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Statement of the problem 
One of functions of the system of air signals (ASS) is the problem of calculation of vertical velocity 

of the aircraft. As a rule, this problem is solved by method of numerical differentiation of signal of  
the barometric height determined by ASS. The algorithm of calculation of vertical velocity as it is well 
known [1], can be written down as follows: 
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To ensure safety and improve the efficiency of flight missions, reliable information about 
the altitude and speed parameters of the aircraft (AC) is required. Therefore, improving the algo-
rithm for calculating the vertical speed used as part of the algorithmic support for air signal systems 
(ASS) is a very urgent task. Purpose of the study. The problem of calculating the vertical speed 
of an aircraft in the ASS is considered. Materials and methods. The analysis of literature data on 
the use of numerical differentiation procedures to solve this problem is carried out, it is noted that 
the methods used are based on different ideas and approaches. It is indicated that two-point algo-
rithms are significantly worse than multi-point algorithms in terms of the achieved accuracy, howe-
ver, they are characterized by significant simplicity and speed. Various versions of multipoint algo-
rithms are used, differing in complexity, the amount of information used, and the accuracy achieved. 
The features of the regularizing algorithms, which are essentially filters of a low-frequency useful 
signal, suppressing the high-frequency component of the error in measuring the altitude signal or, 
what is the same, atmospheric pressure, are noted. The data on systems with hardware differentiation 
of the height signal are given. Results. A fairly simple four-point algorithm for numerical differen-
tiation is proposed and substantiated. Due to the averaging of both the measurement results them-
selves and the estimates of the derivatives, significant filtering of noise is realized, which is an im-
portant advantage of the algorithm. For greater accuracy in estimating the vertical speed, it is envisa-
ged to include a preliminary filtering algorithm in the experimental data processing scheme. The fil-
tering algorithm is found from the solution of the optimization problem; it is shown that this algo-
rithm is structurally similar to the filtering algorithms constructed according to the well-known ap-
proaches of R. Kalman. The results of computational experiments on the study of the features and 
characteristics of the proposed algorithms are presented, illustrating their advantages, performance 
and the possibility of further use in ASS. It is shown that preliminary filtering significantly increases 
the accuracy of the vertical velocity estimation. Conclusion. The developed algorithms can be used 
to improve the algorithmic support of the ASS. 

Keywords: vertical speed, aircraft, air signal system, numerical differentiation, altitude, atmos-
pheric pressure, multi-point algorithms, preliminary filtering, estimation accuracy. 
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where 0.0065 K/м   – temperature gradient, g  – acceleration of gravity, R  – gas constant, ( )p   – 
atmospheric pressure on the altitude ( )h  ,  – time, 0p  and 0T  – respectively pressure and tempera-
ture at some height 0h , taken for the beginning of its counting,   – operation of exponentiation.  

It is clear that both atmospheric pressure and relative altitude are determined with errors. Because of 
this, as is well known, the problem of a sufficiently accurate numerical estimate of the signal derivative 
with errors is difficult to implement, primarily due to its incorrectness [2–5]. Algorithms known in  
the literature [2–14] are based on different ideas and approaches, these algorithms have been developed 
for specific problems and conditions, and are characterized by different advantages and disadvantages. 
Therefore, directly, without additional tuning and optimization, it is rather difficult to use one or another 
well-known algorithm; there is an urgent need to develop a specific method for implementing the diffe-
rentiation procedure for a specific problem to be solved. 

So-called dot algorithms are known, for example, the simplest point-to-point algorithm of differen-
tiation used, in particular, and in SVS is represented by means of the following formula [6–8, 15]: 

1 1( )i i id x x x
d

  


 
,                     (2) 

where ( )x  – the measured signal,   – period between the information retrieval moments 

1 , 0,1, 2,i i i       , i i   . 
It is known also that the best accuracy is reached when using point-to-point algorithm of the central 

approximation [6]. However the big accuracy of calculation of derivative can be reached when using 
multipoint algorithms, in particular, due to averaging of results of calculations of derivative for two next 
points on point-to-point algorithm with step 2  [9, 15]. 

In addition, various regularizing algorithms are also known [2–14]. It often uses algorithms based 
on the approximation of the measured signal by an algebraic polynomial followed by its analytical 
differentiation [7, 9–11], for example, in [11], cubic spline approximation of the measured data is 
used. 

It is necessary to notice that regularization as a matter of fact as it is frequent and is specified in lit-
erature, represents suppression (filtration) of high-frequency component of measurement error of signal. 
As it is represented to us, and some multipoint algorithms including procedures of averaging in  
the structure can also be carried to regularizing algorithms.  

In [13], to solve the differentiation problem, a frequency approach is used, an approximating func-
tion with a finite frequency spectrum is selected according to the properties of its derivative, here regu-
larization is reduced to minimizing the Euclidean norm of the derivative estimate. 

The problem of differentiation can be solved and as follows. It is well known that 
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 . If at the same time (0) 0x   (in this case there is no need to tie the decision to 

different entry conditions – values (0)x ) i. e. if the task is brought to zero entry conditions that it is 
simple to implement, then the problem of differentiation comes down to the solution of the integrated 

equation 
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. Such regularizing approach is used in work [12]. 

According to the data of [9, 15], both point and approximating approaches are used in the ASS, in 
particular, in the SVS-2Ts-1M, a two-point algorithm (2) [9] is implemented, piecewise-polynomial ap-
proximation of all dependences used to calculate the altitude and speed parameters of the aircraft. In this 

case, naturally, it is not difficult to find an analytical expression for the derivative ( )d h
d



 and deter-

mine its numerical value. 
In [8] estimates of derivative are calculated on the simplest point-to-point algorithm (2) with the same 

period of time between points. At the same time it is considered that on the interval of time used at cal-
culations the true derivative is equal to the same value, i. e. is const . For search of the resulting asses-
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sment of derivative the system of the linear algebraic equations (SLAE) is solved. It is established what 
with increase in quantity of private estimates based on the ratio of (2) accuracy of the resulting asses-
sment of derivative increases, however increases also computing complexity of the procedure that can 
serve as obstacle for its use in real time.  

The algorithm of work [12], based on the solution of an integral equation, is also computationally 
complex. Similar in complexity to the algorithms of [8] and [12] should be considered the algorithms of 
[11, 13], which also require the solution of the SLAE. 

In [14], it is noted that often when differentiating signals, the speed of the methods and the possibi-
lity of their use in real time are in demand, all this, of course, is determined by their computational re-
source intensity. It is indicated that the regularizing algorithm of A.N. Tikhonov, in which the integral 
equation is solved, requires large computational resources. 

Also the calculators of vertical velocity using methods of hardware differentiation (the differentia-
ting amplifiers are used) are known [16, 17]. However such measuring instruments as it is known, on 
number of indicators it is much worse than digital differentiators. 

Thus, the problem of numerical differentiation is still far from its final solution; it is required to de-
velop sufficiently reliable and computationally simple algorithms that sufficiently meet the requirements 
imposed on them. Moreover, when applying any approach, preliminary filtering of the differentiated 
signal can be applied. 

 
Algorithm for calculating the derivative 
Let's consider the following solution of objective. First, we will evaluate signal mean in ( 1)i  -ty 

timepoint on four points including the current measurement and three previous i. e.  

1 1 2( ) / 4.i i i ix x x x x                         (3) 

It is known that the arithmetic average is more exact assessment of true value, than result of one 
measurement. 

Secondly, let us refer the average value found in this way to x  the middle of the time interval on 
which these points are located. The location of the points used is shown in Fig. 1. 

 

 
Fig. 1. The layout of the points used for differentiation 

 
It is obvious that in this case it is possible to use the following four estimates of derivative of signal 

in ( 1)i  -ty timepoint:  
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It is well-known that the best assessment of derivative in ( 1)i  -ty timepoint will be arithmetic  
average of the found private estimates for this purpose ( 1)i  -th timepoint, i. e. 
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                  (8) 

As it is visible from formula (8), bigger weight is given to values of signal in i -ty and ( 1)i  -th 
timepoints, and three times smaller weight to its values, extreme for the considered period, that is rather 
expedient. 

It should be noted that due to the averaging of both the measurement results themselves (the arith-
metic mean of the readings is used) and the estimates of the derivatives, noise filtering will be carried 
out, this is a well-known and absolutely verified result. In addition, as can be seen from formula (8),  
the algorithm is quite simple computationally, which, of course, is its undoubted advantage. 

 
Computing research of algorithm of differentiation 
Fig. 2 shows the curve of the change in the height of the aircraft (AC) during the flight, while in the 

process of modeling for a regular (useful) signal of the form ( ) (0) 3.5 sin( )h h a      , where 
(0)h  – height of the beginning of maneuver of VS, interference was superimposed – the noise compo-

nent of the barometric altitude signal. The interference was simulated using a random number generator 
with a uniform distribution law. 

 

 
Fig. 2. Aircraft altitude change curve during flight 
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Fig. 3 shows the graphs of changes in the estimate of the derivative of the height – the vertical 
speed of the aircraft according to the algorithm (2), and in Fig. 4 according to algorithm (8). In this case, 
naturally, it was assumed that ( ) ( )x h   .  

Apparently from Figs. 3 and 4 the availability of sinusoidal component in regular part of signal is 
rather distinctly monitored by both algorithms. It indicates rather high speed of both algorithms.  
The accidental component as it is visible from Figs. 3 and 4, affects result of assessment on algorithm 
(8), than on algorithm (2) much less that confirms significant efficiency of algorithm (8). Therefore as  
a part of algorithmic providing SVS it is more preferable to use algorithm (8), but not algorithm (2). 

 

  
Fig. 3. Results of calculating the vertical speed  

by the algorithm (2) 
Fig. 4. Results of calculating the vertical speed  

by the algorithm (8) 
 
Joint schedules of change of estimates of derivative on algorithm (2) – continuous and on algorithm 

(8) – dash-dotted curves when the sinusoidal component, i. e. for case is excluded from regular part of 
signal of height are provided on Fig. 5 ( ) (0) 3.5h h     and in this case the noticeable efficiency of 
algorithm is visible (8). 

 

 
Fig. 5. Changing Derivative Estimates 

 
In all cases the big errors of assessment at the beginning of curves are explained by availability of 

transitional component in work of algorithms. 
 
Preliminary filtration of signal of height 
As is well-known [2, 3] error of calculation of derivative has two components: 1) computing error – 

the error caused by rounding and representation of values of signal in the computer; 2) the error con-
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nected with signal measurement errors (errors of basic data). It is known also that if influence of the se-
cond component is not too big and if the useful component of signal not too quickly changes 
(“…behaves ‘rather well’” [8], then dot algorithms of differentiation yield almost acceptable results. 
Otherwise it is necessary to use special approaches to the solution of problem, in particular, of the pro-
cedure of preliminary smoothing [18], recommend to use also algorithms of preliminary filtration of 
signal of height. In this regard we will consider question of creation of such algorithm.  

We will consider problem of preliminary filtration as the following problem of optimization [19]: 

Ф

Ф 2 Ф Ф 2
1 2 1( ) ( ) min

i
i i i i

h
h h h h      ,                 (9) 

where ih  – measured signal value in i -ty moment (counting), Ф
ih  – evaluation of the useful signal for  

i -th point in time (filter output), 1  and 2  – weight coefficients.  
Solving this problem of optimization, have established that optimum assessment of useful signal has 

to be determined by the following formula: 
Ф

Ф 1 2 1

1 2
.i i

i
h h

h  


 
                   (10) 

At such value Ф
ih  the minimum of criterion (9) as the second derivative calculated in this point is 

equal is really reached 1 22 2 0    .  
Sometimes for realization to write down conveniently this ratio in the following look: 

Ф Ф Ф1
1 1

1 2
( ).i i i ih h h h 


  

 
                 (11) 

Apparently from the last equation if the signal has not changed for period between ( 1)i  -th and  
i -m the moments, then estimates Ф

ih  and Ф
1ih   will coincide. Besides, we will note that reduction 1  

and increase 2  leads to strengthening of the filtering properties of algorithm. It is explained by the fact 
that the component Ф Ф 2

2 1( )i ih h    of criterion (9) sets proximity of the next estimates.  
It is generally recommended concrete values 1  and 2  to select, proceeding from real statistical 

situation on subject to control. To the place we will notice that this algorithm of filtration is quite suc-
cessfully approved in works [20–22].  

Let's note also that the algorithm (11) can be presented also in the following form: 
Ф Ф Ф1 1 1

1 1
1 2 1 2 1 2

(1 ) (1 ) .i i i i ih h h K K h K h 
  

       
     

        (12) 

It representations is most characteristic of the algorithms of filtration developed with use of ap-
proach of Kallman [18, 23], only in this case the optimum value of coefficient of Kallman K  is found 
from the solution of the following problem of optimization:  

2 И ф 2{ } {( ) } min,i i i K
M e M h h                   (13) 

i. e. the expected value of square of mistake – the difference between the output of the filter and true 
value of the measured quantity is minimized И

ih . At the same time it should be noted that in task (13) 
structure of algorithm of filtration – the ratio (12) is set a priori, only the optimum value of coefficient of 
Kallman is found. Solving problem (9), we, on the contrary, find optimum structure of algorithm of fil-
tration which as it is shown, coincides with that structure which a priori is accepted in Kallman's tasks.  

Results of assessment of vertical velocity for conditions of Fig. 1 at additional use of the offered filter 
(11) are given in Figs. 6 and 7. Setup of the filter coefficient of Kallman in both cases it is equal 0.2.K   

Apparently from Figs. 6 and 7 the filtration significantly increases the accuracy of assessment both 
on the simplest point-to-point algorithm (2), and on the offered algorithm (8), oscillation frequency in 
both cases has considerably decreased. Thus, the algorithm (11) has the noticeable filtering properties, 
on temporary sign it should be carried to algorithm of the late estimation [20–22] that is quite explaina-
ble as the algorithm on characteristics is close to inertial link of the first order (exponential smoothing of 
the first order) [24].  
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Fig. 6. Estimation of aircraft vertical speed according  

to algorithm (2) with preliminary filtering  
of the altitude signal 

Fig. 7. Estimation of aircraft vertical speed using  
algorithm (8) with preliminary filtering  

of the altitude signal 
 
Indeed, the operation of the algorithm can be represented as follows. Let experimental infor-

mation ( )h   is fed to the input of the inertial link of the 1st order, and the output value of such a link 
is the current estimate of the useful signal – the filter output ф ( )h   (Fig. 8). Here p  – the operator of 
differentiation. 

Then [24] differential equation connecting entrance and output sizes will have appearance: 
ф

ф( ) ( ) ( ).i
i i

d hT h h
d


   


          (14) 

Here T – constant of time of inertial link. It is known that finite 
difference approximation of this equation can be written down 
as follows: 

фф
ф1 .i i
i i

h h
T h h

 


                   (15) 

Further, it is easy to rewrite the equation (15) in the look similar to the equation (11) 
ф фф

1 1( )i ii ih h h h
T 


  


.                 (16) 

Comparing equations (11) and (16), we can conclude that the parameter 1  can be interpreted as 
a discreteness interval  , and the parameter 2  as a link time constant T . Therefore, it becomes 
extremely clear that decreasing 1  and increasing 2  (time constant) leads to an increase in the filter-
ing properties of the algorithm. The deviation of the estimates obtained from its true values decreases 
markedly. In our calculations, it was always possible to bring this deviation to an acceptable value due 
to the filtering algorithm settings (by choosing 1  and 2 ). Thus, the use of algorithms (8) and (11) 
makes it possible to obtain a completely efficient procedure for estimating the aircraft vertical speed. 

 
Conclusions 
The algorithm of numerical differentiation differing in small computing complexity and essential 

bigger accuracy than the point-to-point algorithm used in algorithmic providing SVS is offered and ap-
proved. The algorithm is complemented with the procedure of preliminary filtration of signal of baro-
metric height of VS, the algorithm of filtration is the solution of problem of optimization on assessment 
of useful signal by results of measurements. Results of work are recommended for use when developing 
algorithmic providing SVS of aircraft. 

 
 

 
Fig. 8. The signal processing unit 
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Для обеспечения безопасности и повышения эффективности отработки полетных зада-
ний необходима достоверная информация о высотно-скоростных параметрах воздушного 
судна (ВС). Поэтому совершенствование алгоритма вычисления вертикальной скорости, ис-
пользуемого в составе алгоритмического обеспечения систем воздушных сигналов (СВС), яв-
ляется вполне актуальной задачей. Цель исследования. Рассматривается задача вычисления 
вертикальной скорости воздушного судна в СВС. Материалы и методы. Проведен анализ 
литературных данных по использованию процедур численного дифференцирования для ре-
шения этой проблемы, отмечено, что используемые методы базируются на различных идеях и 
подходах. Указано, что двухточечные алгоритмы существенно хуже многоточечных по дос-
тигаемой точности, однако характеризуются существенной простотой и быстродействием. 
Используются различные варианты многоточечных алгоритмов, различающихся сложностью, 
объемом используемой информации, достигаемой точностью. Отмечены особенности регуля-
ризирующих алгоритмов, представляющих, по существу, фильтры низкочастотного полезного 
сигнала, подавляющие высокочастотную составляющую погрешности измерения сигнала вы-
соты или, что то же самое, атмосферного давления. Приведены данные по системам с аппа-
ратным дифференцированием сигнала высоты. Результаты. Предложен и обоснован доста-
точно простой четырехточечный алгоритм численного дифференцирования. Из-за усреднения 
как самих результатов измерения, так и оценок производных реализуется существенная 
фильтрация помех, что является важным достоинством алгоритма. Для большей точности 
оценки вертикальной скорости предусматривается включение в схему обработки эксперимен-
тальных данных еще и алгоритма предварительной фильтрации. Алгоритм фильтрации най-
ден из решения задачи оптимизации; показано, что данный алгоритм по структуре аналогичен 
алгоритмам фильтрации, построенным согласно известным подходам Р. Калмана. Приводятся 
результаты вычислительных экспериментов по исследованию особенностей и характеристик 
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предлагаемых алгоритмов, иллюстрирующие их преимущества, работоспособность и воз-
можность дальнейшего использования в СВС. Показано, что предварительная фильтрация 
существенно повышает точность оценки вертикальной скорости. Заключение. Разработанные 
алгоритмы могут быть использованы при совершенствовании алгоритмического обеспечения 
СВС. 

Ключевые слова: вертикальная скорость, воздушное судно, система воздушных сигналов, 
численное дифференцирование, высота, атмосферное давление, многоточечные алгоритмы, 
предварительная фильтрация, точность оценки. 
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