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This article discusses the problem of controlling the process of electromagnetic oscillations in
a long-distance transmission line. A long line is understood as an electrical line formed, in the sim-
plest case, by two parallel current conductors, the length of which exceeds the wavelength of
the transmitted electromagnetic waves, and the distance between the conductors is much less than
the wavelength. Such a line is characterized by four distributed parameters, namely the ohmic re-
sistance of the conductor, inductance, electrical capacity and leakage coefficient. A signal generator
is connected to the left end of the line, and the right is grounded, but not of high quality. When
transmitting a signal, the current and voltage make small oscillation. The control is the voltage at
the left end of the long line, and the disturbance voltage at the right end, the values of which are li-
mited. The boundaries of their permissible values are set. The magnitude of the aggregate of external
disturbances acting on the conductor is not known exactly, but only its variation limits are given.
Aim. The purpose of the control process is that at a given moment in time, the average value of
the voltage value is in a given interval. This average is calculated using the specified function.
Materials and methods. To solve the problem, the method of optimizing the guaranteed result was
applied. Results. A transition was made to a new one-dimensional variable, with the help of which
the considered problem was reduced to a control problem of the same type in the presence of inter-
ference. This made it possible to find the necessary and sufficient conditions under which it is pos-
sible to achieve the set goals with any admissible set of external forces and interference at the right
end. A corresponding algorithm for constructing the law of voltage change at the left end of the con-
ductor is proposed. An example is analyzed that clearly shows how management is built that guaran-
tees the achievement of the set goal. Conclusion. If the found necessary and sufficient conditions are
fulfilled, then it is always possible to construct such a law of voltage variation at the left end, which
will lead to the achievement of the goal for any admissible interference.

Keywords: control, telegraph equations, guaranteed result, interference, long-distance trans-
mission line.

Introduction

In the study of controlled processes of electromagnetic oscillations in long lines with distributed pa-
rameters, mathematical problems of control of hyperbolic equations arise [1-7]. There are problems of
controlling the signal transmission process when the exact value of external influences is not known, in
practice. External disturbances that generate travelling wave in the lines distort the transmitted signal.
When studying problems of this kind, you can apply the method of optimizing the guaranteed result [8].
This method is based on the theory of differential games [9].

In this paper, we consider the problem when the control is the limited in magnitude voltage of
the signal generator at the left end of the long line. The interference consists of external disturbances and
limited voltage at the right end of the conductor. The exact value of the magnitude of the external dis-
turbance acting on the conductor is not known. Its limits of change are known. The purpose of the con-
trol process is that at a given moment in time the average value of the voltage value is in a given inter-
val. The average is calculated using the specified function The problem is reduced to a control problem
of the same type in the presence of interference by changing the variable. For problems that are consi-
dered in the theory of differential games, optimal controls of the players are constructed [10].

Formulation of the problem
Consider a homogeneous, long line length is equal to [ with a given resistance R, inductance L, elec-
trical capacity C, leakage factor G [11]. The signal generator is at the left end of the line, and the right
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end of the conductor is grounded. When transmitting a signal in a long-distance transmission line,
the current in the wires is not the same in different sections of the line. It causes a voltage drop in
the active resistance of the wires and creates an alternating magnetic field, which in turn induces self-
induction EMF along the entire line. Therefore, the voltage between the wires also does not remain con-
stant along the line [12, 13].

Let's associate a coordinate system with a long line, the X axis of which is directed along the wire.
The densities of the aggregate of external disturbances on current and voltage are given by continuous
functions f;(t,x),i = 1,2, where we assume x — abscissa of a certain cross-section of the conductor
when the long line is at rest. We denote J(t, x) change in the current and V (¢, x) voltage of the line at
the time t. The control is limited and is the voltage at the left end of the long line. The system of diffe-
rential equations describing voltage and current fluctuations takes the form of telegraph equations [14].

L) - 2D Ayt + f(6, %),
(1)
av(tx) _%y__v(t x) + f2(t, %),

wherex E [0,1],t € [0, p].

This system of equations is considered under the given initial conditions

](O! .X') = gl(X),V(O,X) = gZ(x)a (2)
where the functions g;(x), i = 1,2 are continuous on the segment [0, l]. By condition, the voltage at
the ends of the line is limited. Therefore, they can be written as

V(t' l) = Al(t) - a1(t)7ln |77| < 11 al(t) = Oa (3)

V(t,0) = 22(t) — az(8)S, [§] < 1, a(t) = 0. 4)

The parameter ¢ is a control, and 7 is a interference.

We assume that the densities f;(x,t) of the magnitudes of external disturbances are not exactly
known. The following estimates are known

fi(t,x) < fi(t,x) < f(t,x),i =12,x€[0,1],t € [0,p]. 5)
Where f,(t,x); : [0,p] X [0,1] = R, and f,(t,x): [0,p] X [0,1] = R are continuous functions.

Let's set the number k € R, € = 0. The purpose of the choice of control ¢ (4) is to implement
the inequality

o (V0 )01 (x) + ) (p, 200, () dx — k| < & (©6)
for any realization of external disturbances, the density of which satisfies the condition (5). Here
the functions g;: [0,1] — R, i = 1,2 are continuous and satisfy the conditions

0;(0) = g;(1) = 0. (7

Formalization of the problem

Let us describe the admissible rule for the formation of control ¢ (4). It means that each moment of
time 0 < Y < p and each possible function V (39, x), J (9, x) is assigned a function é: [9,p] — [0, 1]. This
rule will be denoted

§O =N(V®)J0))t € I,pl (3)

We fix the partition of the segment [0, p]

W0 <ty <ty <o <tp<tjpg < <tmpy =D,
where a diameter d(w) = max< jsp(tjﬂ - tj). Let us fix control (8), the density of external distur-
bances f;(t,x) at x € [0,1],0 < t < p. Let us construct solutions V,,(t,x),J,(t,x) 0 <x <[,0 <t <p,
to problem (1)—(3).

Assume g;,(x) = g;(x),i = 1,2 at 0 < x < L. The functions V,,(x,t) u J,(t,x) at to <t <ty,
0 < x <[ are defined as a solution to the following problem:

ajw(tj,x) 1 an(tJ x)

T Ho(tx) + fi(t ),
BVw(t] x) 1 ajw(t],x) ®)
—E ox _EVw(tj'x)_i_fZ(tj'x)'
]w( x) glj(x),Va,( x) = gZJ(X) (10)
V,(t,0) = A(t) — a(t)&,V,(t, 1) = 0, (11)
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= N(t, Voo @, ):]w (7-9:)) (12)
Where j = 0,x € [0,1],t € [to, t1].

Let the functions V,,(x,t), J,(t,x) be defined for ty <t <t;_4,0 < x < [. Suppose glj(x) =
=Ju( tj_l,x),gzj(x) = V,(ti—1,x). We construct the functions V,,(t,x),/,(t,x) at tj_; <t <t
using formulas (9)—(12).

We say that control (8) guarantees the fulfillment of the set goal (6) if for any number w > ¢ there
is a number p > 0 such that for any partition w with diameter d(w) < p and for any continuous func-
tions f;(t, x), satisfying the condition (5), the inequality

|15 (Ve (0. )01 () + Joo (0, 3003 (0))dx = k| < w (13)

Transition to a one-dimensional problem
Let the functions Y (7, x), ¢(7,x) at 0 < x < [,0 < 7 < p be a solution to the following problem:
dp(tx) 10yY(tx) G

=- ——@(1,x),
Jt L 0x 14
au);z,x) _ é&(p(r x) l/J(T x) ( )
<p(r.0)=0,<p(r,l)—0,0Srs 12 (15)
©(0,x) = 0y(x),Y(0,x) = 0,(x),0<x < L (16)

It follows from equality (7) that the matching conditions at the ends of the segment are satisfied.
From equalities (5) we obtain that

[ 16,20 Yo — t,%) dx = By (6) + 11 (O, I | < 1,

(17)
[ £t 00@ — t,2) dx = B5(6) +75(O);, 12| < 1.
Whenati = 1,2
Bi(®) =3y (Rt0) + £t 0) w(p - t,x)dx, s
vi(®) =3|fy (At x) =7t 0) wip — £, 0)ax| = 0.
Suppose
0, (0) = [1U (&) Y(p — £,%) + V, (&, ) (p — £, %)) dx. (19)
That
60(®) = fy (222 yp - ,2) + 228D o (p — ¢, 2) ) dx -

l P (p—t, d t,
— Jy (ot 0) B2 1y, (1,5) %) dx.
Let us take into account equations (9), (14) and (17), (18). We get

By () = B8 + ¥1 (O + Bo(®) +¥2 (002 = fy (Ju (6, ) ZEE2 41, (6, 1) 2222 ) iy +

13 ((-3252 - g 0o - e + - 1”“3—“")—”2 e0) o=t s (0

Further, integrating by parts and taking into account the boundary conditions (11), (15), we obtain

Jy (e, x)) dx = (s ()~ & (OMY(p — 1) -
~(22(8) — (OO (P - £,0) — f; (Vi (6,0 L) i,

fo (a]“’(tx) o -t x)) dx = — [, (]a,(t x) 2= tx)) dx.
From this and (20) it follows thatat t; < t < tj+1,
B(t) = B1(t) + B2(t) + 41(6), ¥ (8) = y1(t) +v2(8) + a1 () = 0,

G AC TR0
i =Sem e TSl =1

8,(6) = — [T (P — £, 0)|w; + ¥ (©)) + B(&) + T A (VY (p — ¢,0).
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When
& = sign (% a, OY(p —t, 0)) u. (21)
Suppose, that sign0 = 1.
Denote
20(®) = 0u(0) + [7 (B0) + 100w —,0) ) dr — k. (2)
Thatfort; <t < tj,,
z,(t) = —a(®u; + b@O)v), [w;]l < 1, |v;| < 1. (23)
Here it is denoted
at) = [far @ —t,0)| = 0,b(t) = y(t) = 0. (24)

Further, taking into account condition (11) and formulas (19), (22), we rewrite inequality (13) in
the following form:

1z (D) < w. (25)

Termination possibility conditions in a one-dimensional problem
Consider the one-dimensional problem (23), (25). Note that functions (24) are continuous. Let's
build broken lines

2 (0) = 2, (t;) — fttj a(r)dru; + fttjb(r)dr Vit St < iy, (26)
where z,,(0) = z(0) is the initial condition. The family of these broken lines is uniformly bounded and
equicontinuous, defined on the segment [0, p] [10, p. 46]. By Arzela's theorem [15, p. 104] from any se-
quence of polygonal lines (26), one can select a subsequence that converges uniformly to the segment [0, p].

Let in (26)

u; = sign z,,(t;),j = 0,m, (27)
and the function z(t) at 0 <t < p is the uniform limit of the polygonal sequence z, (t) (26), for
which the diameter of the partition d(w,) = 0. Then [10, Theorem 8.1] the inequality

l2(p)| < F(2(0)).

Here it is denoted

F(z) = max(|z| + fop(b(r) — a(r))dr; maxoer<p frp(b(r) —a(r))dr).

Let the number € > F (Z(O)). Then it can be shown that for any number w > ¢ there is a number
6 > 0 such that inequality (25) holds for any broken line (26) with the partition diameter d(w) < § and
control (27).

Let in (26)

v; = signz,,(t;),j = 0,m, (28)
and the function z(t) at 0 < ¢t < p is the uniform limit of a sequence of polygonal lines z,, (t) (26), for
which d(w;,) = 0. Then [10, Theorem 8.2], the inequality

|2(p)| = F(2(0)).

From this it can be obtained that if the numbers e < w < F (Z (O)), then there exists a number § > 0
such that to |z, (p)| > w, for any broken line z,(t) (26) with the partition diameter d(w) < & and
with v; (28).

Thus, it is possible to construct control (8), which guarantees the fulfillment of the set goal (13) if
and only ifF(Z(O)) <e.

From formulas (21), (27) we obtain that

. l
& = sign (Z a (t) [y —t,x) dx) u.
When z is defined by formulas (19) and (22) with given in (22) V,,(x, t), J,(t,x) on V(t, x), J(t, x).

Example
Let the function

o,(x) = lb—(zz)z sin G x),

az \1
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when

1 2_
1 B /4(RC+GL) LRCG

vieb = o
then condition (7) is satisfied. Consider the function

VLC(RC+GL)T
Y(t,x) = b%e” 2 (1;(")25in Gx) +ﬁsin(r)> ,
a2 \1T
that satisfies Eq. (14) and conditions (15), (16). Substitute the function (x,t) into formula (19) at
V,(x,t) = V(t,x). Then it follows from (22) that

_VICRC+GL®=D) [ sin(Tx N
20 = b fy| Vo) e™ ( ((ln))z+512§p_1t)> dx +

a=

aZz \1

a,b? _JICRC+GL)(p=1)

Ar)e 2z sin(p— r)) dr — k.

P
+J7 (B0 + 82
Conclusion
The impact of interference on a long line leads to distortion of information, to a decrease in
the quality of transmission and subsequent processing of data until the destruction of the communication
lines themselves. However, it is possible to construct such a law of voltage variation at the left end,
which will lead to the achievement of the goal with any admissible interference, with known estimates
of the set of negative effects and the fulfillment of the necessary and sufficient conditions found. The ana-
lyzed example clearly demonstrates how the corresponding law of voltage change is constructed.

The research was funded by Russian Foundation for Basic Research and Chelyabinsk Region, project
number 20-41-740027.
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OB OJHOW 3AOAYE YIMPABJIEHUA HAMNPAXEHUEM
NPU NEPEOAYE CUTHAIA B AJIMHHOU JINHUU

H.4. JlueaHoe, B.U. Yxo6omoe
YensbuHckuli 2ocydapcmeeHHbil yHugepcumem, 2. YenabuHck, Poccus

B nanHoili cTaThe paccMaTpuBaeTcs 3ajaua yIpaBiIeHHUsS MPOLIECCOM 3JIEKTPOMArHUTHBIX KoOJie-
Oanwuii B ;yinHHOM HuU. [loa NITMHHON TUHUEH TOHUMAETCS dJIeKTpUdIecKas JTUHU, 00pa3oBaHHAS
B NpOCTEHIIEM ciayyae ABYMs MapajUleIbHbIMM IMPOBOAHMKAMH TOKA, JJIMHA KOTOPBIX IPEBBIIIAET
JUTMHY BOJHEI TIEpEIaBaeMbIX dJICKTPOMATHUTHBIX KOJICOaHUH, a pacCTOSHHE MEXITy TPOBOIHUKAMU
3HAYHTEIEHO MEHBIIE JITUHBI BOJHEL. [lomoOHas ITUHUS XapaKTepU3yeTCs YEeTHIPhMsI paclpereinéH-
HBIMH MapaMeTpaMu, a UMEHHO OMUYECKUM COIPOTUBJIEHUEM MPOBOJHUKA, MHAYKTUBHOCTBIO, JJIEK-
TPOEMKOCTBIO U KOAPPHUIIHEHTOM yTeuKH. K 1eBoMy KOHITY JIMHHUHU MTOJIKIIOYCH I'CHEPATOp CUTHAINA,
a MpaBbId 3a3eMIIEH, HO HeKauecTBEeHHO. [Ipu nepenave curHana TOK U HalpsDKEHUE COBEPIIAIOT Ma-
JIbIe KoJleOaHus. YTpaBieHUEM SIBIISICTCS HAIIPsDKEHUE Ha JISBOM KOHIIE UTMHHOW JTMHHUHU, @ TIOMEXOH —
HaIlpsKEHUE Ha TPABOM KOHIIE, BEJIMYMHbBI KOTOPBIX OTPAaHUYEHBI. ['paHUIbI UX TOMYCTUMBIX 3Ha4e-
HUU 3a/aHbl. BenrurHa COBOKYITHOCTH BHEUIHUX BO3MYILEHHM, JEHCTBYIOIKUX HA MPOBOJAHUK, TOY-
HO HE M3BECTHA, a 3aJlaHbl TOJIbKO €€ rpaHulibl u3mMeHeHus. Lleap ucciaenoBanms. Llens mpouecca
yIpaBlIeHUs 3aKII0YAETCs] B TOM, YTOOBI B 3aJaHHBIII MOMEHT BPEMEHHU CpeIHEE 3HAUCHUE BETTMUUHBI
HANPSOKEHUST HAXOJWIIOCh B 3aJJaHHOM MPOMEXYTKE. DTO CpelHee 3HAUCHHE BBIYHUCISETCS C TIOMO-
IO 337aHHONW QyHKIUU. MaTepuaabsl 1 MeToAbl. /i1 pelieHrs TOCTaBICHHOH 3a1adn ObLT MpH-
MEHEH METOJl ONTHUMM3AIMK rapaHTUPOBAHHOTO pe3ynbrarta. PesynabrarTsl. boul ocymiecTien nepe-
X0JI K HOBOI OJTHOMEPHOI IepeMeHHOH, ¢ MMOMOIIBI0 KOTOPOil paccMaTpuBacMas 3aj1ada ObLIa CBe-
JICHa K OJHOTHUITHOM 3aJaye YIpaBJICHUS NPU HATHMYUU IIOMEXHU. DTO MO3BOJIMIO HAUTH HEOOXOIH-
MBbIE€ U JIOCTaTOYHBIE YCIIOBUS, MPHU BBITOJHEHUH KOTOPHIX MOKHO OCYIIECTBUTH MOCTABJICHHbBIE II€-
JU TpU 1000 JOIMYCTUMOW COBOKYITHOCTH BHEIIHMX BO3MYIIEHHH M TIOMEXE Ha MPaBOM KOHIIE.
IIpennoxxeH COOTBETCTBYIOUIMM AJITOPUTM IMOCTPOCHMS 3aKOHA M3MEHEHMs HANPSHKEHUS] Ha JIEBOM
KOHIIe MPOBOJHUKA. PazoOpaH mpuMep, KOTOPBIA HATJSIIHO TIOKA3bIBAET, KaK CTPOUTCS YIPaBJICHHUE,
TapaHTHPYIOIee JOCTHKEHNE MTOCTaBICHHON IeNu. 3akJiouenne. Eci BBITIOTHEHBI HaliIEHHBIE He-
00X0ZMMbIe U JIOCTATOYHBIC YCIOBHS, TO BCETJa MOXHO MOCTPOHUTH TAKOW 3aKOH M3MEHEHMs Hampsi-
JKEHHSI Ha JIEBOM KOHIIE, KOTOPBINA TPUBEAET K TOCTHKESHHUIO IIe]TU MPH JIF0O0H TOMyCTUMOM TTOMEXe.

Knioueswvie cnosa: ynpasnenue, menecpagpnvie ypasHenus, 2apanmupo8antbvlil pe3yivmam, no-
mexa, ONUHHAS TUHUA.
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