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Introduction 
In the study of controlled processes of electromagnetic oscillations in long lines with distributed pa-

rameters, mathematical problems of control of hyperbolic equations arise [1–7]. There are problems of 
controlling the signal transmission process when the exact value of external influences is not known, in 
practice. External disturbances that generate travelling wave in the lines distort the transmitted signal. 
When studying problems of this kind, you can apply the method of optimizing the guaranteed result [8]. 
This method is based on the theory of differential games [9]. 

In this paper, we consider the problem when the control is the limited in magnitude voltage of  
the signal generator at the left end of the long line. The interference consists of external disturbances and 
limited voltage at the right end of the conductor. The exact value of the magnitude of the external dis-
turbance acting on the conductor is not known. Its limits of change are known. The purpose of the con-
trol process is that at a given moment in time the average value of the voltage value is in a given inter-
val. The average is calculated using the specified function The problem is reduced to a control problem 
of the same type in the presence of interference by changing the variable. For problems that are consi-
dered in the theory of differential games, optimal controls of the players are constructed [10]. 

 
Formulation of the problem 
Consider a homogeneous, long line length is equal to ݈ with a given resistance R, inductance L, elec-

trical capacity C, leakage factor G [11]. The signal generator is at the left end of the line, and the right 

 DOI: 10.14529/ctcr210306
  
ON ONE PROBLEM OF CONTROL OF VOLTAGE  
DURING SIGNAL TRANSMISSION IN A LONG LINE 
 
N.D. Livanov, nikita.livanov.mail@gmail.com, 
V.I. Ukhobotov, ukh@csu.ru 
Chelyabinsk State University, Chelyabinsk, Russian Federation 
 
 

This article discusses the problem of controlling the process of electromagnetic oscillations in 
a long-distance transmission line. A long line is understood as an electrical line formed, in the sim-
plest case, by two parallel current conductors, the length of which exceeds the wavelength of 
the transmitted electromagnetic waves, and the distance between the conductors is much less than 
the wavelength. Such a line is characterized by four distributed parameters, namely the ohmic re-
sistance of the conductor, inductance, electrical capacity and leakage coefficient. A signal generator 
is connected to the left end of the line, and the right is grounded, but not of high quality. When 
transmitting a signal, the current and voltage make small oscillation. The control is the voltage at 
the left end of the long line, and the disturbance voltage at the right end, the values of which are li-
mited. The boundaries of their permissible values are set. The magnitude of the aggregate of external 
disturbances acting on the conductor is not known exactly, but only its variation limits are given. 
Aim. The purpose of the control process is that at a given moment in time, the average value of 
the voltage value is in a given interval. This average is calculated using the specified function. 
Materials and methods. To solve the problem, the method of optimizing the guaranteed result was 
applied. Results. A transition was made to a new one-dimensional variable, with the help of which 
the considered problem was reduced to a control problem of the same type in the presence of inter-
ference. This made it possible to find the necessary and sufficient conditions under which it is pos-
sible to achieve the set goals with any admissible set of external forces and interference at the right 
end. A corresponding algorithm for constructing the law of voltage change at the left end of the con-
ductor is proposed. An example is analyzed that clearly shows how management is built that guaran-
tees the achievement of the set goal. Conclusion. If the found necessary and sufficient conditions are 
fulfilled, then it is always possible to construct such a law of voltage variation at the left end, which 
will lead to the achievement of the goal for any admissible interference. 
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end of the conductor is grounded. When transmitting a signal in a long-distance transmission line,  
the current in the wires is not the same in different sections of the line. It causes a voltage drop in  
the active resistance of the wires and creates an alternating magnetic field, which in turn induces self-
induction EMF along the entire line. Therefore, the voltage between the wires also does not remain con-
stant along the line [12, 13]. 

Let's associate a coordinate system with a long line, the X axis of which is directed along the wire. 
The densities of the aggregate of external disturbances on current and voltage are given by continuous 
functions ݂(ݐ, ,(ݔ ݅ = 1,2, where we assume ݔ – abscissa of a certain cross-section of the conductor 
when the long line is at rest. We denote ݐ)ܬ, ,ݐ)ܸ change in the current and (ݔ  voltage of the line at (ݔ
the time ݐ. The control is limited and is the voltage at the left end of the long line. The system of diffe-
rential equations describing voltage and current fluctuations takes the form of telegraph equations [14]. 
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డ௫
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where ݔ ∈ [0, ݈], ݐ ∈ [0,  .[
This system of equations is considered under the given initial conditions 
,0)ܬ (ݔ = ݃ଵ(ݔ), ܸ(0, (ݔ = ݃ଶ(ݔ),                  (2) 

where the functions ݃(ݔ), ݅ = 1,2 are continuous on the segment [0, ݈]. By condition, the voltage at  
the ends of the line is limited. Therefore, they can be written as 

,ݐ)ܸ ݈) = (ݐ)ଵߣ − ,ߟ(ݐ)ଵߙ |ߟ| ≤ 1, (ݐ)ଵߙ ≥ 0,               (3) 
,ݐ)ܸ 0) = (ݐ)ଶߣ − ,ߦ(ݐ)ଶߙ |ߦ| ≤ 1, (ݐ)ଶߙ ≥ 0.               (4) 
The parameter ߦ is a control, and ߟ is a interference. 
We assume that the densities ݂(ݔ,  of the magnitudes of external disturbances are not exactly (ݐ

known. The following estimates are known 
ప݂ന(ݐ, (ݔ  ≤ ݂(ݐ, (ݔ ≤ ప݂ഥ(ݐ, ,(ݔ ݅ = 1,2, ݔ ∈ [0, ݈], ݐ ∈ [0,  (5)             .[

Where ప݂ഥ(ݐ, (ݔ ∶ [0, [ × [0, ݈] → ℝ, and ప݂ന(ݐ, :(ݔ [0, [ × [0, ݈] → ℝ are continuous functions. 
Let's set the number ݇ ∈ ℝ, ߝ ≥ 0. The purpose of the choice of control (4) ߦ is to implement  

the inequality 
ቚ∫ ൫ܸ(, (ݔ)ଵߪ(ݔ + ,)ܬ ݔ൯݀(ݔ)ଶߪ(ݔ − ݇

 ቚ ≤  (6)               ߝ
for any realization of external disturbances, the density of which satisfies the condition (5). Here  
the functions ߪ: [0,1] → ℝ, ݅ = 1,2 are continuous and satisfy the conditions 

(0)ߪ = (݈)ߪ = 0.                     (7) 
 
Formalization of the problem 
Let us describe the admissible rule for the formation of control (4) ߦ. It means that each moment of 

time 0 ≤ ߴ < ,ߴ)ܸ and each possible function  ,ߴ)ܬ ,(ݔ :ߦ is assigned a function (ݔ ,ߴ] [ → [0, 1]. This 
rule will be denoted 

(ݐ)ߦ = ࣨ൫ݐ, ,( ∙,ߴ)ܸ ,൯(∙,ߴ)ܬ ݐ ∈ ,ߴ]  (8)                 .[
We fix the partition of the segment [0,  [
߱: 0 < ݐ < ଵݐ < ⋯ < ݐ < ାଵݐ < ⋯ < ାଵݐ =  ,

where a diameter ݀(߱) = maxஸஸ൫ݐାଵ − -൯. Let us fix control (8), the density of external disturݐ
bances ݂(ݐ, ݔ at (ݔ ∈ [0, ݈], 0 ≤ ݐ ≤ ,ݐ)Let us construct solutions ఠܸ . ,(ݔ ,ݐ)ఠܬ 0 (ݔ ≤ ݔ ≤ ݈, 0 ≤ ݐ ≤  ,
to problem (1)–(3). 

Assume ݃(ݔ) = ݃(ݔ), ݅ = 1,2 at 0 ≤ ݔ ≤ ݈. The functions ఠܸ(ݔ, ,ݐ)ఠܬ и (ݐ ݐ at (ݔ ≤ ݐ ≤  ,ଵݐ
0 ≤ ݔ ≤ ݈ are defined as a solution to the following problem: 
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�              (9) 

,ݐఠ൫ܬ ൯ݔ = ݃ଵ(ݔ), ఠܸ൫ݐ, ൯ݔ = ݃ଶ(ݔ),               (10) 

ఠܸ(ݐ, 0) = (ݐ)ߣ − ,ߦ(ݐ)ߙ ఠܸ(ݐ, ݈) = 0,               (11) 
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ߦ = ࣨ൫ݐ, ఠܸ(ߴ,∙ ),  ൯.                 (12)(∙,ߴ)ఠܬ
Where ݆ = 0, ݔ ∈ [0, ݈], ݐ ∈ ,ݐ]  .[ଵݐ

Let the functions ఠܸ(ݔ, ,ݐ)ఠܬ ,(ݐ ݐ be defined for (ݔ ≤ ݐ ≤ ,ିଵݐ 0 ≤ ݔ ≤ ݈. Suppose ݃ଵ(ݔ) =
= ,ିଵݐ ఠ൫ܬ ,൯ݔ ݃ଶ(ݔ) =  ఠܸ൫ ݐିଵ, ,ݐ )൯. We construct the functions ఠܸݔ ,(ݔ ,ݐ)ఠܬ ିଵݐ at (ݔ ≤ ݐ ≤  ݐ
using formulas (9)–(12). 

We say that control (8) guarantees the fulfillment of the set goal (6) if for any number ݓ >  there ߝ
is a number ߩ > 0 such that for any partition ߱ with diameter ݀(߱) < -and for any continuous func ߩ
tions ݂(ݐ,  satisfying the condition (5), the inequality ,(ݔ

ቚ∫ ൫ ఠܸ(, (ݔ)ଵߪ(ݔ + ,)ఠܬ ݔ൯݀(ݔ)ଶߪ(ݔ − ݇
 ቚ ≤  (13)            .ݓ

 
Transition to a one-dimensional problem 
Let the functions ߰(߬, ,߬)߮ ,(ݔ at 0 (ݔ ≤ ݔ ≤ ݈, 0 ≤ ߬ ≤  :be a solution to the following problem  

ቐ
డఝ(ఛ,௫)

డఛ
= ଵ


డట(ఛ,௫)

డ௫
− ீ


߮(߬, ,(ݔ

డట(ఛ,௫)
డఛ

= ଵ


డఝ(ఛ,௫)
డ௫

− ோ


߰(߬, .(ݔ
�                (14) 

߮(߬, 0) = 0, ߮(߬, ݈) = 0, 0 ≤ ߬ ≤  (15)               , 
߮(0, (ݔ = ,(ݔ)ଵߪ ߰(0, (ݔ = ,(ݔ)ଶߪ 0 ≤ ݔ ≤ ݈.             (16) 
It follows from equality (7) that the matching conditions at the ends of the segment are satisfied. 

From equalities (5) we obtain that 
∫ ଵ݂(ݐ, )߰ (ݔ − ,ݐ (ݔ

 ݔ݀ = (ݐ)ଵߚ + ,ଵߟ(ݐ)ଵߛ |ଵߟ| ≤ 1,

∫ ଶ݂(ݐ, )߮(ݔ − ,ݐ (ݔ
 ݔ݀ = (ݐ)ଶߚ + ,ଶߟ(ݐ)ଶߛ |ଶߟ| ≤ 1.

           (17) 

When at ݅ = 1,2 
(ݐ)ߚ = ଵ

ଶ ∫ ቀ ప݂ന(ݐ, (ݔ + ప݂ഥ(ݐ, ቁଵ(ݔ
 )߰ − ,ݐ ,ݔ݀(ݔ

(ݐ)ߛ = ଵ
ଶ

ቚ∫ ቀ ప݂ഥ(ݐ, (ݔ − ప݂ന(ݐ, ቁଵ(ݔ
 )߰ − ,ݐ ቚݔ݀(ݔ ≥ 0.

            (18) 

Suppose 
(ݐ)ఠߠ = ∫ ,ݐ)ఠܬ) )߰ (ݔ − ,ݐ (ݔ + ఠܸ(ݐ, )߮(ݔ − ,ݐ ((ݔ

  (19)          .ݔ݀
That 
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+ ఠܸ(ݐ, (ݔ డఝ(ି௧,௫)
డఛ

ቁ
  .ݔ݀

Let us take into account equations (9), (14) and (17), (18). We get 
(ݐ)ఠߠ̇ = (ݐ)ଵߚ + ଵߟ(ݐ)ଵߛ + (ݐ)ଶߚ + ଶߟ(ݐ)ଶߛ − ∫ ቀܬఠ(ݐ, డట(ି௧,௫) (ݔ

డఛ
+ ఠܸ(ݐ, (ݔ డఝ(ି௧,௫)

డఛ
ቁ
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+ ∫ ቆ൬− ଵ
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− ܽଶܬఠ(ݐ, ൰(ݔ )߰ − ,ݐ (ݔ + ൬− ଵ


డഘ(௧,௫)
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− ܾଶ ఠܸ(ݐ, ൰(ݔ )߮ − ,ݐ ቇ(ݔ
  (20)   ,ݔ݀

at ݐ ≤ ݐ ≤   .ାଵݐ
Further, integrating by parts and taking into account the boundary conditions (11), (15), we obtain 

∫ ൬డഘ(௧,௫)
డ௫

)߰ − ,ݐ ൰(ݔ ݔ݀
 = (ݐ)ଵߣ) − )߰(ߟ(ݐ)ଵߙ − ,ݐ ݈) −  

(ݐ)ଶߣ)− − )߰(ߦ(ݐ)ଶߙ − ,ݐ 0) − ∫ ቀ ఠܸ(ݐ, (ݔ డట(ି௧,௫)
డ௫

ቁ ݔ݀
 ,  

∫ ቀడഘ(௧,௫)
డ௫

)߮ − ,ݐ ቁ(ݔ
 ݔ݀ = − ∫ ቀܬఠ(ݐ, (ݔ డఝ(ି௧,௫)

డ௫
ቁ

   .ݔ݀
From this and (20) it follows that at ݐ ≤ ݐ ≤  ,ାଵݐ
(ݐ)ߚ = (ݐ)ଵߚ + (ݐ)ଶߚ + ,(ݐ)ଵߣ (ݐ)ߛ = (ݐ)ଵߛ + (ݐ)ଶߛ + (ݐ)ଵߙ ≥ 0, 
ݒ = ఊభ(௧)

 ఊ(௧) ଵߟ + ఊమ(௧)
 ఊ(௧) ଶߟ + ఈభ(௧)

 ఊ(௧) ,ߟ หݒห ≤ 1, 

(ݐ)ఠߠ̇ = − ቚଵ


)߰(ݐ)ଶߙ − ,ݐ 0)ቚ ݑ + ݒ(ݐ)ߛ + (ݐ)ߚ + ଵ


)߰(ݐ)ଶߣ − ,ݐ 0). 
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When  
ξ = sign ൬ଵ


)߰(ݐ)ଶߙ − ,ݐ 0)൰  (21)                .ݑ

Suppose, that sign0 = 1. 
Denote 

(ݐ)ఠݖ = (ݐ)ఠߠ + ∫ ൬(ݎ)ߚ + ଵ


)߰(ݎ)ଶߣ − ,ݎ 0)൰ ݎ݀
௧ − ݇.          (22) 

That for ݐ ≤ ݐ ≤  ,ାଵݐ
(ݐ)ఠݖ̇ = ݑ(ݐ)ܽ− + ,ߥ(ݐ)ܾ |ݑ| ≤ 1, |ߥ| ≤ 1.             (23) 
Here it is denoted 
(ݐ)ܽ =  ቚଵ


)߰(ݐ)ଶߙ − ,ݐ 0)ቚ ≥ 0, (ݐ)ܾ = (ݐ)ߛ ≥ 0.            (24) 

Further, taking into account condition (11) and formulas (19), (22), we rewrite inequality (13) in  
the following form: 

|()ఠݖ| ≤  (25)                    .ݓ
 
Termination possibility conditions in a one-dimensional problem 
Consider the one-dimensional problem (23), (25). Note that functions (24) are continuous. Let's 

build broken lines 
(ݐ)ఠݖ = ൯ݐఠ൫ݖ − ∫ ௧ݎ݀(ݎ)ܽ

௧ೕ
ݑ + ∫ ௧ݎ݀(ݎ)ܾ

௧ೕ
,ߥ ݐ ≤ ݐ ≤  ାଵ,          (26)ݐ

where ݖఠ(0) =  is the initial condition. The family of these broken lines is uniformly bounded and (0)ݖ
equicontinuous, defined on the segment [0, -By Arzela's theorem [15, p. 104] from any se .[p. 46 ,10] [
quence of polygonal lines (26), one can select a subsequence that converges uniformly to the segment [0,  .[

Let in (26) 
ݑ = sign ݖఠ൫ݐ൯, ݆ = 0, ݉തതതതതത,                 (27) 

and the function (ݐ)ݖ at 0 ≤ ݐ ≤  for ,(26) (ݐ)ఠݖ is the uniform limit of the polygonal sequence  
which the diameter of the partition ݀(߱) → 0. Then [10, Theorem 8.1] the inequality 

|()ݖ| ≤  .൯(0)ݖ൫ܨ
Here it is denoted 

(ݖ)ܨ = max൫|ݖ| + ∫ ൫ܾ(ݎ) − ݎ൯݀(ݎ)ܽ
 ; maxஸఛஸ ∫ ൫ܾ(ݎ) − ݎ൯݀(ݎ)ܽ

ఛ  ൯. 
Let the number ߝ ≥ ݓ ൯. Then it can be shown that for any number(0)ݖ൫ܨ >  there is a number ߝ

ߜ > 0 such that inequality (25) holds for any broken line (26) with the partition diameter ݀(߱) <  and ߜ
control (27). 

Let in (26) 
ߥ = sign ݖఠ൫ݐ൯, ݆ = 0, ݉തതതതതത,                 (28) 

and the function (ݐ)ݖ at 0 ≤ ݐ ≤  for ,(26) (ݐ)ఠݖ is the uniform limit of a sequence of polygonal lines  
which ݀(߱) → 0. Then [10, Theorem 8.2], the inequality 

|()ݖ| ≥  .൯(0)ݖ൫ܨ
From this it can be obtained that if the numbers ߝ < ݓ < ߜ ൯, then there exists a number(0)ݖ൫ܨ > 0 

such that то |ݖఠ()| > (߱)݀ with the partition diameter (26) (ݐ)ఠݖ for any broken line ,ݓ <   and ߜ
with ߥ (28). 

Thus, it is possible to construct control (8), which guarantees the fulfillment of the set goal (13) if 
and only if ܨ൫(0)ݖ൯ ≤  .ߝ

From formulas (21), (27) we obtain that 
ߦ = sign ቀݖ ܽଶ(ݐ) ∫ )߰ − ,ݐ (ݔ

 ቁݔ݀  .ݑ
When ݖ is defined by formulas (19) and (22) with given in (22) ఠܸ(ݔ, ,ݐ)ఠܬ ,(ݐ ,ݐ)ܸ on (ݔ ,ݐ)ܬ ,(ݔ  .(ݔ
 
Example 
Let the function 
(ݔ)ଶߪ = మ

భ
ೌమିቀഏ

 ቁ
మ sin ቀగ


 ,ቁݔ
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when 

ܽ = ଵ
√

, ܾ =
ටభ

ర
(ோାீ)మିோீ


, 

then condition (7) is satisfied. Consider the function 

߰(߬, (ݔ =  ܾଶ݁ି√ಽ(ೃశಸಽ)ഓ
మ ൭ ଵ

భ
ೌమିቀഏ

 ቁ
మ sin ቀగ


ቁݔ + ଵ

మିଵ
sin(߬)൱ , 

that satisfies Eq. (14) and conditions (15), (16). Substitute the function ߰(ݔ, ߬) into formula (19) at 
ఠܸ(ݔ, (ݐ  = ,ݐ)ܸ   Then it follows from (22) that .(ݔ

(ݐ)ݖ = ܾଶ ∫ ቌ ఠܸ(ݐ, ಽ(ೃశಸಽ)(ష)√ି݁ (ݔ
మ ൭

ୱ୧୬ቀഏ
 ௫ቁ

భ
ೌమିቀഏ

 ቁ
మ + ୱ୧୬(ି௧)

మିଵ
൱ቍ ݔ݀ +

   

+ ∫ ൬(ݎ)ߚ + భమ

మିଵ
ಽ(ೃశಸಽ)(షೝ)√ି݁(ݎ)ߣ

మ sin( − ൰(ݎ ݎ݀
௧ − ݇.  

 
Conclusion 
The impact of interference on a long line leads to distortion of information, to a decrease in  

the quality of transmission and subsequent processing of data until the destruction of the communication 
lines themselves. However, it is possible to construct such a law of voltage variation at the left end, 
which will lead to the achievement of the goal with any admissible interference, with known estimates 
of the set of negative effects and the fulfillment of the necessary and sufficient conditions found. The ana-
lyzed example clearly demonstrates how the corresponding law of voltage change is constructed. 
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В данной статье рассматривается задача управления процессом электромагнитных коле-
баний в длинной линии. Под длинной линией понимается электрическая линия, образованная 
в простейшем случае двумя параллельными проводниками тока, длина которых превышает 
длину волны передаваемых электромагнитных колебаний, а расстояние между проводниками 
значительно меньше длины волны. Подобная линия характеризуется четырьмя распределён-
ными параметрами, а именно омическим сопротивлением проводника, индуктивностью, элек-
троёмкостью и коэффициентом утечки. К левому концу линии подключен генератор сигнала, 
а правый заземлен, но некачественно. При передаче сигнала ток и напряжение совершают ма-
лые колебания. Управлением является напряжение на левом конце длинной линии, а помехой – 
напряжение на правом конце, величины которых ограничены. Границы их допустимых значе-
ний заданы. Величина совокупности внешних возмущений, действующих на проводник, точ-
но не известна, а заданы только её границы изменения. Цель исследования. Цель процесса 
управления заключается в том, чтобы в заданный момент времени среднее значение величины 
напряжения находилось в заданном промежутке. Это среднее значение вычисляется с помо-
щью заданной функции. Материалы и методы. Для решения поставленной задачи был при-
менен метод оптимизации гарантированного результата. Результаты. Был осуществлен пере-
ход к новой одномерной переменной, с помощью которой рассматриваемая задача была све-
дена к однотипной задаче управления при наличии помехи. Это позволило найти необходи-
мые и достаточные условия, при выполнении которых можно осуществить поставленные це-
ли при любой допустимой совокупности внешних возмущений и помехе на правом конце. 
Предложен соответствующий алгоритм построения закона изменения напряжения на левом 
конце проводника. Разобран пример, который наглядно показывает, как строится управление, 
гарантирующее достижение поставленной цели. Заключение. Если выполнены найденные не-
обходимые и достаточные условия, то всегда можно построить такой закон изменения напря-
жения на левом конце, который приведет к достижению цели при любой допустимой помехе.  

Ключевые слова: управление, телеграфные уравнения, гарантированный результат, по-
меха, длинная линия. 
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