTKH B PEXKHME PeasIbHOTO BPEMEHU : Wn-
TEPHET Belleil , YMHOE yIIpaBJIeHHe 3JaHUsIMU , nepcoHasibHas Meaunuua |5| u ap. Ha
TEKYIIUil MOMEHT HayYHBIM COOOIIECTBOM Pa3paboTaHO GOJIBIIOE KOJMYECTBO METOIOB U HOJIXO0-
JIOB K DEIIeHUIO YKa3aHHO 3a7adu (CM., HalpuMep, 0O30pHbBIE CTATHH EI , B KOTOPBIX CyM-
MapHO PaCCMATPUBAETCSI OKOJIO CTa PA3JIMIHBIX MeTOJOB). JleTeKIms aHOMAJIHt ¢ YaCTHIHBIM
npussiederneM yunresst (semi-supervised anomaly detection) siBisiercs onauMm u3 Hanbosee da-
CTO HUCIOJIb3YeMbIX U 3(PPEKTUBHBIX II0/IX0/I0B [El . VKazaHHBIN TOAXOI MIPEIIoaraeT Tall
obytenunsi, B paMKax KOTOPOTo HeiffpoceTeBasi MOIEb «IIOHIMAET», KAKUM SIBJISIETCH HOPMAJJIbHOE
[IOBEJIEHNE BPEMEHHOTO psijia, (PUrypuUpyIOIero B kadecrBe obydaromieir BoiOopku. [lasiee mo-
JIeJTb IIPUMEHSIETCs] K TECTOBOMY BPEMEHHOMY DsiJly U IIOMeYaeT ero I0/II0C/IeJ0BATE/IBHOCTI KaK
aHOMAJIbHBIE, €CJIUM OHU HE COOTBETCTBYIOT 00YUE€HHOMY HOPMaJIbHOMY 1oBeaernio. K ocHOBHBIM

IIpecTaBUTEJIAM IIOAX0Ja C YHaCTUYIHBIM IIPUBJICYCHUEM YYIUTEJIAd OTHOCAT METOdbI LSTM-AD @,

DeepAnT u Jp.

2024, T. 13, Ne 4 35


mailto:kraevaya@susu.ru

HeiipoceTreBoii meTo1 0O0Hapy>kKeHUsI aHOMAJINIT B MHOTOMEPHBIX BPEMEHHBIX pAgaxX

Panee aBropom gannOil crarbu Obur npemioxken meron DiSSiD (Discord, Snippet, and
Siamese Neural Networket-based Detector of anomalies) IJIA JeTeKIMU aHOMaJIbHbBIX I10JI-
MTOCJIETIOBATE/THHOCTEN ITOTOKOBOTO BPEMEHHOIO PsIa C YACTUIHBIM ITPUBJIEIeHHEeM yanTess. Me-
TOJT BKJIIOYAET B cebsi HEHPOCETEBYIO MOJEb, KOTOPas BBIIAET OIEHKY aHOMAJIBLHOCTH BXOIHOM
TIO/IIOC/IEIOBATEILHOCTH, ¥ aJITOPUTM aBTOMATU3UPOBAHHOTO IOCTPOEHHUS 00yUaIoNiell BhIOOPKU
a7s 9Toil Mmogen. HeitpocereBast Mo/ie/ib OCHOBaHa Ha apXUTEKTypPe CHAMCKON HEWPOHHON ceTn
(Siamese Neural Network) , B KOTOPOI B KAYIECTBE MOACETH (PUTYPUPYET MOAUMUKAIIST HEHPO-
cerepoit mojenin ResNet . AJIropuT™M TOCTPOEHUSI BBIOOPKH OTOpAChIBaeT U3 00yJatoeil Bbl-
OOPKHU TIOIIOC/IEIOBATEIHLHOCTH, COOTBETCTBYIOIINE AHOMAJBHBIM M HETUIIUIHBIM AKTUBHOCTSIM
cyObeKTa, KOTOpbIe U3BJIEKAIOTCS HA OCHOBE KOHIIEIIUI JIMCCOHAHCA U CHUIIIIETa, COOTBET-
creenno. Ounako meron DiSSiD perraer 3a7a4dy JeTeKIMu aHOMAaJIUA TOJIBKO JJI OJHOMEPHOIO
IIOTOKOBOTO BPEMEHHOTO Psijia. B HaCTOsIell cTaThbe MpeJjilaraeTcsi HOBBI HEPOCeTeBON MeTo/T
mDiSSiD (multivariate DiSSiD), koropslit npejcrasisier coboii 0600IIEHNE BBIIIEY TIOMSIHY TOM
paHHeil pa3paboTKM Ha caydaili MHOroMepHoro psijaa. Meroaq mDiSSiD ucnonbsyer monsgTue MHO-
TOMEPHOI'O JIMCCOHAHCA , KOTOPOE IIPEACTaBIIsIeT cODO 0600IIeHNe KOHIIEIINH JUCCOHAHCA, Ha
cIydaii MHOTOMEPHOI'O BPEMEHHOI'O Psijia.

CraTbst opraHn3oBaHa cjeayoomuM obpa3om. B paS,ZLeJIEHpI/IBO,ZLHTCH dopmaJIbHBIE OIIpe-
neJjieHns 6a30BbIX MOHATHH. B pa3ﬂenenpe;10TaBneHo omnucanne Mmeroaa mDiSSiD. Pa3nenco—

JEPZKUT PEIYJIbTATHI BBITUCIUTE/ILHBIX S9KCIIEPUMEHTOB 110 UCCJIE€TOBAHUTO SCb(l)eKTI/IBHOCTI/I opea-

JIOYKEHHOI'O METOJA.. |3aK/II0YeHNe| IOIBOIUT UTOI'M UCCIEI0BAHMS.

1. Teoperuyeckuii 6a3uc

1.1. BpemeHHOIl psig U MOJIIOCI€10BATEIbLHOCTH

Bpemennot pad T npeacrapisier cobOi MOC/IEI0BATEIBHOCTD BEIECTBEHHBIX 3HAYCHUM, B3s-

TBIX B XPOHOJIOTUYIECKOM IIODAIKE!:
T={t}",, tcR. (1)

Yucso n Ha3bIBAECTCS JJIMHOM psijia 1 obo3uadaercst |1
ITodnocaedosamenvrocmo T; , BpemenHoro psia T’ mpeacTaBisgeT coboii HellpephIBHBIN IIPo-

MEXKYTOK U3 M 3JIEMEHTOB PdAda, HaYNHAA C ITO3UIIUN 7
Tim={t}i™ ", 3<m<mn, 1<i<n—m+Ll. (2)

MmuozxecTBO Beex nopmocieiopareibuocreil pajga 1', UMeromux JIuHy m, 0003HaIuM Kak S7'.
Mmozomeprniti epemenoti pad TpeacTaBiasgeT coboil 3aHyMEpOBaHHYIO ITOCIEI0BATEIHLHOCTD
HECKOJIbKMX CEMAaHTHIECKH CBSI3aHHBIX U CHHXPOHM3MPOBAHHBIX 110 BPEMEHU OJHOMEPHBIX Bpe-
MEHHBIX PAHIOB paBHOi mumHBI. O603HAYNM pa3sMEepPHOCTH MHOIMOMEPHOTO Psijia IIEJIBIM ITOJI0KU-
resibHBIM aucsioM d (d > 1). Ilogobno ogHoMepHOMYy ciry4daio, BeegeM obosuadenus: T', T, u t;
JIJIST MHOIOMEPHBIX BPEMEHHOIO Psifia, €ro IOII0C/IeI0BATEILHOCTH U TOYKIA COOTBETCTBEHHO, U

OIIPEJIEINM UX CJIEIYIONINM 00Pa3oM:

T = {7, (3)
T = U YT, (4)
o= [{tVy. (5)
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1.2. Cuunmnern!

Crunnemaut (moBeIeHIecK e MIabJIOHBI) BPEMEHHOIO Psiia IPEJICTABIIAIOT COOON MHOMKE-
CTBO IIOJIIOC/IE/IOBATEILHOCTEl, BHIPAKAIOIINX TUIINYHbIE AKTHBHOCTU CyObEKTa, JesATe/IbHOCTh
KOTOPOT'O OIMCBIBaeT JaHHbIN psl. [liist popMasbHOrO olpejiesieHHs! CHUIIIETOB 3adHUKCHpyeM
BpeMeHHO psif 1', JUINHY MOAIIOC/Ie10BaTeIbHOCTH M (1 < 1) U KOJIMIECTBO AaKTUBHOCTElH CyOb-
ekta K (1 < K < 7/m), unrepecyloiiee uccieoBaresis. MHOXKECTBO CHUIIIIETOB 0003HAYAETCS

kak C7' ¥ IIpeJicTaBIgeT cobOi HEIyCToe MOJIMHOYKECTBO CEIMEHTOB PsAJIa, UMEIONTUX JJITHY

CF = {C}E, Cie Sedt, Segf = {Trii—ysr.m bl (6)

Co caunmerom C; € CF' acconuupoBankb cIeyiomue aTpubyThl: HHJIeKC, OJInzKaiime coce/ i
U 3HAYMMOCTH JIAHHOTO CHHUIIIETA, KOTOpble o6o3Ha4atorcss coorBercreenno Cj.index, C;. NN n
C;.frac, 1 UMEIOT CJIELYIONIUE OIPEECICHUSI.
Hnderc crunnema npejcrapiser coboit HOMep j cermenTa Seg;, KOTOPOMY COOTBETCTBYET
OJIIOCIEJIOBATETLHOCTD Pl Thy. (j—1)41, m-
Mmnootcecmeso baustcatiwux cocedetl COTEP:KUT IMOAIOCIEI0BATEILHOCTH, KOTOPBIE CPEIU BCEX
CEerMEHTOB HamnboJiee TTOXOXKH Ha JAHHBIH CHUNIET B cMbIcje paccrogaus MPdist:
Ci.NN = {Tj m | Segc, index = arg min  MPdist(T} m, Seg,), 1 <j<n—-m+1}.  (7)
1<q</m
3navumocms crunnema C; BBIYUCISIETCS KaK OTHOIIeHHe MolHocTeidr MmHoxkecTts C;. NN

n Sm’ IIPU 3TOM CHHUIIIIETBHI YIIOPATOIUBAIOTCA 110 y6bIBaHI/IIO X 3HAYUMOCTU:

C;.NN
C;.frac = n‘—zm+‘1’ VC;,C; € CF' : i < j <= Cj.frac > Cj.frac. (8)
Hust bopmasbroro omnpejenennst paccrosinusgs MPdist(A, B), |A| = |B| = m, dukcupyem

napamerp ¢ (1 < £ < m), KOTOPBIil OTparkaeT JUINHY CeMaHTHIECKH 3HAYUMOTO HEIPEPBIBHOTO
IPOMEXKYTKA TOUYEK MoJocaeopareabaoctu. Borancienne MPdist(A, B) npesmonaraer ciey-
OIIKE TI1aru : 1) BerauCIEHNE MATPUIHBIX Tpoduieii A u B, B3ATBIX B yKa3aHHOM 1 00paT-
HOM HOPsifIKe; 2) KOHKaTeHaIus npoduiteii; 3) COpTHPOBKa MOIYIEHHOTO Psijia TI0 BO3PACTAHMIO;

4) BeiIada k-ro ss1eMeHTa pe3ysbTupyiomero psga. To ke B dbopMaibHOil 3amnmcu:
MPdiStg(A, B) = ASCSOI‘t(PABBA)(/{?), Pippa = Pap e Ppy, (9)

rje AscSort(-) — copTHpOBKa 110 BO3pACTaHUIO, CUMBOJI @ 0bO3HauaeT KoHKareHaiwio, k (0 <
k < m) — napamerp, umeronuit TunuyHoe 3Haderue k = [0.1m].

Mampuunvim npodunem psimoB A u B HaswiBaercst psiy Pap, rie i-il 3jleMEHT eCcTb
paccTosiHue MeXKJ1y i-i TO/IOC/IeI0BATEILHOCTRIO psaa A, umeroreit puny £, u ee GIMKAAIIIIM

cocesioM B psjie B:

PAB = {ED2 (Ai,g, Bj}g) ;Z_lz-i_l, Bj,g = arg min EDiorm(Ai,fa qu), (10)

norm 1<q<m—t+1

r7ie EDﬁorm(-, -) O3HAYAeT KBaJpaT €BKJINJOBA PACCTOSHUS MEXKJLy Z-HOPMAJM30BAHHBIMU MOJI-
[10CJIeIOBATEILHOCTSIMU. AHAJIOTMIHBIM 00pa30M OILPEIesIsIeTcss MATPUIHbBIA IPOMUIbL paccMaT-

PUBaEMbIX PAJIOB, B3ATHIX B nopsaake B u A, u obosnadaercs kKak Ppgy.

1rIOCKO.HI)Ky m << n, oe3 OrpaHuveHusd O6H_LHOCTI/I MO2KHO IIO0JIaraThb, YTO Ty KPaTHO 1 U IIPpEACTaBUTH PAJ KaK

Ha6op He IIepeCeKaloluxXcda CerMeHTOB JIJIMHbI M.
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1.3. JucconaHchbl

Iommocnenosarensuoct psaaa 1y, 1 T, HAB0BEM He NEPECERAOUUMUCA, €CIH |i— j| = m.
[ToxmocaenoBarenbaocTs D psima 1 aBjsieTcst duccoHamcom , ecm ee OMMKaMIIMin cocen
(GurmKaiiinast ¥ He IepeceKaronascs ¢ Hell TMOIIOCIeI0BATEIbHOCTD) HAXOIUTCS HA PACCTOSHIN

He MeHee UeM 7 (3a/IaHHBII AHATUTHKOM HOPOT):

AgienT(Dist(D,MD)) >, (11)
rie Dist(-, - ) — HeorpunarenbHas cuMmMerpuaHas GyHKINsS paccrostanst, a Mp obo3Havaer moj-
[IOCJIEIOBATEILHOCTD Psijia, He MEePECeKArONIyoCsl ¢ JaHHOM MOIIoc/e10BaTe/IbHOCTRIO D.

O06001IeHrEe KOHIIEIIUN TUCCOHAHCA Ha CJIyUail MHOIOMEDHOTO Psijia BBITJISIIUT CJIEJLYFOIIM
obpazoMm . ITox MHOrOMEPHBIM IMCCOHAHCOM MOHUMAaeTcst [N-MepHasl IOII0C/Ie0BATEFHOCTD
d-mepnoro Bpementoro psiyia (rme 1 < N < d), koropasi Hanbojiee He MOXOXKa HA BCE OCTAJIb-
HbIC IIOJIIOCJICJ0BATE/IbHOCTU N—MeprIX BPEMEHHBIX DsAJO0B, IIOJIYICHHBIX IIyTEeM COCTaBJICHUA

BCEBO3MOXKHBIX coueTaHuii us d PAI0B 110 N.

2. Metoa obHapy>kKeHUsi aHOMAJINiZ BO BpEMEHHBIX PAgax

B nmamnom paspere mpeicTaBieH HOBBIA MeTOM OOHApy»KEHUsT aHOMAJbHBIX ITOJIIOC/IEI0BA~
TeJIbHOCTE MHOTOMEPHOI'O BPEMEHHOTO Ps/Ia B PEXKUME PeabHOIO BPEMEHH, IOy INBIINI Ha3Ba-
e mDiSSiD (Discord, Snippet, and Siamese Neural Networket-based Detector of multivariate
anomalies). Hmxe B pa3;LeJIe;LaHa obmas cxema meroiaa mDiSSiD. Jlasee moapobHO omu-
CBIBAIOTCS KOMIIOHEHTBHI pazpaboranHoro merona: lIpemporteccop, dopMupyonmit 00y JaroIry o
BBIOODKY [1JIsI HelipoceTeBoit Mozesu, u JlerekTop aHOMAaJNii, IOCTPOEHHBIM Ha OCHOBE CHaMCKOit
HEHPOHHON ceTu, — B pa3;geﬂaXM000TBeTCTBeHHo.

2.1. O6mag cxema

Paszpaborannbiit Mmerog mDiSSiD Briiodaer B cebst aBa caeayionux KomioHeHTa: lIperpo-
neccop un lerekrop anomasuii. Ha Bxox IIpemporeccopy mocrymaer penpe3eHTaTuBHBIN par-
MEHT IIOTOKOBOI'O BPEMEHHOI'O psja s MCCiemryeMoil mpeaMerHoit obiactu. Ilpm sTom mpe-
[IOJIATAETCsI, ITO JIAHHBIN (pparMeHT psijia COAEPKUT BCe TUINYHBIE aKTUBHOCTH cyObekTa. [la-
Jiee KaXKAbI OJTHOMEPHBINT BPEMEHHOI PAJl, KOTOPBINA BXOJUT B COCTaB MCXOAHOIO MHOTOMEPHOI'O
psifia, TOABEPTraeTCsl OYNCTKE W PasMeTKe C IOMOINBIO Pa3paboTaHHOTO paHee ajropurma ¢op-
MHUPOBaHus 00yvarioeil BLIOOPKU, MPEICTABICHHOTO aBTOPOM JaHHOI cTaThu B paboTe . B
pe3y/bTaTe ajJropuTM I KayKI0ro u3Mepenus pOpMHUPYeT OUHUIIEHHOE MHOXKECTBO ITOIIIOCIIE-
JOBATEILHOCTEH ¢ yKa3aHueM JIisi HUX MeTKU aKTUBHOCTH, K KOTOPOH ouu npunajiexkat. Jlatee
B paMKaxX KaxKJoro mamepeHus lIperiporieccop BBIIOIHSIET MUHUMAKCHYIO HOPMAJIU3AIUIO TI0/I-
0CJIe/I0BATEILHOCTEN, IPUBOIs UX 3HadeHust K juanasony [0,1], u dopmupyer obydaronryo
BBIOOPKY 1151 HeTekTopa, KOTOPBIi mpeicTaB/isgeT coboil ancaMbb MOANMUITTPOBAHHBIX HEHPO-
cereBbIX Mogeneit DiSSiD.

Kazxaprit yaacTHUK amHcambJiss 06pabaTblBaeT COOTBETCTBYIOIIEE M3MEPEHHE MHOTOMEPHOIO
BPEMEHHOI'O Psfa U OlpeesisgeT, C KAKUM U3 CHUIIIIETOB pdAjla MOJIaHHAas Ha BXOJ, IIOJIOC/IEIOBa-
TEJIbHOCTH 9TOI0 M3MEPEHUsT UMeeT HambOoJIbIee CEMAaHTUIECKOE CXOIACTBO. 3aTeM BBIITOJIHSIETCS
arperamusi pe3yJbTaToB, IMOJYyYEHHBIX yIACTHUKAMU aHCAMOJISI, C IeJIbI0 BBITUCIEHUsT OIEHOK
aHOMAJIBHOCTH JIJTA N-MepHBIX ITOJIITOC/IEIOBATEILHOCTEN, COCTABIEHHBIX U3 BCEBO3MOXKHBIX CO-

JeTaHU 3 d M3MEPEHnl BXOAHOII MHOrOMEpPHOM moAmocaenopaTebaoctu mo N, tme 1 < N < d.
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MHOFOMepHaH IIOAIIOCJIEJOBATC/JIBHOCTD CHUTaACTCHA aHOMaHHefI, €CJIN XOTS OBl O/[Ha M3 IIOJIyY€H-
HBIX OII€HOK aHOMAaJIbHOCTHU IIpEBbIIIAET IIOPOT, BBIUMCJIEHHBINA JJIA Ka)K,ZLOfI Pa3sMEepHOCTU N Ha

BaJIMIAIIMOHHON BBEIOODKE.
2.2. IIpenpomeccop

[Ipemnporieccop BBIOMHSIET MOATOTOBKY 00y YaloIieil BHIOOPKY Jjist HelipoceTeBoit mojen Jle-
TekTopa anoMaJsuii. st 9Toro 3aduKCcupyeM pernpe3eHTaTUBHBIN (hparMeHT BPEMEHHOIO DA,
KOTODBIN CONEPKUT BCe aKTUBHOCTHU cyObekTa, u oboznauum ero 3a 1. Jlamee xaxkioe uzmepe-
mne T4 dparmenra T mojsepraercs IpeaBapuTeIbHONR 06paboTKe ¢ OMOIIBIO Pa3spabOTAHHOIO
panee ajiroput™a (hopMUpPOBaHUsT 00y JAOIIEil BIDOPKU . B kadecTBe BXOIHBIX [TapaMeTpOB
AJrOpUTMa 3aJIal0TCs JIJIMHA TIOJIIOCIe0BaTebHOCTH m (M < M), J10Jis AHOMAJIbHBIX OO~
caeioBaresbHocTeit B psijie o (0 < o < 1), kosmuecrso cuumiero K (K > 1) u moporosast
sHaunMocTh cuummera ¢ (0 < ¢ < 1/k). Ilpu srom it 06paboTKu BeeX M3MEpeHuil psijia ycra-
HaBJIMBAIOTCS OJMHAKOBBIE 3HAYEHUsI BXOJHBIX HapameTpoB. CHavasia ¢ HOMOIIBIO Hapasiesb-
noro ajqropurma PSF BBITIOJTHAETCS PAa3MeTKa, TOJIIOC/IEI0OBATEIbHOCTE N3MEPEHUsS MHOIO-
MEPHOTO PsiJia B COOTBETCTBUU C AKTUBHOCTAME CyObekTa. TeMm caMbiM (hOPMUDPYETCH MHOXKECTBO

[IOII0C/Ie JOBATEILHOCTEH S (i), OTIPEJIEJISIEMOE CJIETYIOIIIM 00Pa30M:
) _ ) 70 o) ,
SO ={1") k)| T}, € C) NN, 1<i<d 1<j<n-m+1, 1<k< K} (12)

Jlasee n3 gasbHelieil 06paboTKN HCKITIOYAIOTCS TOANIOCTe0BaTenbHocTH-IyMbl O | rpak-
TyeMble KaK BbIOPOCHI B PAMKAaX KaKJIOT'O CHHUIIIIETA, U [IOJIIOC/IEI0BATEIbHOCTU, COOTBETCTBYIO-

(@)
1IKe peKo BeTpedaromuMest akTusaocTsivm Cr

Wi

e = {{C UCO NNy e, | CO frac< ¢, 1<i<d 1<k< K} (13)

Bo-BTopHBIX, ¢ HOMOIILIO HapaJuieabLHoro aaropurma PALMAD BBITTOJTHSIETCST TIONCK JTIC-
conamcos (anomambHbIX noznoceosaresprocreir) DO [DO| = o - (n—m+ 1), KoTopsie TaksKe
UCKJIIOYAIOTCS U3 JlajibHelielt obpadborku. B 3aBepiiieHnn BBIIOJIHICTCS OYUCTKA PA3MEIEHHOTO
MHOKeCTBa, ojmocaegosarensrocreii S or HaiijneHHBIX Ha MpeBIIY X marax IIpermporecco-

Pa pas3IMyHOrO po/ia aHOMAJINIL:
S0 = SN\ (T} k)Y, vae Ty, € {0, U0 u DOy, (14)

3arem Ilpenporieccop BBIIOIHIET Min-mMax HOPMAJU3AIMIO TOIOC/IEI0BATEILHOCTEN, BXO-

JSIIUX B MHOXKECTBO S\ (@) , JJISI KaXKJI0r0 U3MepPEeHus T(’)7 peobpasdyst UX 3HAUEHUST B JUAIIA30H

) (@)

7
[0, 1]. HopmasmsoBanHasi Bepcust T _m TIOZIIOCIIEIOBATETHHOCTH Tj,m BBIYUCJISIETCA CJICYIOIIUM

obpazoM:
7~ (t§z)7,..,t§im_1), 1<i<d
(@ ()
e (Z) G

max tp’ — min ¢t
1<p<n 1<p<n

JlaJtee BBITIOTHSIETCSI TIPOTIELy Pa PeHepanuy 00y Iatoleil BEIOOPKHU J1Jist HeifpoceTeBoit Moiesn
HerexTopa anomasnii. IIocKOIbKY mpeaycMaTpuBaeTCsl OCYIIECTBIIATDH TONCK AHOMAJIN B KayK-
JIOM U3MEPEHUHU HE3aBUCUMO JIPYT OT JIPyTa, TO JJIs KaXKJ0ro u3Mepenusi popMupyercsi cBosi 00y-

qarorast Bbioopka. Ob6o3HaImM 00y Aoy 0 BEIOOPKY JIJIsT ¢-T0 U3MEPEHU MHOTOMEPHOTo psiaa 1T’
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sa L), O6yuarornias BIOOPKa £ npeJicTaBiisier coboit MHOXKeCTBO TpereeHToB Buja (X, Y).

ITon X noHmMaercs HabOp Map IOIAMIOC/IEIOBATEILHOCTEN, KOJIMYECTBO KOTOPBLIX COBIIAJAET C

KOJIMYECTBOM aKTUBHOCTEN (CHUIIIETOB) BO BpeMEeHHOM psijie. [lepBblit s/1eMeHT B KaxK 101l mape
(4)

OJMHAKOB U IMIPEICTABIsSIET COOOM TMOMIOCIEI0BATEILHOCTD T] o, U3 MHOXKeCTBa, S (1)7 OCTAaBIITYIOCS

B pe3ysbrare npegobpaboTku. B kadecTBe BToporo (pasimdaroriero) sjaeMenTa napsl Gurypupy-
(4)

€T COOTBETCTBYIOIIUII CHUIIIIET Ck MIN OJIVKARIII cocem 3TOr0 CHUIIIIETA, B3ATHIM M3 MHOXKE-
CTBa C]gi).NN. ITox Y nonpasymeBaercst K-MepHbIit OMHApPHDBIN BEKTOD, OJWH 3JIEMEHT KOTOPOTO
paBeH 1, ecoin MOJITOC/IENOBATEILHOCTH B TApe OTParKaIOT OJMHAKOBYIO AKTUBHOCTH, OCTAIbHBIE
3JieMeHTHl paBHbl ) — B mpoTuBHOM cjydae. Takum obpa3oM, st KaxKIoil 1pemnobpaboTanHoit
[IOJIIIOCJIEI0BATEILHOCTA U3MEPEHUsT MOXKHO ITOJIy4YnuTh nn@ty npenenenTos, e nn@Qty — napa-
MeTp ajropurma. IIpu srom yem Gosibllle ycTaHaBIuBaeTCst 3HadeHue nn@ty, rem OoJiee Bapua-
THUBHOI CTAHOBHUTCsI 0Oy4Jaromas Boibopka. PopMasibHOE OlpeieseHne 0bydaioneil BHIOOPKHI £

BBITVIAAUT CJICAYIOIIUM O6p a30M:

£0 = {{x0,y0) | X6 = (@, )},
W ZFO ) 20y ) ST, FO T, e 50

7,m? k m? 7,m>—"p
Y@ = { [yl =y (16)

y =k, 2t € CYV NN, yf) = ky, 2$) € VNN,

1 k

1<¢<¢1<mp<n—m+1}

2.3. JlerekTop aHoMaJInii

Heiipoceresast momensr mDiSSiD mpeacrasiisier coboit ancaMmbiib u3 d MoauuKauil MoJie-
au DiSSiD (miist ogHOMEpHOTO psijia), rje d — pasMepHOCTb MCXOIHOrO MHOromepHoro psia T
3aja4ua ydacTHUKA aHcaMOJIsi 3aK/II09aeTCsl B TOM, 9TO HEOOXOJIMMO OIPEIE/INTh, ¢ KAKUM U3
CHUIIIIETOB Psijia MOJaHHAsT Ha BXOJI MOJIIIOC/Ie0BATEIbHOCTh HA3HAUEHHOIO MYy U3MEPEHUsT nMe-
erT HauboJIbIIIee ceMaHTUIeCKoe cxoacTBO. Ha Bxom moaudunuposantnoit Mogeaun DiSSiD mocry-
naer Habop u3 K map nomnocienoBarensrocteit X (V)| kaxkiast 13 KOTOPBIX BKJIOUACT BXOLHYIO
(@)

%
IIOJITOCJIE JOBATEJIBbHOCTD Trgz OKaHYINBalOIYIOCAd TEKYIIUM ITOCTYIMUBIINM 3HaAYCHUEM tn y

(4)

u omun u3 cuunneros C) 7. Ha Bpixome monens BbiiaeT K-MepHEBIH BEKTOD Y(’), COJIEepKAIIUA

m+1,m>

OIIEHKU CXOXKECTU MEKAY IMMOAIIOCJICJIO0BATE/IbHOCTAMU B ITapax. Taxum 06pa301v1, y4qaCTHUKa aH-

REx2xm _y RE JI3ydenne coOTBETCTBYIOMEro

caM0Jisi POPMAIBHO MOXKHO OIPENEUTh Kak f:
U3MepeHnusd U BblJlada PEe3yJIbTaTOB KaxKJIbIM YYIaCTHUKOM aHC&M6.Hﬂ BeJieTCd HE3aBUCUMO JIPpYT
oT apyra. Takasi opraHu3alusi 00paboTKu 0bycIoBIeHa onpeeseHneM N-MepHOTO JTUCCOHAHCA,
TPeOYIOIIEro BHIMOJHATh CPABHEHUE TIOJJAHHON HA BXOJI OJHOMEDHON IOJIIIOCIIEI0BATEIBHOCTH C
[IOIIOC/IEJOBATEILHOCTSIME M3 TOI'O YK€ U3MEPEHMSI.

Ha puc. |1| npeacraBiena cTpyKTypa ydYacTHHUKa aHCcaMOJIsI, sIBJISIOIIEca obIIel i Bcex
YIaCTHUKOB. Y YaCTHUK aHcaMOJjIs1 BKJoYaeT K rojceTeil, KaXKJaas U3 KOTOPBIX IPEICTaBJIsSIeT
coboit pazpaboraHHyio paHee Mozesb DiSSiD (cm. puc. . Mogens DiSSiD aBistercs cu-
aMckoii Heitpornoit cerpio (Siamese Neural Network, SNN) , CKOHCTPYWPOBAHHON M3 ABYX
CBEPTOYHBIX HEHpOHHBIX ceTeit ResNet, npenTnansix mo kondurypanun n Habopam 00yIaeMbIX
napameTpoB (BecoB n cmernenwnit). Cradasna na Bxox DiSSiD mocrymaer coorBeTcTByIOMmAst mapa

. % 7
TIO/ITIOCTIE/IOBATEIbHOCTEN <x§ ) , :z:ék)) Jlajee crnaMcKasi CEThb BBIIOJIHSIET OTOOPAXKEHHe BXOIHBIX
i i
(@) ;)

JIAHHBIX B CKPBITHIE mpejcTasienns (embedding) hy 5  M3YYEeHHOTO JIATEHTHOI'O ITPOCTPAH-

crBa R® mMmeromnire MEHBIYIO PA3MEPHOCTDb, 9€M MCXOJHBIE, § < M.
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A7 H H A7
Differencing P ﬁ' Fully Connected+ ﬁ' Fully Connected+

embedding +ReLU +Linear
Ti oy
( ; J\/L\/& ) DiSSiD
70, et
( Al ) DiSSiD

DiSSiD

Embedding Extractor Semantic Similarity Definder

Puc. 1. Crpykrypa ydacTHuKa Heiipocerepoit Mmojean mDiSSiD

ResNet Bkirowaer B cebst TP OJMHAKOBBIX ocTarouHbIX Osioka (residual block), cocrostmx

UX TPeX CBEPTOYHBIX CJIOEB C OJIHOMEPHBIMU sJIpaMU CBEPTKU pa3dMepoB 8 X 1, 5 x 1w 3 x 1

cooTBeTCTBEHHO. Kaxk/plil cBepTOUHbIi CJIoif depeiyercst ¢ nmakeTHoil HopMasmsanueit (batch

normalization) |21, mociie KOTOPOI IPUMEHSIETC S HKIUs akTBanuy JIMHEeMHBIN BBIIPAMUATEIb
)

(ReLU, Rectified linear unit). ITociie npoxozkieHusi Bcex CJI0OEB OYEPETHOTO OCTATOYHOrO OJI0KA

(bOpMI/IpyIOTCH KapThbl IIPU3HAKOB, KOTOPLIE JJaJie€ CKJIaJAbIBalOTCA C BXOJOM 3TOT'O OCTATOYHOI'O

6JI0Ka, MPOIIYIIIEHHOTO Ye€pPe3 CBEPTOUHBIH CJIOH ¢ spomM cBepTKE paszmepa 1x 1. [lepssriit octarou-

HbI 610K hopMupyeT 64 KapThl IPU3HAKOB, OCTAJIbHBIE /iBa Oj10Ka — 110 128 KapT. 3a 0CTATOYHbI-

ME OJI0KaMu cJiejiyer cJioil rrobaabHoil yepeausitonieit arperanuu (GlobalAveragePooling), dbop-

MUPYIOMNIT UTOTOBOE CKPBHITOE TIPeJICTABIEHNE, i-1 3JIEMEHT KOTOPOT'O BBIUHUC/ISIETCS KaK CpeTHee

apudMeTUIecKoe 10 BCEM dJIEMEHTaM i-ii KapThl IIPU3HAKOB.

Input (7] Convolutional4- GlobalAveragePooling () Differencing

+BatchNorm-+ReLU

1~ 1l S 1| S 1] S 1| A®
64 64 64 128 128 128 128 128 128 1

1 | S 1| S 1] S 1) P
64 64 64 128 128 128 128 128 128 1

Puc. 2. HeiipocereBast momess DiSSiD
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Hasee na pazmuuatomenm cioe (differencing layer) ompemessiercst cxoxkecTb Mexkiy cgop-
‘ J (4)

(4) (4)
MUPOBAHHBIME CKDBITBIMH TIPEJICTaBIeHuaMu hy’ u hy’ myTem Bbraucienus Bekropa h diff, 13

paCCTOHHI/IfI Me}Kﬂy COOTBETCTByIOHlI/IMI/I dJIEMEeHTaMN 3TUX CKprTbIX Hpe,ZLCTaBHeHHfII
Wy () = dist(h) (7), hS)(5)).

B jganHOM wuccienoBannn B KadecrBe GyHKiuu paccrosiuus dist(-,-) BbiOuparorcst merpuku L1
u L2. Barem cieyer cjioif KOHKaTeHAIIUN, BBIIOJIHSIONIUN CIIEIJIEHUE PE3Y/IbTATOB, BBIIAHHBIX
paz3IMYaonuMu cjaoaMu 1o Becem K mojiceTsiM yaacTHuKa ancaMmbOiis. B pesynbrare dhopmupyercs
BEKTOD

RO —pD e ep@D R0 o RexK

concat — dzﬁ” diff concat

r7e e — olepalisl KOHKaTeHAIlnN. 3aMbIKaIOT MOIUPUIMPOBAHHYI0 MoAe b DiSSiD Tpu mostHO-
CBSI3HBIX CJIOsI, KOTOPbIE HAIPaBJIEHbI HA BHIYUCJIEHNUE OIEHOK CXOYKECTH BXOTHON IOJIITOCTIE/I0BaA-

TEJILHOCTHU CO BCEMM CHUIIIIETAMM:
1) 7
YO = /(XD w;, By),

rne W; u B; — MaTpuIibl BeCOB U CMEIIEHU -r0 yIaCTHUKA aHCaMOJIsi COOTBETCTBEHHO.
Ha CKpBITBIX [OJIHOCBSI3HBIX CJIOSIX € 4nCJI0M HefipoHoB (sK)/2 u (s-K)/4 ucnosbsyercst HyHK-
nus aktuBanuu RelLU, na BbixomuoMm cjoe u3z K HellpoHOB — JjinHeliHast (DYyHKIINA AKTUBAIIIH.
()
B sapepmennn dpopmMupyercsa UTOroBas OIEHKa JIJIs Mojtocae osareaboctu 1,7 H1mo
csIeiicst K COOTBETCTBYIONIEMY HU3MEPEHUI0, MyTeM B3sITUsI MUHUMYyMa II0 BCEM BBIJAHHBIM HAa

OTHO-

MOCJIETHEM CJIO€ HEHPOHHOI ceTH OleHKaM:

score(Ty(f_)m_s_l,m) = 1514211( yk(z).
Urorosast omeHka ompeaessieT CTelleHb CXOXKECTHU IIO/IIOCIeI0BATE/ILHOCTH ¢ Hanbosee OJIU3KUM
K HEl CHUIIIIETOM.

Jis onpesesieHns TOTO, ABJIAETCA JIM BXOJHAsS IIOAINOCIEI0BATEIbHOCTD Ty i1 4 MHOTO-
MEpPHBIM JUCCOHAHCOM, CHadasa (opMupyorcs [N-MepHBIE MMOIIIOC/IeI0BATEILHOCTH IIyTEM CO-
CTaBJICHUSI BCEBO3MOXKHBIX COUYCTAHUN n3 d m3MepeHuil 3Toil mojmnocaesoBaTebHocTu 10 N, Tae
1 < N < d. ObosHaumM MHOXKECTBO BCEX IIOJIIOC/IEI0BATEILHOCTENH, COAEPXKAIIUX PA3JIMIHOE
KOJINYeCTBO u3Mepenuii or 1 10 d, 3a P. Januoe mMHO»)ecTBO P siBjsiercst GyeanoM (mokasa-

TCJIbHBIM MHO}KGCTBOM) n onpejgesigdeTcd CJIe1yHomUM o6pa30M:

P ={1-P, 2-P,..., d-P},

1P = {{T< it} |1 <0< d},
QP {{ m+1m’T’rgj)m+1m}’1 gda i<j}7

d-P = {{T(l)m+1 my - T?Ed)m+1 m}}

KomnnaecrBo Cr'€éHEepUPOBaHHBIX MHOI‘OMeprIX HO,ZLHOCHG,ZLOB&TGHBHOCTGI'?'I B MHOKeCTBe P cocras-

N _ _
nster [P| = ZN 1G4 ZN 1 (d=N)INT N)'N' 27— 1.

BaTeM JJI Ka}K,ZLOI/I N—MepHOI/I IIOAII0CJIE JOBATC/JILHOCTH N-PZ OIIpeJJeJIsAeTCA €€ OIlEHKa CXO-
N

xkecru N-score(N-P;). Hysi sroro opmupyercsi HabOp U3 UTOTOBBIX OIIEHOK {score(N -Pij) }j:p
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OJIy YeHHBIX HeiipoceTeBoit Mojenbio mDiSSiD Ha npenplayiieM mmare Jjisi BXOJSIIIX B 9TO CO-
JyeTaHue 3JIeMeHTOB (OJHOMEPHBIX MOJIIocIeoBaTeabHocTeil). Janee cpenn Becex nmeromuxcest B
JAaHHOM Habope OIEHOK BBIOMpAETCss MUHUMAJIbHASA, KOTOPas HA3HAYAETCA B KAUeCTBE PE3YIbTH-

pyIOIeil OMeHKN cXoxXKecTh st N-MepHo#l noanocaenoBareabaoctn N-P;:

N-score(N-P;) = lgli<rlN score(N-P; ;).
\.7\

[Tocste aTOTO /U151 KAXKAOW TPYIIBI COYETAHUN, 00 bEIMHEHHBIX 110 PABHOMY YHUC/TY BXOJISAIIINX
B HAX 3JIEMEHTOB, BBIUNCJIAETCS OICHKA aHOMAJBHOCTH IIyTeM B3ATHUA MAaKCUMAJBHOI'O 3HAYCHUS

110 OIIEHKaM CXOXKECTH, IMOJIyYECHHBIX JIJIsd BCEX coYeTaHUuil u3 O,ILHOI71 T'PYIIIIBL:

N-anomaly(Ty—m+1,m) = 1<zr'2?]€/(-73| N-Score(N-P;).

MakcumyM 03HAYAET TO, UITO B KAYECTBE OIIPEJIE/ISIONIEr0 COUeTaHUs B TPYIIIE BLIOMPAETCS
HamMeHee roxoxkee. Ha ocHOBaHWM 3TOro covueTaHusi OYIET JEJaTbCs BBIBOM, O TOM, SIBJISIETCS
JII MHOT'OMEPHAs TIOJIITOCIEI0BATEIHLHOCTL HOPMOIT Wiin anoMmaJjneil. Bxoanas MHoromepHast moji-
OCIeI0BATeIbHOCTD Ty py 4 1,mm CUMTACTCA MHOIOMEPHBIM JINCCOHAHCOM, €CJIM XOTs Obl OJlHa U3
o1eHOK aHOMaJibHOCTH N-anomaly npeBBIaeT HEKOTOPBIH ycTaHoB/eHHbIH opor, 1 < N < d.

[Mopor mist kaxkgoro 3uadenusi N opMupyercs myTeM B3sThsi k-TO HIPOIEHTUIS 110 Habo-
Py OIIEHOK aHOMAJJIBHOCTH, MOJIYYEHHBIX IJIsi codueTaHwii m3 N u3MepeHWil MHOTOMEPHBIX IIOJI-
[IOCJIE/IOBATEIbHOCTEH BAJIMIAIMOHHON BBIOOPKHU. B JaHHOM HCC/IeI0BaHUN B KadecTBE IOPOTa

npuMeHsieTcst 3Hadenne k = 95.

3. BpruucianrenbHbIE IKCIIEpUMEHTbI

B nmammom pazgesie mpeicTaBiIeHbl PE3YJIbTATHI BBIYUCIUTEIBHBIX YKCIIEPUMEHTOB, ITPOBE-
JEeHHBIX Ha peajIbHbIX BPEMEHHBIX psijlaX, KOTOPhle MMEIOT MCTUHHYIO Pa3sMeTKy aHomaJsunii. B
9KCIIEPUMEHTAX BBIOJIHSIETCS CpaBHEHNE TOTHOCTH IIpejjiaraeMoro Meroga mDiSSiD ¢ anajora-
MM, OTHOCSIIUXCS K METOJIAM C YaCTUYHBIM IIpUBJIeUYeHreM yuuTesid. [lomumo sToro, ucciemyercs
BJIMsTHIE (DYHKITUU PACCTOSTHUS MKy BEKTOPHBIMU IIPEJICTABJIEHUSIMUA BXOTHBIX MOIIOCIE0BA~

resprOCTEl (MeTpuku L1 u L2) Ha addexkTuBHOCTE 0O6HAPYKEHNST AHOMAJIUIT € TIOMOIIBIO METOJIA

mDiSSiD.

3.1. IlapameTpbl 3KCII€EPUMEHTOB

Habopvt darnwvixr. BpemeHHbIE Psifibl, MCIIOJIB30BAHHBIE B IKCIEPUMEHTAX, B3SITHI U3 pe-
AJIbHBIX TIPEJIMETHBIX 00/1acTell U Pe3IOMUPOBAHbBI B Ta6n. Jlamubie B3ATHI U3 OOIIEIOCTYITHOTO
dpeiimBopka TimeEval , ITPeTHA3HAYEHHOTO JIJIsI ITPOBEIEHUST BIYUCIUTEIbHBIX SKCIIEPUMEH-
TOB C aJrOpPUTMAMM OOHAPYKEHUsT AHOMAJINI B MHOTOMEPHBIX BPEMEHHBIX PSIIAX.

Pax OPPORTUNITY (OPP) IpeJICTaBJIsIeT CODOM MTOKA3aHUsT HOCUMBIX JTATYUKOB JIBU-
JKEHUs, 3aKPEIJIEHHBIX HA YeJIOBEKE, BBIMOJIHSIONIErO B TEUEHHUE 2 Yac. PA3/IMYHbIE BUILI YTPEH-
Hell MMOBCEHEBHOM aKTUBHOCTH: IIObEM, IIEPEMEIIEeHNE 0 KOMHATE, IIPUTOTOBJIEHE 3aBTPaKa,
yOOpKa M OT/IBIX.

Psanx Daphnet COJIEPXKUT MTOKA3aHUsT BHOPOAKCEIEPOMETPOB, 3aKPEILJIEHHBIX HA MAITHEHTE
¢ 6osesnbio [lapkurcona, st oOHapy»KeHusl y HEro CUMIITOMOB 3aMUpaHus ToXoaKu. Ilamment
BBITIOJIHSJ CJIEIYIOIINE BUIbI (PU3UIECKON aKTHBHOCTH: XO/b0A IO MPsIMOM, X0JIb0a C TOBOPOTa-

MU, TIEPEMEITEHNST MeXKJTy Pa3HbIMI KOMHATaMU C OTKPBIBAHUEM JIBEpEit 1 1.
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Kaxx it u3 psgos MITDB-2 (105, 217) w MITDB-3 (105, 116, 217) IIPeJICTaBJISIET CO-
6oit koukarenaruio DKI' peabHBIX TAIMEHTOB, CTPAIAIONIIX HAPYIIEHNSIMI CEPAETHOIO PUTMA.

Kaxmas n3 cuemnennbix 9KI' orpaxkaer ofHy aKTUBHOCTD ITAIIMEHTA.

Tabaura 1. BpeMerHbIe Psiabl /I BBITUCINTEIBHBIX KCIIEPUMEHTOB

Hauna
. | diymua | PasamepHocTh Hauna Koa-Bo Houst
Ne | BpemenHoit 3HAYMMOT'O .
psaa psaa CHUIIIIETA CHUIIIIETOB | aHOMAJINI
n/o pPaI ydacTKa 4
n d m ’ K a, x10
1 OPP 26 204 6 200 50 2 5
2 Daphnet 28 800 3 216 72 2 5
3 MITDB-2 100 000 2 600 75 2 2
4 MITDB-3 150 000 2 600 75 3 3

Ananoezu. B skcriepumenTax paspaboTannast MOJIEb CPABHUBAJIACH CO CJEAYIONMIUMY AHa~
Jioramu, npuHaiexkamumn, kKak 1 mDiSSiD, k rpyiie MeTosoB 0OHAPYKEHUS aHOMAJIUI ¢ da-
CTUYHBIME TpuBjedernem yuureias: LSTM-AD E], AE , DeepAnT , TAnoGAN .
Peanuzanus yka3aHHBIX METOIOB B3sTa U3 PabOTHI .

Mempuru cpasHerus. J1jst onenku KadecTBa 0OHAPYKEHUST AaHOMAJINH UCITOJIb3YeTC s MET-
puka VUS-PR , UHTErpupyer B cebe Kak CTaHJIapTHble METPUKU — TOYHOCTH (precision) u
IOJIHOTY (recall), TaK U BEJIMYUHY CMEIIEeHUs HallleHHONl aHOMAaJIbHON IIOJII0CIIeI0BATEC/IbHOCTU
OTHOCHTEIHHO UCTHHHOI aHomasimu. Merpuka VUS-PR npunnmaer sHadenust u3 orpeska [0, 1],
OOJIbITIEMY 3HAYEHUIO COOTBETCTBYET JIydIllee KaueCTBO.

Annapamuas naamgopma. Beraucnre/ibHbIe SKCIIEPUMEHTHI BBIMOJIHSIINCH HA BBIUUC-
JInTeTbHOM y3Jjie KoMmiuiekca «Heftpokommbioreps Cynepkommbioreproro mnearpa FOYpl'Y ,
ocnaiensoro rpadgudeckum nporeccopom NVIDIA Tesla V100 SXM2 (5120 simep @1.3 I'T'ny).

Ob6yuerue modeau. dns obyuenust veitpocerepoii mogesin mDiSSiD (yuacTauka ancamO6ist )
npejyraraercs cieyoras hyHKIs KOHTPACTHRIX HoTephb (contrastive loss) , aJIAITUPOBAH-

Hag 1O/ MHOI'OMEPHBIN Cirydai:

K
L(<Xj(-l)a }/;‘(Z)>7 Wi, Bz’>: Z(@/j(l) . (f(rc§f,l, Wi, Bi) +(1 - y](z;)g) - (max(r — f(iU%, Wi, Bi), 0))2>7
k=1
(17)
rge i — HOMep ydacTHuKa aHcambis, (X ](-i),Yj(i)) — MpeneaeHT BBIOOPKH, K — KOJIUIECTBO
CHUIIIIETOB, T — MHUHUMAJBHOE PACCTOSIHUE MEXKJy BEKTOPHBIMU IIPEICTABIEHUIMHU HUCXOTHBIX
IIO/IIIOCTIeJIOBATEIHLHOCTEN, SIBJISIOIIIXCS OJIVZKARIIIIME COCe/ISIMU PA3HBIX CHUIIIETOB (IIapaMerp
Moziesn). YKazaHHast (DYHKIMsI [I0Teph obecriednBaeT 0OydeHne MOJIeNn, B pe3yJbTaTe KOTOpOro
[TOXO0XKHE TMOIIOC/Ie0BATEILHOCTH UCXOIHOIO Psijia HOJIyIaT BEKTOPHBIE MIPEJICTABICHUs, OTCTO-
dIme Ipyr OT Apyra B CMBIC/IE PACCTOsIHUA He Dojiee YeM Ha T, a Helmoxoxkue — OoJjiee 1eM Ha T
COOTBETCTBEHHO.

Iepen o6ydenueM saeMenTbl MuoxkecTBa £ cirydaiiHbIM 06pasoM pasIessioTcs Ha 1Ba He
[IEPECEKAIOITIXCS TTOAMHOXKECTBA: O0YUYAIOIIYI0 U BaJUIAIMOHHYIO BHIDOPKHU £Egm u E\(/;)h 4 HC-
[IOJIb3yeMble JIjIsi 00y YeHrsT MO/ M HACTPOMKHU ee THIepIIapaMeTpoOB COOTBETCTBEHHO. MoIHO-
CTH YKa3aHHBIX BEIOOPOK HAXOAATCH B TpaanuuonnoM cootHomenun 80% u 20% coorsercrBeHHO.

DKCHEPUMEHTDI BBIOJIHSIIACH [IPH CAEAYIONINX YCTAHOBIEHHBIX 3HAUECHUSAX THIIEPIapaMeT-
POB: CKOpOCTH 06y uennus 1 = 1-1073, KosmuecTso s1ox epochs = 50, pazmep 6arua batch size =

128, orctyn 7 = 1. B KadecTBe ONTUMHI3ATOPa CTOXACTUIECKOTO T'PAINEHTHOTO CITyCKa HUCIIOJb-

3oBajica Adam )
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3.2. Pe3yabTarbi

Tabsmua 2. Cpasuenne Tounocru Meroga mDISSID ¢ anasoramu (merpuka VUS-PR)

Meromer | g DeepAnT | LSTM-AD | TAnoGAN | MDiSSID | mDiISSIiD
Psnpr (L1) (L2)
OPP 0.4812 (2) | 0.2105 (6) | 0.2178 (5) | 0.7632 (1) | 0.4154 (4) | 0.4273 (3)
Daphnet 0.3569 (4) | 0.3817 (3) | 0.2347 (5) | 0.2105 (6) | 0.4356 (2) | 0.4632 (1)
MITDB-2 0.5181 (4) | 0.4514 (5) | 0.4153 (6) | 0.5208 (3) | 0.6467 (2) | 0.6917 (1)
MITDB-3 0.4496 (3) | 0.3189 (6) | 0.3284 (5) | 0.4265 (4) | 0.5898 (2) | 0.6250 (1)
Cpeanuit 0.4515 (4) | 0.3406 (5) | 0.2990 (6) | 0.4803 (3) | 0.5219 (2) | 0.5518 (1)
VUS-PR
Cpennnii paar | 3.25 (4) 5.00 (5) 5.25 (6) 3.50 (3) 2.50 (2) 1.50 (1)

Pesynbrarer cpaBuenusi Tounoctu Meroga mDiSSiD ¢ anasoramu rpejicraBieHbl B TabJI.
B saueiike Tabsmmer qano 3unadenme mepbl VUS-PR n B ckobkax — paHr MeToia, yKa3aHHOTO
B COOTBETCTBYIOIIEM CTOJIOIE, CPeIy BCEX aHAJIOIOB HAa BPEMEHHOM psijie, YKa3aHHOM B COOT-
BeTcTByIOME cTpoke. [losyKupHbIM MIPUGTOM JAaHBI PE3YJIHTAT M MECTO JIyUIIero MeToJa Ha
3aJJaHHOM BpeMEHHOM psje. JIBe mocjienHme CTPOKU TaOJUIBI ABIAIOTCH PE3IOMUPYIOIMIUMU, B
HUX YyKa3aHbl COOTBETCTBEHHO CPE€JIHUE 3HAYCHUA METPUKHU U PaHl'a IO BCEM DATaM, a TaKKe
cpelHee 3HAYEHNE METPUKN U PAHTa METO/Ia B CKOOKAX.

MoxkHO BUzETb, 4TO Ipu npuMmeHeHnu Merpuky L1 B Ha pasmyaonieMcs cjIoe HelpOH-
HOI ceTn ydacTHUKa aHcamOjs Meron mDiSSiD B cpemqremM BXOAUT B TPOHMKY JIYUIIAX METOIOB
10 TOYHOCTH OOHapy»keHust anoMmajmit. [Ipu sToMm npu ucnosb3oBannu Merpuku L2 mo3Bosser
JIOOUTBHCS JIYUIedl B CpeHeM TOYHOCTUA OOHAPYKEHUS aHOMAJIUH. DTO CBSI3aHO C TE€M, UTO MET-
puka L2 6ojiee dyBcTBUTE/IbHA K BBIOPOCAM, TIO9TOMY OHA JiejiaeT 0oJjiee BaXKHBIH U OOJIBIIIHIA
aKIIEHT Ha TEX MapaX CKPBITHIX IIPEJICTABICHUN Ha PA3JINYIAIOIICH CJI0e, KOTOPbIE COOTBETCTBYIOT
IIO/IITOCJIEIOBATEILHOCTSIM, IIPUHA/JIEXKAIIIM PA3HBIM aKTHUBHOCTSM, WA KOTJIa BXOJIHAS ITOMIIO-

CJIeJ0BaTCIbHOCTD ABJIACTCA aHOMAJINEN.

3akJro4yeHmne

B crarhe paccMorpena 3aj1ada JIETEKITME AHOMAJIBHBIX IIOJIIIOCJIEI0BATEILHOCTENl MHOTOMED-
HOT'O TIOTOKOBOT'O BPEMEHHOTO PsiJia, 3JIEMEHTHI KOTOPOTO TIOCTYIAIOT B PEXKUME PeaIbHOI'O BpeMe-
HU, BOCTpeOOBaHHAsI B HACTOSIIIEE BPEMsl B IIUPOKOM CIIEKTPE MPEIMETHBIX 00J/IacTeil: TPOMBbIIII-
JieHHbIit VIHTEpHET Belneii, mepcoHabHOe 3/ipaBooxpanenue u jip. OnrcaH HOBBI METOJI PENeHUs
yKa3aHHON 3aja4u, noyydnsinii Hazsanrne mDiSSiD (multivariate DiSSiD), koropstit o6o6raer
HAa MHOTOMEDHBIii cJiydail mpeJiozkeHHbiii aBropoM panee meroy, DiSSiD (Discord, Snippet, and
Siamese Neural Network-based Detector of anomalies) /st geTeKnuy aHOMAIHA B OJTHOMEPHOM
[IOTOKOBOM BPEMEHHOM PsJIE.

[Tpe1osKeHHbIIT METO/ HCIOIB3yeT KOHIIENIIIIO TUCCOHAHCA BPEMEHHOTO psijia (IOAIoCIe10-
BATEJILHOCTD, MMeEIOIast Hanbosiee He MOXOXKero Ha Hee OJIMzKaiiliero cocesa) , 00001TIEHHY IO
Ha MHOTI'OMEpHBII ciy4dail. I1og MHOrOMEPHBIM IUCCOHAHCOM ITOHUMAETCS N-MepHast TOIII0-
CJIeJI0BATEJIbHOCTD d-MepHOro BpeMeHnHoro psia (rae 1 < N < d), koropasi Hanbosiee He TIOXOXKa,
Ha BCE OCTaJIbHBIE ITOJIIOC/IEI0BATE/IbHOCTH [N-MEPHBIX BPEMEHHBIX PsIJIOB, IMOJIYYEHHBIX ITyTEeM

COCTABJICHUST BCEBOBMOXKHBIX cOUeTaHU u3 d psijioB mo V.

2024, T. 13, Ne 4 45



HeiipoceTreBoii meTo1 0O0Hapy>kKeHUsI aHOMAJINIT B MHOTOMEPHBIX BPEMEHHBIX pAgaxX

JleTekIms aHOMAJIMI peaju3yeTcs ¢ ITOMOIILI0 HEepOCeTeBOi MOJIe/IM HAa OCHOBE CHAMCKUX
neiipocereir. Momesr mDiSSiD mpesacrasister coboit ancambib n3 d MOTUPUKAINAN MOIETH
DiSSiD. Bxommoit cioit mogudurmposanHoit mogenn DiSSiD npencrasisier coboit K map, rae
K — xonmgecTBO paszamdaeMbIx aKTUBHOCTEH MCCaeIyeMoro cyObeKTa, B KOTOPBIX ITePBOl KOM-
MMOHEHTOMN SIBJISIETCST BXOJIHAS ITOIIOC/IEI0BATEIbHOCTD, & BTOPONl — CHUIIIET JINOO OJWH U3 €ro
ommkaiimmx cocefeil. Jlamee cieayroT ciiou, IpeaycMOTpeHHbIe Momesibio DiSSiD: octarounble
o0k ResNet, cioit GlobalAveragePooling n pasyimuaroruii cioii. Ilocse sroro ciemyer ciioit
KOHKaTeHalluun, BbIHOHHHIOH_[I/IfI CeIrjienue pe3yﬂbTaTOB, BBIJTaHHBIX Pa3/IMYAIOINUMU CJIOAMU 110
BCEM U3MEPEHUSIM. 3aMBIKAIOT MOIU(MUIMPOBAHHYIO MOJIEIb TPU IOJTHOCBSI3HBIX CJIOsI, obecIre-
YuBallome OICHKMN CXOXKEeCTU BXO,ZLHOI';I IIoAIoc/jie 10BaTeJIbHOCT CO BCEeMU CHUIIIIETaMM. BaTel\/I
dopMupyeTcst HTOrOBast OIEHKA, JJIsI [IO/IITOC/IEI0BATEIbHOCTH, OTHOCSIIIENCsT K COOTBETCTBYFOIIIe-
My U3MEPEHHMIO, IIyTeM B3ATHsl MUHUMYMAa II0 BCEM BBIIAHHBIM Ha ITOCJEIHEM CJI0€ HEeHpPOHHOI
ceTH oneHKaM. VIToroBast oleHKa OIpeessieT CTelleHb CXOXKECTHU IOIIOC/IeI0BATEILHOCTH C HAl-
boJiee OJIM3KUM K HEHl CHHUIIIIETOM.

Borancinrenbable 9KCIIEPUMEHTHI Ha PeaibHbIX BPEMEHHBIX PsiIaX U3 Pa3IUIHBIX IIPEIMET-
ubix obsacreit (DK, mokazanus BubpoakcesepoMerpa Bo BpeMsi GU3NIECKON aKTUBHOCTH, MOHH-
TOPUHI HAIPY3KHU CePBEPOB 0a3 JaHHBIX) MoKasasau, 4To Merox mDiSSiD B cpeanem omepekaer
[0 TOYHOCTH OOHApy»KeHUsI aHOMAJIMIl ITepe/IOBble AHAJOIH, HCIOJIL3YIONNe WHBIE HelpoceTre-
Bble apXUTEKTYPBI: CBEPTOYHDBIE U PEKYPPEHTHBIE HEHPOHHBIE CETH, aBTOIHKOEPHI, TeHEPATUBHO-

COCTA3aTeJbHbIC CCTH.

Paboma svnoanena npu dunancosots noddepoicke Poccutickozo naywnozo gonda (eparnm

Ne 28-21-00465).
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The article touches upon the problem of detecting anomalous subsequences of multivariate streaming time
series, where the elements arrive in real time, which currently arises in a wide range of subject domains:
industrial Internet of Things, personal healthcare, etc. In the article, we introduce a novel method to solve
such a problem, called mDiSSiD (Discord, Snippet, and Siamese Neural Network-based Detector of multivariate
anomalies). The mDiSSiD method employs the time series discord concept (a subsequence with the most dissimilar
nearest neighbor), which is generalized to the multivariate case. Multivariate discord refers to the N-dimensional
subsequence of a d-dimensional time series (where 1 < N < d), which is the most dissimilar to all other
subsequences of N-dimensional time series obtained by composing all the possible combinations of d series of
N. Anomaly detection is implemented through a deep learning model based on the Siamese neural network
architecture. Experimental evaluation of mDiSSiD over real time series from various subject domains showed that
the proposed method is on average ahead of state-of-the-art analogs based on other deep learning approaches
(convolutional and recurrent neural networks, autoencoders, and generative-adversarial networks) in terms of
anomaly detection accuracy.

Keywords: multivariate time series, anomaly detection, discord, snippet, Siamese neural network.
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[Tocrynuna B pemaknuio: 01.09.2024

B crarse paccmorpena mpobiiema BhiOGOpa (DYHKIINN MOTEPH NIt O0yUeHHUs HEHPOCETEBBIX MOJEJE BOCCTa-
HOBJIEHMSI IIPOIYIIEHHBIX 3HAYEHWII MHOIOMEPHBIX BPEMEHHBIX PsiJIOB M IPEJJIOXKEHA HOBas (DYHKIMS TOTEPb,
nasBannas MPDE (Mean Profile Distance Error, cpennsisa omunbka npoduns paccrosaus). MPDE s ucrunuoii
¥ BOCCTAHOBJIEHHOU TTO/IITOC/IE0BATETLHOCTEN Psifia, MMEIONINX JJIUHY 1M, BBIYUC/ISETCS KaK CpeIHee 3HAYEHIe PaC-
CTOSTHHI MezK/ly BCEMHU IIapaMi OKOH (HEIPEPBIBHBIX IIPOMEXKYTKOB) 3TUX MOAIIOCIIE[0BATEIBHOCTEH, NMEIOIIIMY
nyny £, toe £ < m 1 OKHa MMEIOT OJMHAKOBbIE HAaYaJbHbIE MHIEKCHI. Paccrosinne Mexxy IByMsi OKHAMU IIPEJI-
craBageT coboit momudukanuio Meps! cxoxkectn MPdist (paccrosane MaTprnaHOro NpoduiIs) 1 ONMpeIeIsaeTcs Kak
B3BEIIEHHAsI CYMMa €BKJINJIOBA U Z-HOPMUPOBAHHOTO €BKJIMIOBA, PACCTOSIHUN MEXKIy JaHHBIMU OKHaMu. Beca cia-
raemMbIx GepyTcst u3 orpeska [0,1] u siBisrorest napamerpamu dbyskumu norepb. Pynkuuss MPDE nossosister npu
06y9YeHnr HEHPOCETEBON MOJIEIN YUIUTBHIBATH MOBEIEHYECKOE CXOJICTBO CPABHUBAEMBIX IIOJIIOC/IEI0BATEILHOCTE,
VUYUTBHIBAsT HAJIUINE B HUX CXOJHBIX OKOH HE3aBHCHMO OT MECT B3aMMHOTO PACIIOJIOYKEHUS STUX OKOH. DyHKIms
norepb MPDE nmeer BBICOKYIO BBIYMCIIATENBHYIO CJIOXKHOCTH, IIO9TOMY JUJIsl €€ BHEJPEHUs B (DPEHMBODKHU IJIy-
0OOKOro oOydveHMsI pa3paboTaH HapaJuIejbHbIA aaropuTM, Beraucisonmii MPDE na rpadudyeckom mporeccope.
Astroputm peanuzoBan ¢ nomonibio ¢gpeiimBopka PyTorch, koropsiit nossossier ummiementuposath MPDE kak
MOCJIEIOBATEILHOCTh ABTOMATUYIECKU PACIIaPAJIIEIMBAEMBIX OMEPAIMl ¢ MHOTOMEPHBIMU TEH30PAMU. DKCIIEPH-
MEHTBI Ha MHOIOMEDPHBIX BPEMEHHBIX PSAJIAX U3 PA3IMYHBIX NIPEIMETHBIX obJjacTeil nmokaszanm, aro B 78% ciydaes
epeIoBbIe HEHPOCETEBbIE MOJIEJN JOCTUTAIOT HANbGOsIee BLICOKOW TOYHOCTH BoccTaHOBIeHus (110 MeTpuke RMSE)
MIPY UCIIO/IE30BAHUY TIPEJJIOXKEHHON (DYHKITUU MMOTEPD; MPH 9TOM MOJEHU JIEMOHCTPUPYIOT TOYHOCTH BOCCTAHOB-
sternst Ha 40% BBIIIE CpeIHETO 3HAUEHUS, JOCTUTHYTOTO MIPU UCIIOJIB30BAHUY JPYTUX (DYHKIWH OTEPD.

Karoueswie caosa: epemennoti paod, 60CCMAHOBAEHUE NPONYWEHHBIT 3HAUeHUT, PYHKUUL nomepsb, HedpoHHbLe
cemu, PyTorch.
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BBenenue

B macrositiiee BpeMsi mHTE/IEKTya/IbHAS 00PA00TKA BPEMEHHBIX PSI0B UTPAET BAXKHYIO POJIb
B Pa3JIMYHBIX IPEIMETHBIX O0JIACTAX: SKOHOMUKA, , SHEPreTUuKa , MeJIATTIHA, , METEOpO-
JIorus u jp. OHON U3 KJII0UYEBbIX IPOOJIEM MHTEJJIEKTYAJIbHOIO aHAIN3a BPEMEHHBIX PsIIOB
SABJIIETCS HAJWYME B HUX IPOIIYIIEHHBIX 3HAYEHUI, KOTOPble MOI'YT BO3HUKATH U3-3a HEUCIIPAB-
HOCTHU CEHCOPOB, IIOTEPb JTAHHBIX B IIPOIECCe TIepeiadu WK deoBedeckoro dhakropa. [Ipomycku B
JIAHHBIX CYIIECTBEHHO 3aTPYIHSIOT HHTE/UIEKTYAJbHYI0 00pabOTKY BPEMEHHBIX PsiJIOB, TTOCKOJIb-
Ky COOTBETCTBYIOIIME METOJbI U aJrOPUTMBbI, KaK IPABUJIO, TPEOYIOT IMOJHOW U HEIPEPBIBHOIM
[IOCJIE/IOBATEIbHOCTU 3HAYEHU. 3a MOCAeHUE TObl 3HAYUTEIbHBIE YCIEXH B 0DJACTH pa3pa-
60TKH 3DDEKTUBHBIX METOJIOB BOCCTAHOBJIEHUS MTPOIYINEHHBIX 3HAYEHUI BO BPEMEHHBIX PSIIAX

JOCTUTHYTHI O/1aromaps IPUMEHEHIIO HEPOCeTeBbIX MOeseit @ CoBpeMeHHbIE METO/IBI BOC-
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CTaHOBJIEHUST BPEMEHHBIX PSIOB CIIOCOOHBI YyUNTHIBATH BPEMEHHBIE 3aBUCUMOCTH W CJIOXKHBIE T10-
BeJleHYecKue MabJ/IOHbI B JAHHBIX, ITOBBIIIAsl TEM CAMBIM TOYHOCTH BOCCTAHOBJIEHHSI, Ha OCHOBE
MIPUMEHEHNS Pa3HOOOPA3HBIX HEMPOCETEBLIX apXUTEKTYD: PEKYPPEHTHBIE CETH , aBTOYHKO-
Jepbl @, TpanchopMepbI u np. llpy npumeHeHnn B BOCCTAHOBJIEHWN BPEMEHHBIX Psi-
JIOB HEHPOCETEBBIX MOJEEH OMHUM U3 KJTIOUEBBIX (PaKTOPOB, BJIMSIONINX Ha TOTHOCTD, SBJISAETCS
dbynkmums noreps (loss function) . @ yHKIMS TOTEPh TO3BOJISIET BBIYUC/IUTH OIEHKY HECOOTBET-
CTBUsI BOCCTAHOBJIEHHBIX U UCTUHHBLIX 3HadeHuil. K GpyHKImy nmorepsb, Kak IPaABUJIO, ITPEIbIBIIs-
I0TCS CJIeIyIoIue TpeOOBAHUS : nuddepennupyeMocTh u 3PHEKTUBHOCTD BBIUUC/ICHUSA.
Hugdepenyupyemocms HeoOXoauMa, JIJisl IPUMEHEHUs] MeTOJIa I'PAIUEHTHOIO CITyCKa , KO-
TOPBIIf UCIIOJIB3YET JacTHBIE TPOUBBOHBIE (DYHKIINK MMOTEPH JJIsT MUHUMHU3AIUNA U OOHOBJIEHUSI
rmapaMeTpoB HeifpoceTeBoit Mojiesin. Boiwuciumenrvras saPdexmusHocmsd moipasyMeBaeT ObICTPoe
BbIUnC/IeHne (DYHKIUH [Tpu 00y YeHnr HeiipoceTeBoit Mojiesin Ha 60/IbIIIOM 00beMe JaHHBIX. Kpome
TOro, (PyHKIINS IOTEPh BBIOMPAETCs, KaK IIPaBUJIO, C YIeTOM OCODEHHOCTEH perraeMoil 3a1a4u,
obyuJarorieil BEIOOPKH ¥ Ha3HadeHHUsI HeifpocereBoil Mmomesu. Hampumep, B 3agadax oO6paboTKu
TEKCTa, KaK IPaBUJIO, MCIOJB3YIOT (PYHKIUIO KPOCC-9HTPOIINK, KOTOPas IO3BOJIAET Helpocere-
BOII MOJIE/IM OIEHUTH Pa3HUILy MEK/Y IPEICKA3aHHON W peasibHOW BepOSITHOCTSAME IOSIBJICHUS
OIIPE/ICJIEHHOI'O CJI0Ba Ha KaKJIOM IIO3UIUU B IIPEJJIOKEHUUN . B wmeitpocereBoit Monenu
YOLO , UCIIOJIb3YEeMOI Jijist ODHAapyKeHusi OObEKTOB Ha M300PaKEHUAX U BUJIEO, IIPUMEHSIET-
¢ cocTaBHasg PYHKIUS OTEPh, KOMIOHEHTBI KOTOPOH YIUTHIBAIOT PACIIOIOKEHNE, KIacC U (POH
obbekTa.

B KOHTEKCTE 3a/lav91 BOCCTAHOBJICHUA IIPOITYIEHHBIX 3HaQ4YEHUI BO BPpEeMEHHBIX DpAJdaX BbI-
ImeyKa3aHHble TpeboBanus K (PYHKIIUU TOTEPb MOTYT OBITH JIOIOJIHEHBI, YTOOBI YIUTHIBATD IIPHU
CpPaBHEHWM MCTUHHOW U BOCCTAHOBJIEHHON IIOJIIIOCJIEIOBATEIBHOCTEN Psijia CJIETYIOIIe ACITIEKTHI:
MOBEJIEHTIECKasT CXOXKECTb, CXOXKECTh 10 (popMe M CXOXKeCThb abCOIOTHBIX 3Hadenuii. [losedenue-
cKoe crodcmeo TPENIoaraeT, 9To MPU CPABHEHWM IIOJIIOCIIEI0BATEIbHOCTEl YINTHIBACTCS Ha-
JINYWe B HUX CXOJHBIX HEIPEPBIBHBIX ITPOMEXKYTKOB MEHBINEH JJIMHBI HE3aBUCUMO OT MECT B3a-
AMHOT'O PACIIOJIOXKEHHUSI STUX IIPOMEXKYTKOB. JIpyruMu cjioBaMu, IPOMEKYTKH B CPABHUBAEMbIX
[IOIIOC/IEJOBATEIBHOCTSX MOIYT OTParkKaTh CXOJHBbIE aKTUBHOCTU CYObEKTOB, HE COBIIAIAIOIINE
o Bpemeru. Crodcmeo no gopme TpearosaraeT, 9To CpaBHHBAEMBbIE IIOIIIOCIEI0BATEIHHOCTH
UMeIOT OJIN3KHME NeOMEeTPUYECKYIO CTPYKTYpPY, aMILIATYAy W Ap. HakoHen, cxrodcmeo mo abco-
AOMMHIM 3HAYEHUAM TTPEANIOTIATaeT TOXKIECTBEHHOCTh MJIM MIHIMAJIBHYIO PA3HUILY MEXKIY TOI-
MIOCJIEIOBATE/IHHOCTSIMU TIPA CPABHEHWH WX COOTBETCTBYIOIIUX TOYEK.

B manmmoit pabore mpesaraercs HOBas (PYHKIUS [TOTEPh MJId O0yYEHUsT HEMPOCETEBLIX MO-
Jeseil, mpeIHa3HAYEHHBIX JJIs BOCCTAHOBJICHUS ITPOIYIIEHHBIX 3HATYEHUIT BO BPEMEHHBIX PSIIax,
nostyunsias Hazsanne MPDE (Mean Profile Distance Error, cpemmsist omubka npodunist paccro-
stiust). MPDE nosBouisier yuuThiBaTh MOBEJIEHIECKOE CXOJICTBO, CXOACTBO 1O (opmMe U abCotoT-
HBIM 3HAYEHUSIM IIPU CPABHEHWN MCTWHHON W BOCCTAHOBJIEHHON IOJIIIOCJIEIOBATEILHOCTEN psijia,
MIOBBIIIASI TEM CAMBbIM TOYHOCTH BOCCTaHOBJIeHUs. J1st 3pHeKTUBHOrO MCIOJIB30BAHUST IPEIIO-
JKEHHON (DYHKIINU TIOTEPb, PEAJM30BAH apaJslIe/IbHbIN aJrOPUTM BBIYHUCICHUS Ha (ppeiiMBOpKe
PyTorch .

Cratbst opranmsoBaHa CJeyoomuM obpazom. B paB,HeﬂerHBO,HHTCH dopmabHBIE OITpe-
JeseHusI TTOHSITUI ¥ HOTaIls, UCIIOJIb3yeMble B cTaThe. I1pemiokerntas (pyHKINS IOTEPh U ee a-
paJjiiesibHas peau3alisl OIMUCaHbl B pa3;LeJ1e PesynbraThl BEIYUCINTEIBHBIX SKCIEPUMEHTOB,

HCCJIEIYIOIIUX SCb(beKTI/IBHOCTb IPEJJIOZKEHHOT'O METO/la, ITPUBEICHBI B paB,ILeJIe SakJouyenue

COJIEP2KUT CBOJIKY IMOJIyYeHHBIX PE3Y/IbTATOB U HAIIPABJEHUS OYyJIyIINX UCC/IEIOBAHUII.
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1. OO630p cBsI3aHHBIX padOT

s obyueHns HepOceTeBLIX MOJIesIell BOCCTAHOBJIEHUS! IIPOITYIIIEHHBIX 3HAYEHU T BO BPEMEH-
HBIX DPsiJIaX UCIOIB3YIOTCSH, KaK IPABUJIO, Te 2Ke (DYHKIUU [I0TE€Pb, YTO W IIPU PENIEHUN 31891
perpeccuu BPEMEHHBIX DsIOB (Mpe/cKasaHne 3HAYCHUs Psifia Ha OCHOBE IOCJIEI0BATEIHLHOCTH
ero IpeIbIyIuX 3HATCHNI) . Oanmu n3 HabOOIeE IaCTO UCIOIB3YEMBIX SIBJISTIOTCS
caretytonue (DyHKIMU TOTeph: cpeiHsis abcosoTHas omuoka (Mean Absolute Error, MAE) ,
dbyuknun noreps Ha 6aze cpennerBaaparnanoit omubkn (Mean Squared Error, MSE; Root Mean
Squared Error, RMSE; Mean Squared Logarithmic Error, MSIE u np.), kBauTuibHas onmmoka
(Quantile Loss) , dbyHKIWs T0TEPH HA OCHOBE JiorapudMma runepbosmaeckoro Kocunyca (Log-
cosh Loss) , dbyukuums noreps Xovrobepa (Huber Loss) " JIp. YKaszaHHbIe PYHKIIMU OPHU-
E€HTUPOBAHBI HA YCTAHOBJIEHWE COOTBETCTBUS aDCOJIIOTHBIX 3HAUCHMUI U He yIUTHIBAIOT
CXOJICTBO 10 (pOpME U TOBEIEHIECKYIO CX0KeCTh. OIHAKO B MOCJIEIHEE BPEMSI UCCIEI0BATESIMI
npeJyIaratloTcs (pyHKIUU OTEPh, TO3BOJILAIONINE YIUTHIBATE (DOPMY U ITOBEJIEHIECKYIO CXOXKECTD
[IO/IITOCJIEIOBATEILHOCTEN BpeMeHHbIX PsisioB. Hampumep, B pabore peJyioyKeHa (DyHKIUs
norepb Soft-DTW, ocHoBannasi Ha guHamudeckoil Tpancdopmarun spemern (DTW, Dynamic
Time Warping) , KOTOpag II03BOJIeT YUYNTBIBATh BPEMEHHBIE HCKAXKEHUs MEXK/Ly IIOJIII0CIIe-
JoBaTeabHOCTsIME. B pabore npemioxkera ¢yuxmus MPdist s BeraucieHns paccTOTHUST

MEZKAY HOAIIOCJIeI0BATEIbHOCTAMMN BPEMEHHOI'O PAIa, YIUTHIBAIOIIaA IMTIOBEACHIECKYIO CXOKECTh.
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(d) Bnauenns: GdyHKuiA MOTEPH

Puc. 1. Bnadenus: pyHKIHi TOTEPh, BEIYUCIEHHBIE TIOCE MOAUMUKAIINE BPEMEHHOT'O Psijia
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PaccmorpuM, Kak naMmeHsieTcsi 3HadeHne byHKIWIA 0Tephb (YIOMSHYTHIX BbIle U (OyHKIUNA
MPDE, npemioxkenHoii B JaHHO#i paboTe) B Pa3jIMIHBIX CUTYallUsiX M3MEHEHUsI JAHHBIX Bpe-
MEHHOTO psijia (CM. pI/IC.. [Iycts nMeeTcss BpEMEHHON Psifl, ITPEICTABSIONINN COOON 3HATEHMA
cunyconibiaa orpeske [0, 15| B3arbie ¢ marom 0.025, K TOYKaM KOTOPOIO IIPUMEHSTIOTCSI TPH OTIe-
paropa, UMUTHPYIOIIHE PA3JINIHbIE CATYAIIMH, MOTYIIIIe BOSHUKATD B IIporiecce 00yIennst Heifrpo-
CETEBBIX MOJesIell BOCCTAHOB/IEHNS BPEMEHHBIX PSIIOB: 3alllyMJIeHUEe, MACIITaOMPOBAHIE U CIBUI.
OmnepaTop 3alllyMJIeHHs [IPeIoaraeT o0baB/ieHne K TOUYKaM Psijia 3HAUEHU I IPYTOil CUHYCOM B
U3 TOro ke orpeska, umerorieil ammautyay 0.02. OmepaTop MacmTabHPOBaHUsT YMHOXKAET 3HA-
qeHne KaxkJioil Touku psiga Ha 1.2. Omeparop ciasura msMensier ¢asy Ha 7. Pesynbrar jeficTBust
YKa3aHHBIX OIIepaTOPOB Ha/Jl UMEIOINTUMCHA PAJIOM IIPpE/ICTaBJICH Ha pI/IC.I/ICOOTBeTCTBeH-
HO. HpI/IMeHeHI/Ie olepaTopa 3allyMJIeHUd IMPUBOAUT K OTCYTCTBUIO BCEX PACCMOTPEHHBIX BBIIIEC
BUJIOB CXOXKECTU MEXKJIy UCXOJIHBIM U Pe3YJIBTUPYIOIMINM PsIIAME: [TOBEJEHIECKOe, TI0 (hOpMe U IO
abcomoTHLIM 3HadYeHusIM. OnepaTop MacIITabUpOBaHUs IPUBOINUT K IIOTEPE CXOXKECTU 110 abCo-
JIOTHBIM 3Ha4YeHUsAM U opMe (IIOCTe HsIsE — YACTUIHO), MOBEJIEHUYECKOEe CXOJCTBO COXPAHSIETCSI.
Haxkomerr, onepaTop caBura coxpaHseT IOBEJIEHYECKYIO CXOXKECTh, HO HApYIIAaeT CXOJICTBO 110 ab-
COJTIOTHBIM 3HAYEHUsIM U (POpMeE.

OHaKo, MOYXKHO BUJETDH (CM. puC. , 9TO PE3y/IbTAThl BRIYUCICHUS (DYHKIINNA MOTEPh I
HCXOTHOTO U TPAHC(HOPMUPOBAHHOI'O PsIIOB HE BIIOJHE COBIAIAIOT C OTMEUYEHHBIMHU BBIIIE HADJIIO-
neansivu. Oyakiuu norepb MSE u MAE s ciiydaeB mpuMeHeHHsT OIIEpATOPOB 3ally MJIEHHUST 1
MacImTabupoBaHus JatoT onanHakoByio omubky. Oyuknust Soft-DTW onenuBaer ciyuait BHepe-
HUs IIyMa B JaHHbIE KaK OoJiee OJIM3KMIT K UCTUHE, YeM CJIydail IpUMeHeHUsT MACIITaOMPOBAHUSI.
Oyuknua MPdist BepHO orennBaer MacmTabupoBaHue Kak Oojee OJU3KMII K UCTHHE CJIydaii,
gem 3anrymiienne. OHAKO B Ccuily cBoeil Hpupo/ipl (OleHKa HOBEJIEHYECKOTO CXOJCTBA MEXKILY
psimamu) MPdist onpenessier HanGosiee GIM3KUM K MCTHHE CJIydaeM [IPUMEHEHHEe CJIBUTA, YTO
HEKOPPEKTHO B CJIydae 3aJad1 BOCCTAHOBJICHUS BPEMEHHOrO psa. MoKHO 3aKJII0OUYUTD, 9TO PAC-
CMOTPEHHbBIE BbIIle (PYHKIUNA IOTEPh HE YUYUTHIBAIOT OJHOBPEMEHHO BCE PACCMOTPEHHBIE BBIIIE
ACIIEKThl CXOXKECTH IIOITOCIEI0BATE/ILHOCTEl BPEMEHHOIO Psla, BarKHbIE B 3a/a9e BOCCTAHOB-
JIEHWSI MIPOIYINEHHBIX 3HAYEHUI: ITOBEIEHYECKOe CXOJICTBO, CXOJICTBO IO (OpME U CXOJCTBO IIO
abcoTIoTHRIM 3HaveHnsaM. Jlatee B maHHO# pabore mpemiaraercad QYHKIMS IOTEPh, KOTOPash Ha-

IeJicHa Ha IIPEOJO0JICHUE YKa3aHHBbIX OFpaHI/I‘IeHI/IfI.

2. Teoperumueckuii 6a3mnc

Odnomeproili spemertoti pad IpeacTaBisieT coboit XPOHOJOTHIECKH YITOPSITOYEHHY IO TOCTIe-

J0BaTCJIbHOCTDL BEIIECTBCHHDBIX 3HAYEHUI:
— n

Jmaa BpeMeHHOrO psijia, n, obosnadaercs Kak |T|.
ITodnocaedosamenvriocmo T; p, OAHOMEPHOTO BPEMEHHOTO psijia 1’ — 9TO HEIPEPBIBHLIN IIPO-

ME2KYTOK U3 1 JIEMEHTOB PAla, HaYUHALA C i—FO QJIEMEHTA:
Tim = {077, 1<i<n—-m+1, 3<m<n. (2)

HOXKECTBO BCEX IMOJIOCIEI0BATEILHOCTENH PsIIA UMEIOIINX JJINHY 171 HaYUM KakK
MuoxkecTBO BC OJII0C/IEIOBATEILHOCTE T, O , obozHa a
St PaccmorpuM mofiocsieoBaTebHoCTh 1, KaK CaMOCTOATE/IbHBIN BpeMennoit paj. Torma

ero MOJIOC/IEJI0BATEIbHOCTD, UMEIOIYIO 3ajannyio JymHy ¢ (rge ¢ < m), OyaeM Ha3bIBaTh OkK-
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Hom. MOITIHOCTH MHOKECTBa OKOH 3a/[aHHOIT ITOITOCIIET0BATEILHOCTH 0003HATIM COOTBETCTBEHHO
Kak ¢, T.e. c = S5 | =m— L+ 1.
i, m
Mmnozomeprionli spemerinoti pad — 910 HAOOP CEMAHTUYECKI CBA3AHHBIX OJIHOMEPHBIX BDEMEH-
HBIX PsiJIOB OJJMHAKOBOM JIIMHBI, KOTOPBIE CHHXPOHN3UPOBaHbI BO BpeMeHu. Ilycts d obo3nadaer
PA3MEPHOCTI MHOTOMEPHOTO psijia (d > 1), KOIUIecTBO usmeperull — OJHOMEPHBIX PsIZIOB B HEM.
[To06HO OJHOMEPHOMY CJlydar0, MHOTOMEPHBIl BPEMEHHON DsiJl, €ro HO/IIOC/IE/0BATEIBHOCTD 1

oraenbable Touku obozHauuM Kak T, T; ,, n t; COOTBETCTBEHHO, U OIUPEJE/UM X CJIeLyIOMIM

obpazoM:
T=[{TW}_T, (3)
Ty = (T ], (4)
t = [{t{ )T, (5)

sl BBIMMC/IEHUST PACCTOSIHUIM MEKJIy OKHAMU IIOJIIIOCTEI0OBATENILHOCTU B JaHHOM pabdore
HCHOJIB3YIOTCS €BKJIMJIOBO PACCTOSHUE W €ro Z-HOPMaJIN30BaHHAs BepCHsl, 0DO3HaYaeMble KaK

ED(-,+) u ED(+,-) coOTBETCTBEHHO, U BBIUHUCISIEMbBIE CJICLYIOIIIM O0PA30M:

ED(X,Y) =ED(X, V), (7)
T — W 1< 1 &
T i) —— E 4 - |- E C_ 2
Ty = . y Mz = / Tiy, Og = /—1 (551 Mz) + e, (8)

i=1 i=1

T € TMPeCTaBIsIeT cODOM MAITMHHBIN SIICUJIOH, TIPEeIOTBPAIIAIOIIN IeJIeHne Ha HOJIb B BBITHC-
JIEHUSIX T'PaJIUEHTOB .

3. ®DyHKIUS NOTEPb Ha OCHOBE CPE/IHEro pacCcTosiHus Irpoduieit

3.1. ®opmasbHOe onpejelienue PyHKIUU ITOTEPH

[Ipennaraemass yHKIES TOTEPh OCHOBaHA Ha cpegHeil ommbke TpoduIsT PAcCTOs-
st (MPDE, Mean Profile Distance Error) u Boramcisiercst MexK 1y AByMsI MOJIOCIIE0BATETIBHO-
cramu MHoromepnoro psajga T, nmeromuvu jJymay m: X, Y € Sy, rne X urpaer poss Boccra-
HOBJIGHHBIX, & Y — peaJIbHBIX HaHHBIX. /lasmee paccMoTpum dopmabHOE ompeenenne pyHKIINT
MPDE nist otroMepHOro psifa (T.e. qust corydas X, Y € S, a3areM 0600IIIM 5TO OIIpe/eIeHIe
Ha cjydail MHOT'OMEPHOI'O psiia.

MPDE sBeraucaserca Kax cpejinee 3HAUCHUE PACCTOSHUN MEXKIy BCEMHU IMapaMU OKOH ITHUX
[IOJIIIOCJIEIOBATEILHOCTE, UMEIOIUMU JInHY £, rae £ < m 1 OKHa UMEIOT OJMHAKOBBIE MHIEKCHI.
PaCCTOﬂHI/Ie Me2K/1y OKHaMM BBIYHUCJ/IZAETCA KaK B3BEHICHHasA CyMMa JIBYX CJlara€MbIX: €BKJIMJI0Ba
PACCTOSTHUST M€Ky Z-HOPMAJIN30BAHHBIMUA BEPCUSIMUA OKOH U €BKJIUJIOBA PACCTOSTHUST MEXKTY WC-
XOJHBIMU JIAHHBIMU. Beca yKa3aHHBIX CJIAraeMbiX, o U [ COOTBETCTBEHHO, IIPEICTABIIAIOT CODOit
BellleCTBeHHbIe ncia u3 orpeska |0,1], u spisitorcst napamerpamu GyHKIE n0Tepb. PopMaiIbHO
MPDE mozkeT ObITH IIPEICTABICHO CJIEAYIONUM 00pa3oM:

MPDE(X, Y) = oED (X it0, Y ive) + BED(Xi itr, Yi ite),

1 9)

0<a, <1

Q-

C

(2
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Pacemorpum muddepennupyemocts dyuknnn MPDE. Hacrras npoussogaas MPDE 1o me-
PEMEHHOI T; BBIUUC/SIETCS KaK CpeJiHee 3HAYEHUE ITPOU3BOJIHBIX PACCTOSHUI MEXKIYy OKHAMM,
COJIEPKAIIMMHI TOYKY T
iti =~
T OED(X;,j40: Y gve) | OBD(Xje0: Y5 jve).

OMPDE(X,Y)
al‘@'

== (10)

jzi*E

YVaurbiBas cbopMyﬂ@ 1/1 JacTHasl MPOU3BOAHAS (DYHKIMHU MOTEPH IO IEPEeMEHHON X;
MOXKeT ObITh 3aIMCaHa B CJACIYIONIEM BUJIE:

OMPDE(X,Y
# A+ B+ C’
a{EZ'
itk 5 it PN
@ i —Yi Ti — Yi
A==". d , B="=". ,
C j—iz—z ED(X]',]'+57 }/j7]‘+€) C j-z‘z—z ED(Xj,jJré’ }[j,j+4) (11)
it ity
o= B . OED(Xj j+e, Y], j+0) Op N B 3 OED(Xj, j+, Vi j+e) 90
l-c “~, o dr; o-c “~, do ox;
J=r—5 J=t—3

Paccmorpum ciaraembie A, B u C' B mannoit hopmyite 6osee moapobrno. Craraemoe A BKITIO-
JaeT B cebs CyMMY PACCTOSTHUN MEXKTy TOUKaMK OKOH, ITO IIO3BOJISET BO BpeMs 00y IeHmsT Hefpo-
CETEeBOI MOJIEJIM BOCCTAHOBIEHUS PSATa KOMIIEHCHPOBATHL PA3JINUNSI B MACIITabaX BOCCTAHOBJIEH-
HOI M MCTUHHOI TojmocsenoBarebaocTeil. Ciiaraemoe B 3aeficTByeT pasHOCTh MEXKIY HOpMa-
JIN30BAHHBIMU TOYKaMU OKOH. 9TO JaeT BO3MO2KHOCTDL IIpU O6yquI/II/I MOJe/In yIeCTh CXOJICTBO
¢dOpM BOCCTAHOBJIEHHON M MCTHHHON mojnocienoparenbHocreii. Hakownern, ciaraemoe C BKIIO-
qaeT B cebs MPOM3BOJHBIE MAPAMETPOB HOPMAJU3AIUU (4 U ¢ [0 IMEePEMEHHON X; W IIO3BOJISET
y4auThbiBaTh, KaK UI3MCECHEHNE O,ZLHOI7I TOYKH BJIMZAET Ha ITapaMeTPbl HOpMaJIu3alliun JIJIsgl BCEro OKHa.
WsmeneHust BeCOB (v U 3 TTO3BOJISIET PETYJIMPOBATH BKJIAJIBI ciiaraeMbix A u B, C' cOoTBETCTBEHHO
B UTOrOBOE 3HaUYeHNne (PYHKIUN MTOTEPbD.

B citydae mOoromepnoro psja snadenue (pyHKIUT I0Tepb oT aprymentos X, Y € S7p Berauc-
JIgeTCca Kak cpefHee apudmerndeckoe 3nadenuit dyakiun MPDE mo Bcem mamepennsiM Mezk Ly

COOTBETCTBYIOIMMMHU OJHOMEPHBIMHU IIO/IIOCJICI0BATEC/IbHOCTAMMN X( ), Y( ) S TG

d
MPDE(X, Y) = éZMPDE(X(i),Y(i)). (12)
i=1

OueBnHo, ogHako, 9ro pyHkuus MPDE umeer cymecTrBeHHO 60J1€€ BBICOKY IO BBIMHCIATE b
HYIO CJIO?KHOCTH, YeM M3BECTHbIE aHAJIOTU, [IOCKOJIbKY B Hell HeoOXO/IMMO BbIYUCIEHNE €BKJIUI0-
BbIX paCCTOﬂHI/IfI MEXKAYy BCEMU UCXOJIHBIMU U Z-HOPMaJIN30BAHHBIMU OKHaMM BXOJ/IHBIX ITOIITOCJIE-
noBateabHOCcTel. st pernrenus nannoit npobsemsl u npuMmenerus dpyukiun MPDE na npakruke
711 00y IeHusT HeHPOCETEBBIX MOJIE el BOCCTAHOBJICHUSI BPEMEHHBIX PSIOB B JIAHHON paboTe mpe/i-
JIaraeTcs MapaJlIe/IbHbBIH aJTOPUTM BBIUUC/IEHUS TaHHON (DYHKIUHU IOTEPh, KOTOPBIl pACCMOTPEH

B CJIEJIYIONIEM DasJielie.
3.2. AaroputMm BblYucJIeHUsI PYHKIIUU TIOTEPH

s napaJsiebHOM peasin3aliui BEIYUCIeHNs (DYHKIUU [OTePh, OIMUCAHHON B pa3ﬂene
ucnosibzyercs dpeitmBopk PyTorch , KOTODPBIIl B HACTOSIIEE BPEMsI SIBJIeTCs jie-(haKTO CTaH-

JapTOM peajn3alun HefipoceTeBbIx Momesaeil. OCHOBHOI CTPYKTYpPOIl /I XpaHeHUs JAHHBIX B
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PyTorch siasiercst tenzop (Tensor), mpemacrapisiioniuii cob6oii MHOMOMEDHYIO MaTPHILy Berre-
cTBeHHBIX 3HaueHnit. DpeiiMBOPK IIpesocTaBIgeT Pa3padboTInKy HabOp 6a30BBIX METOIOB Il Pa-
OOTBHI C TEH30PAMM: BBIYHCJIEHUE CPEIHEr0 3HAUEHNs, KBaIPATHOIO KOPHS, CTAHIAPTHOTO OTKJIO-
HeHust n ap. OpeliMBOPK TaKKe MOIIEPXKUBAET aBTOMATHYECKoe nuddepeHnnpoBanne 6a30BhIX
METOJIOB U WX IapaJsijie/;IbHOE MCIOJHEHNEe Ha IPadUIECKUX MPOIECcCopax . st peanmuzarun
HCITOIb3YIOTC 06a30BbIe METOIbI, BBHIIIOJIHSIONINE IBA BUa OIEPAIil: arperanus U U3BJIeTIeHne
JaHHbIX. MeToabl arperainy BeIIOJIHSIIOT HAJ BXOIHBIM TEH30POM OJHY U3 CJIEYIONINX OIIePaIlnii:
BBIUMCJ/IEHUE CPeJTHEro mean, CyMMBI Sum, KBaJIpaTHOTO KOPHsI Sqrt u auciepcun var. Arperarust
MOXKET BBITIOJIHATHCS 110 BCEM U3MEPEHUsAM JuO0 BIIOJIb 3aJaHHOTO M3MEPEHUsI, IPEBPAIas Pas3-
MEpPHOCTH 3TOTO M3MepeHus B eauuuily. V3Bietuenne JAHHBIX PEATU3YETCA C IIOMOIIBIO METOJIa
unfold, KOTOpBIA I 3aJaHHOIO TEH30pPa BO3BPAIAeT BCE €ro II0JMACCUBDBI 3aJaHHON JJINHBIL,

B34ATbI€e BAOJIb 3a/JlaHHOT'O USMEPCHUI.

Aar. 1 TorchkMPDE(IN: X, Y € R*>*™*4 o, 3; OUT: MPDE)
Xilice < unfold(X, ¢, 1); Ygjce < unfold(Y, ¢, 1)
Ha < mean(Xslicea 2); My < mean( Yiiice, 2)

0 + sqrt(var(Xgice, 2) +€); oy « sqrt(mean( Yyice, 2) +¢€)

Xoorm (Xslice - Mx)/o'a:; Yiorm < (}/slice - :uy)/ay

ED2norm < sum((Xnorm - Ynorm)Qy 3), ED2 « Sum((Xslice - Yslice)27 3)
EDnorm < sqrt(ED2porm + €); ED < sqrt(ED2 + ¢)

MPDE < mean(a - ED + 5 - EDporm)/2

return MPDE

Peaymmzanus Beraucsienust pyukiun norepb MPDE nipencrasiena B aJIF. st BeTpanBanus
peasimzaruu Bo dpeiiMBopK rirybokoro obyuenus: dyuknus MPDE nosmkaa onepupoBaTh mnake-
tamu (batch), KOTOpble COCTOST U3 AP ¢ BOCCTAHOBJIEHHBIM U UCTHHHBIM 3HadeHueM. [losTomy,
[IOMHUMO ITapaMeTPOB (v U [3, BXOJHBIMH JIAHHBIMU AJITOPUTMA, SBJISIIOTCS JBa MACCHUBA JJIUHBI b,
B KOTOPBIX XPAaHSATCS BOCCTAHOBJIEHHBIE M COOTBETCTBYIOIIME UM HUCTUHHBIE MHOTOMEPHBIE IO

IOCJIEI0BATEILHOCTH JITHHBI 1, 0003HAYEHHBIE KAK TPeXMepHble Tensopel X, Y € Ro*mxd

COOT-
BeTcTBeHHO. Ha mepBoM mare ajJropurma HaJ HAKETOM MOIOCIEI0BATEILHOCTEH BBIIOTHACTCS
onepanus unfold BIOJb M3MEpPEHMsI BPEMEHH. B pesysbrare Kaskias MOIIIOCIEI0BATEILHOCTD
pasbuBaeTcs Ha OKHa JUIMHBL £. MHOXKecTBa BCeX OKOH KazKJOil IOJIIOC/IeI0BATeIbHOCTH BXOJI-
HBIX [IAKETOB COXPAHSIOTCS B 4-MepHble TeH30DPB Xglice, Yalice € RV XA TTajee st Kaxk-
JIOTO OKHA& C IOMOIIBIO Ollepalyii mean, var M Sqrt BBIYUC/ISIOTCS IPOMEXKYTOUHBIE JaHHDIE
Z-HOPMAJIU3AIAI: CPEJ[HUE 3HAYEHNUS [iy, [Ly U CPEJIHEKBAJIPATUYHBIE OTKIOHEHUS Oy, 0y. 3aTEM
KazKIblil TeH30D, XpaHsIIil OKHA, II0AI0OC/Ie0BaATeILHOCTEl, HOPMAIU3YeTCa ¢ yIeTOM JIAHHBIX,
BBIYUCJIEHHBIX Ha IPeIbLAyleM Iare. 11ocje 3Toro IpOMCXOAUT BLIYUC/ICHUE eBKJIMIOBLIX PaC-
CTOSIHMH MEeZKJLy JIByMsl THIIAMU OKOH: HOPMAJIM30BAHHBIMU M UCXOJHBIMU (CM. CTpOKH 5 u 6
coorBeTcTBeHHO). Ha mocsiejiHenM 1mare moJiydeHHbIE PACCTOSTHUSI YMHOXKAIOTCSI Ha BECOBBIE KO-
s dpunmenTs o 1 3, a pe3yIbTaTbl YCPEIHAIOTCS 0 HaKeTy. 11oydeHHbI pe3yIbTaT SBJISeTCs

UTOrOBBIM 3HAaUYeHUEM (PYHKIIUU IOTEPb.

4. BpraucianreiabHbIE IKCIIEpMMEHTbI

st ncenemoBannst 3pPEKTUBHOCTHA IPEITOKEHHOTO METOHa OBLIN ITPOBEIEHBI BBITUC/IH-

TeJbHbIE SKCIIEPUMEHTHI Ha 000pyHoBannu Jlaboparopuu CymepKOMIIbIOTEPHOIO MOICIUPOBAHUST
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FO2xHO-Ypasibckoro rocyiapcrBeHHoro yuusepeurera, (HenssOnHek ) . B skcniepumenTax cpas-
HUBAJIACh TOYHOCTH BOCCTAHOBJIEHUS IPOIYCKOB, KOTOPYIO ITOKA3bIBAIOT IE€PEJIOBbIE HeiipoceTe-
BbIe MOJIEJIM, OOyYEeHHbIE ¢ MOMOIIBIO npeaokennoil pyukiuun MPDE u apyrumu obmenpums-
ThiMU DYHKIUAME 110Teph. CpaBHEHME OCYIIECTBIISAIOCH C UCIIOIH30BAHNEM HAOOPOB JIAHHBIX U3
pPa3/IMYHBIX MIpeJIMeTHBIX obisracteii. Kpome Toro, B sKcliepuMeHTax UCCIIEI0BAIOCH OBICTPO/IEH-

CTBUE BbITHCJICHUA YKa3aHHBIX beHKLH/Iﬁ IIOTEPb.
4.1. OnmcaHue 3KCHEePUMEHTOB

B skcrepuMenTax BBITOJHSIIIOCH CPABHEHUE MIPEJJIOXKEHHOM (PYHKIINU TOTEPh CO CJIEJIY O~
Mu DYHKIUSIME [I0TePb: cpejitsis abcosornast ommbka (Mean Absolute Error, MAE), cpenne-

kBajparndHas ommboka (Mean Squared Error, MSE) u ksanTmibnast dbyskius noreps (Quantile

Loss) :

Tabaura 1. Habopsl JaHHBIX, UCIIOJIB3YEMbIe B 9KCIIEPUMEHTAX

Ne Ha6op Hmma, | Komwiecrso, TIpenmernast obaacTb
n x 10° | usmepenmit, d
__ Ipynna A: Axmusnocmsv cybsexma
1. | Electricity 31]| 5 9 [Torpebitenne 3/1eKTPOIHEPIUN B HECKOJILKHUX JOMAITHAX XO3sIHCTBAX
2. | Madrid |32 25 10 Tpaduk apromobuabHBIX j10por B Majpue
3. | NREL |33 8.7 9 [Torpebnenne saekTposueprun taboparopun B CIIIA
4. | PAMAP |34 o0 10 [TokazaHust HOCUMOIO JIATYUKA BO BPEMsi aKTUBHOCTH Y€JIOBEKA
5. | WalkRun [35] 37 11
'_'_ I'pynna B: Cezonmnocmsv u yurase
6. | BAFU 136 50 10 Copoc Boabl B pekax [IBeitrapuu
7. Climam_%’;]l_ 5 10 [orona B paznmuunbx jokamnusax CesepHoil AMepukn
8. | MeteoSwiss .38]| 10 10 [Toroga B ropogax Iseitrapun
9. | Saaleaue 391— 23 14 [Toroga B roponax I'epmannu

Ornenka mpeIoXKEeHHOIO METOJIa U €0 CPABHEHHS ¢ aHAJIOTAMU TIPOBOJIUIACH C UCIIOJIH30Ba-
HUEM BPEMEHHBIX PAIOB, PESIOMUPOBAHHLIX B Ta6ﬂ. Bpemennbie psaabl MOI'YT ObITH pa3me/IeHbl
Ha JBe PYIILI B COOTBETCTBUM C OCODEHHOCTSIMU JAHHBIX: B IPYHIy A BXOOAT pambl 1-5, s
KOTOPBIX XapaKTEePHO OTCYTCTBUE CE30HHOCTH U MUKJIMIHOCTU KOMIIOHEHTOB BBUJLY BO3MOXKHOCTH
CJIyYIadHOrO M3MEHEeHNsI aKTUBHOCTU CcyObeKTa; rpyia b Bkiaouaer B cedst psaanl 6-9, KoTopnie
JIEMOHCTPHUPYIOT C€30HHOCTHh U IMUKJI (IUKJIMIECKHEe M3MEHEHUs YPOBHSI Psijla € MOCTOSTHHBIM M
[IePEMEHHBIM [IEPUOJIOM COOTBETCTBEHHO). [Iporyckn B MHOrOMepHOM BpeMeHHOM psijie (hopmu-
pPOBaIMCh B COOTBETCTBUH C HaubOJICe TAXKEJBIM I BOCCTAHOBJICHHA cieHapueM Blackout ,
KOTOPBII IpeIoaraeT mycrble 3HaUeHnst B Kaxkao0i u3 100 mocaeaHux TOYeK B KarKIOM H3Me-
PEHUE MHOTOMEPHOTO BPEMEHHOIO PAJIA.

Jlast OeHKM TOYHOCTH BOCCTAHOBJICHUS B JAHHONW paboTe MCIONb3yeTCsS Mepa KOPHS U3
cpenrekBasiparnyanoii omubku RMSE (Root Mean Square Error) kak ogxa u3 HamboJiee 4acTo
MPUMEHAEMBIX I 9TUX LEJIei MEeTpUK , OIIpeJIesIAEMas CJIELYIOINM 00pa3oM:

n

1
MSE = | = (yi — )2, 1
RMS h;:O(y Ui) (13)

rje y; — QakTUuIecKoe 3HaYeHHe, ¥J; — BOCCTAHOBJIEHHOE 3HAYEeHHE, h — KOJIMYECTBO BOCCTAHOB-

JICHHBIX TOYEK.
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st onteHKYM TMpeIoYKeHHON B paboTe (PYHKIUU MOTEPH MCITOJIB30BAINCH METO/IbI, OCHOBAH-
Hble Ha Pa3JIMYHbIX apxuTekrypax: pekyppentabie (BRITS u SANNI ), aBTOYHKOJIEPHI
(SAETI ) u tpancdopmepsr (SAITS ) B Ta6JI.pGBIOMI/Ip0BaHbI napaMeTpbl 00y4eHus
HEHPOCETEBBIX MOJIENEH, MCTTOIB3YEMBIX JIJIsT OTIEHKH MPEJITIOKEHHOT0 MeToma. OnruMabHbIe mTa-
pamerpbl dyukipu norepb MPDE juis kaxkioit kombunaiuu (Modeav, Habop dannwir) Gbliam
OIO00PAHBI ¢ MOMOIIBIO PEMIETIATOTO MOUCKA, B nuanasone [0.1,0.9] ¢ marom 0.1.

Tabauna 2. [Tapamerpsr 00ydeHus, UCIOJIB3YEMbIE B SKCIEPUMEHTAX

Ne | HazBamnue Sunauenue
1. | Komaecrso snox (Epochs) 100

2. | Ckopocrb o6yuenus (Learning rate) | 5 x 1073
3. | Onrumusarop (Optimizer) Adam

4. | Pasmep nakera (Batch size) 256

5. | Hymua nommocienosarensroctr (m) | 100

6. | Jnmua okua (£) 50

4.2. AHajnu3 pe3yJibTaTOB

B MPDE M MAE M MSE M Quantile

60
50
40
30 -
20
10 - |

0

T T
40
|

24

w

IIpupocr Tounoctu %
14

(a) Tossa 9KCIEPUMEHTOB ¢ JIyImeit (b) Cpensuit mpUPOCT TOIHOCTH TIPU

TOYHOCTBIO WCITO/IF30BaHUN (DYHKINI IOTEPh

Puc. 2. Tounocts Mojeseii Ipyu UCIIOIB30BAHUN PA3IUIHBIX (PYHKIUN OTEPD

Ha puc. |2| npeacrasiena jnoss map (Modeav, Habop danmwvir) B KOTOPBIX KaxKias (DyHK-
[Usi TOTEPDb IIPOJEMOHCTPUPOBaJa Jiyuinuii pesyabrar. Ha puc. HOKa3aH CpeIHMIl BBIMTPBIIIL
(cpeiHEe MOBBIIIEHNE TOYHOCTU B HPOIEHTAX) Jiydineil byHKIUH 1I0Teph Y MPOYNX (DyHKITHIL.
[Toxpobuble pe3ysibTaThl TOYHOCTH BOCCTAHOBJIEHHUSI, IOy YeHHON Kark10il dpyHKIMEH moreph Ha
KaxKJI0OM Habope MAaHHBIX, pa3OuThie /it y100CTBa MPOCMOTPA 110 IPYIIIaM JAHHBIX (A — aKTHB-
HOCTH CyObekTa 1 B — Ce30HHOCTD U IWKJIBI), IPEICTABICHBI Ha pI/IC.I/ICOOTBeTCTBeHHO.

MoxkHO BHIETH, 9TO IpeokenHas gpynknus norepb MPDE nossonser munumym B 78%
CJIy9aeB IMOBBICATH TOYHOCTH BOCCTAHOBICHNS MUHUMYM Ha 40% 110 CpaBHEHMIO ¢ pACCMOTPEHHBI-
MM TIePeIOBLIME (PYHKIUSIME OTEPDb. B ciaydae, korna npumenernne MPDE me maet maupbiciryio

TOYHOCTH BOCCTAHOBJICHHS, €€ OTCTaBaHKe OT JIydIneil (pyHKIHI moTephb cocTaiser He 6omee 6%.
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Otnesbao 1O rpynmaMm Habopos janabix MPDE B cpemnem onepexaeT aHaoru Mo TOYHOCTH

Ha 34% u 46% u sBastercs syumeit B 80% u 75% ciygaes B rpynnax A u B coorsercrBeHHO.

Tabauma 3. OnrumanbHble napaMmerpsl MPDE

Mogean

Ne | Hazauume | BRITS | SANNI | SAETI | SAITS

« ‘ I} « ‘ I} Q ‘ 15} « ‘ I}

I'pynna A: Axmuenocms cybsexma
1. | Electricity | 0.7]02]0.6]0.1|0.1|08|05]0.5
2. | Madrid 02]107|05103|02]05|08]|0.5
3. | NREL 0601|105 103|08]02|02]0.5
4. | PAMAP 041020401 |05]06]04]0.1
5. | WalkRun 08104|01102|03]03]08]0.2
I'pynna B: Cezonnocms u yuravy

6. | BAFU 0910101010207 0.7]0.2
7. | Climate 04109|04103|05]03]03]0..8
8. | MeteoSwiss | 0.3 | 0.1 | 0.2 | 0.6 | 0.7 | 0.8 | 0.0 | 0.8
9. | Saaleaue 0170106 |03|09]04]0.1/|0.7

B Taba. HpI/IBe,zLeHbI 3HadeHusi napamerpoB a u 8 dyaknuun MPDE, npu koropsix Heii-
pocereBast MO/JIe/Ib JOCTUraeT Hanbosiee BHICOKOH TOYHOCTH BoccTaHOBIeHHs. Cpe/iHne 3HAYCHHS
BECOBBIX KO3 dunueHToB o u 3 — 1o BceM Habopam JaHHBIX (0.47 u 0.34) wim oT/Ie/IbHO [t
rpynn jgapabix A (0.4 n 0.45) n B (0.44 u 0.39) — MoryT 6bITH HCIIOIB30BAHBI KaK HadabHbIE
3HAYEHHsI /I HACTPOWKH 9THX THIIEPIAPAMETPOB — B CJIydae, KOIJIa XapaKTEePUCTHKH BOCCTA-
HABJIMBAEMOI'O Psijla HEM3BECTHBI WJIM Psijl MOXKHO HPUYHC/IUTH K OJHON M3 YKA3aHHBIX BBIIIE
IPYNI COOTBETCTBEHHO. ABTOMATH3AIM [HO00pa THUIIEPIAPAMETPOB (¢ U 5 MOXKET pacCMaTpH-

BATBhCs KaK OJHO M3 HAIIPABJIEHUI OyIyIINX UCCIETOBAHUIA.

B MPDE B MAE [ MSE [ Quantile

1.25

Puc. 3. BreicrposeiicrBue BbruucseHus GyHKIUA TOTEPD
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Ha puc. |3| npencrapieno cpaBHeHne OBICTPOIECHCTBHUS BBITUCICHUsST PACCMOTPEHHBIX B OIIH-
CAHHBIX BBIIIE 9KCIIEpUMeHTax PYHKIUA 1oTepb. B JaHHOM 9KCIIEpUMEHTE CPaBHUBAJIOCH BPeMsl,
3a KOTOPOE BBIYHC/ISINCH (DYHKIINKM TOTEPD I HakeTa u3 128 MHOTOMEDHBIX IOIIOC/IEI0BA~
resprOCTEl mmHO m = 100 (ms dyukium MPDE mmuna okna ¢ = 50) u KoamdecTBOM 13-
mepenuii d = 10, ycpennennoe o 10 Teic. 3amyckoB. MoxKHO BuieTh, 9To Bhraucienne MPDE
[IPOUCXOIUT B CpelHeM B 4 pasza MeJJjieHHee, YeM Y U3BECTHBIX (PYHKIM morephb. OIHAKO TO
HeobXoIuMast I1aTa 3a 00Jiee BHICOKYIO TOYHOCTb BOCCTAHOBJIEHHSI, KOTOPYIO 0becrieunBaeT QpyHK-

st MPDE, no cpaBuenuio ¢ u3BecTHbIME (DYHKIIUAMEI HOTEPD.

SaKJ/II0oueHue

B nannoit crarbe 3aTpoHyTa MpobJIeMa TOBBIIIEHUs] TOYHOCTH HEHPOCETEBBIX MOJENel BOC-
CTAHOBJICHUsI TPOIYIIEHHBIX 3HAYCHUI B MHOTOMEPHBIX BPEMEHHBIX Ds/IaX, KOTOPAs SBJISETCS
aKTyaJbHOM B IMIMPOKOM CIIEKTPe IpeMeTHbIX obiiacteil. [lpenoxkena HoBast DYHKIMS TOTEPD
JIJIst O0yYeHusi HEUPOCETEBbIX MOJIeJIell BOCCTAHOBJIEHUSI BPEMEHHBIX PsJIOB, KOTOPas MOJIyIUIa
nazsaane MPDE (Mean Profile Distance Error) u ocnoBana na cpepmeii omubke mpoduisi pac-
crosinusg. MPDE ju1st micTUHHOI 1 BOCCTAHOBJIEHHO MIO/IITOCIIEI0BATEILHOCTEN Psi/Ia BHIYUCIIIETCS
KaK CpejiHee 3HAYEHUE PACCTOSIHUI MeXKJly BCEMU IapaMu OKOH (HelPePbIBHBIX IIPOMEKYTKOB)
9TUX IMOJIIOC/Ie0BATEILHOCTE, MMEIOIUMI MEHBINYIO JJINHY, T/I€ OKHA NUMEIOT OJIMHAKOBbLIE Ha-
JaJbHble UHIEKCHI. PaccTosHue MexKy IBYyMs OKHAMU OIIPEIE/IsIeTCs KAaK B3BEIIEHHAsT CyMMa
€BKJINIOBA U Z-HOPMUPOBAHHOI'O €BKJ/INIOBA PACCTOSHUN MEXK/1y JaHHBLIMU OKHamu. Beca ciara-
eMbIx Gepyres us orpeska [0,1] u siBisitoTcst runepnapamMerpaMu (QYHKIUH 10TePb, DABHO KaK 1
JJIUHBL TIOJIITOCIEI0OBATE/ILHOCTY 1 OKHA. [Ipu o0ydenuu HeitpoceTeBoil MOJIE/ I U MHOTOKPATHOM
CpaBHEHWM HCTUHHBIX W BOCCTAHOBJIEHHBIX IOJIOC/e0BaTe/bHOCTEll psinqa MPDE yunreiBaer
ITOBEJIEHYECKOE CXOJCTBO, CXOJCTBO IO (GopMe U abCOJIFOTHBIM 3HAYEHUsIM, MOBBIIIAS TEM Ca-
MBIM TOYHOCTBH BOCCTaHOBJICHUS. [loBegeH"ecKoe CXOJCTBO MpEIoJaraeT, 4ro Mpu CPABHEHUH
[IOJIIIOCTIETOBATEIbHOCTEN YIUTHIBACTCST HAJIMYINE B HUX CXOJTHBIX OKOH HE3aBUCHUMO OT MECT B3a-
MMHOT'O PaCIIOIOKeHUs 3TuX OKoH. JIpyrumu cioBamu, MPDE y4auTeiBaeT, 9T0 B cpaBHUBAEMBIX
MIOJIIIOCTIETOBATEbHOCTIX OKHA MOTYT OTPAXKATh CXOJIHbIE aKTUBHOCTH CyObeKTa, HE COBIAJIA0-
1ue 10 BpeMEHH.

Oyukmusa MPDE nmeer cymecTBeHHO 60/1€€ BHICOKYIO BEIUNCIUTEIBHYIO CJI0KHOCTD, M U3~
BECTHbBIE aHAJIOTH, IIOCKOJILKY B Hell HEOOXOJIMMO BBIYUCJIEHUE EBKJIMJIOBLIX PACCTOSHUI MEXKILY
BCEMU UCXO/IHBIMU U Z-HOPMAaJIN30BaHHBIMI OKHAMU BXOJIHBIX ITOIIOC/Ie0BaTesbHOCTe. Jst ad-
beKTUBHOTO UCIIOJIB30BAHUS IPEJIOYKEHHON (DYHKIINN [TOTEPh B 00yYIe€HUN HEMPOCETEBBIX MOJIE-
Jielt peaJin30BaH MapaJjieabHblil ajsroputM Beraucienns MPDE, pabora KoToporo KpaTko MOoxkeT
OBITH ONMCaHa CJIeLyoNuM obpazom. CHavuaa KaxK Il BXOIHOM MAKEeT MO/IIT0C/IeI0BATETbHOCTEN
pazbuBaeTcs Ha oxkHa. Jlajee s KaXKI0ro OKHA BBIYUCJIAIOTCS MapaMETPhl Z-HOPMaJIU3aIuu
(cpesHee u cTaHAAPTHOE OTKJIOHEHHE), [OCJIE Y€ro BBINOJIHSAETCsI HOPMAJIU3alusl BCeX OKOH. 3a-
TeM AJICOPUTM BBIUUC/ISIET €BKJIMJIOBBI PACCTOSHUS MEXKy HOPMAJIM30BAHHBIMU U HCXOIHBIMHI
okHamu. HakoHerr, oIydeHHbIe pACCTOSTHUSI C YIETOM BECOB YCPEIHAIOTCS IO MakeTy. Ajropurm
peasim3oBan Ha 6a3e ppeitmBopka PyTorch , KOTOPBIN HHKAIICYJIUPYET MaPaJIIETU3M BIUUCIe-
HUil Ha TpaduaeckoM mporeccope. B BBIUUCIUTEIBHBIX SKCIIEPUMEHTAX CPABHUBAJIACH TOTHOCTD
BOCCTAHOBJIEHUSI, KOTOPYIO JIEMOHCTPUPYIOT ME€PEJOBbIe HEPOCeTeBble MO HA MHOTOMEPHBIX
BPEMEHHBIX PsJIaX M3 Pa3/JNIHBbIX MpeaMeTHBIX objacteil, npu npumenennu MPDE u apyrux
M3BECTHBIX (DYHKIMI IOTEpb. Pe3ysbraThl SKCIEPHMEHTOB IIOKA3LIBAIOT, 9TO B 78% cillydacs

HeﬁpOCGTeBbIe MOIe/JIn JOCTUraroT HanboJIee BBICOKOM TOYHOCTU BOCCTAHOBJICHMUSI (HO METPpHKe
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Puc. 5. Pesynbrars! sxcepuMenToB jyist ganubix rpymnsl b (RMSE)

RMSE) npu ucrosib30Banuu npejioxKeHHOi (byHKIUE [I0TEPh; IIPU 3TOM TOYHOCTH BOCCTAHOB-
nennst Ha 40% BbIIIE CpeHero 3Ha4YeHusl, JOCTUIHYTOTO IIPU UCIOJb30BAHAN JAPYTIHUX (DyHKIWI
norepb. OHAKO, HEOOXOAMMON ILJIATOI 3a 00Jiee BBICOKYIO TOUYHOCTb BOCCTAHOBJIEHUSI SIBJISIETCS
bosiee Huzkoe ObicTpojeiicTBue BoruuciaeHus MPDE 1o cpaBrHeHuio ¢ m3BecTHBIMU (DYHKITUSIMU
norepb (B cpeliHeM B 4 pasza MeJJIeHHEe).

B Oynymux ucciieloBaHusAX ILJIAHUPYETCS PACCMOTPETH BO3MOYKHOCTH aBTOMATU3AIMH ITPO-
1ecca 1moJadopa rureprnapaMeTrpoB PyHKIIUN HOTEPbD.
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In the article, we touch upon the problem of choosing a loss function for training neural network models for
imputation of missing values of multidimensional time series and introduce a novel loss function called MPDE
(Mean Profile Distance Error). The MPDE function for real and reconstructed m-length subsequences is calculated
as the average of the distances between all pairs of ¢-length sliding windows of these subsequences, where £ < m
and above windows have the same starting points. The distance between two windows is a modification of the
MPdist (matrix profile distance) similarity measure and is defined as the weighted sum of the Euclidean and
z-normalized Euclidean distances between these windows. The above weights are taken from the range [0,1] and
are the hyperparameters of the loss function. When training a neural network model, MPDE allows taking into
account the behavioral similarity of the compared subsequences through the presence of similar windows in them,
regardless of the relative locations of these windows. Since MPDE has a high computational complexity, we
implement a parallel algorithm for its calculation on a GPU to incorporate MPDE into deep learning frameworks.
The algorithm is implemented using the PyTorch framework, where MPDE is represented as a sequence of
automatically parallelizable operations with multidimensional tensors. Experiments over multidimensional time
series from various subject domains showed that in 78% of cases state-of-the-art neural network models achieve
their highest imputation accuracy (in terms of the RMSE metric) when using the proposed loss function; at the
same time, the above models demonstrate imputation accuracy 40% higher than the average value achieved when
using other loss functions.

Keywords: time series, imputation of missing values, neural networks, loss function, PyTorch.
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