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Introduction 
Let Ω ⊂ ℝ  be a bounded domain with a bound 휕Ω from class 퐶 . Consider the Dirichlet problem 

in the cylinder Ω × ℝ for Sobolev type equation 
(휆 − Δ)푥 = 푎(푡)Δ푥 + 푢,                    (1) 

that simulates the dynamics of the fluid pressure filters in fractured porous medium [1]. In equation 
휆 ∈ ℝ is a real parameter and a scalar function 푎: ℝ → ℝ , characterize the environment, and 휆 can 
take negative values. Vector-function 푢: ℝ → 퐿 (Ω) is a control function and characterizes the out influ-
ences on the system. 

Equation (1) belongs to a class of Sobolev type equations [2], constitutes a large class of non-
classical equations of mathematical physics [3–5]. Let’s note that in contrast to earlier equation (1) stu-
dies (see for example [2]), we consider the equation (1) with a coefficient that depends on time. 

Introduce the quality functional  

퐽(푢) = ∑ ∫ 푧( )(푡) − 푧( )(푡)
ℨ

푑푡 + ∫ 〈푢( )(푡), 푢( )(푡)〉픘푑푡 , 푧 = 퐶푥,        (2) 

where 픘 and ℨ are Hilbert spaces, 푇 ∈ ℝ , 퐶 ∈ 풞ℓ(픛, ℨ), 푧  is planned state of the system. Our task is 
to find the optimal control 푣, which minimizes functional (2) at a closed convex subset for equation (1) 
with Showalter – Sidorov condition [6]: 

푃(푥(0) − 푥 ) = 0.                     (3) 
 
1. Abstract results 
Let 픛, 픜 be Banach spaces, operator 퐿 ∈ ℒ(픛; 픜) with nontrivial kernel ker퐿 ≠ {0}, operator 

푀 ∈ 풞ℓ(픛; 픜). 
The sets 휌 (푀) = {휇 ∈ ℂ: (휇퐿 − 푀) ∈ ℒ(픛, 픜)} and 휎 (푀) = ℂ\휌 (푀) are called respectively 

L-resolvent set and L-spectrum of the operator 푀.  
On condition ker 퐿 ∩ ker 푀 = {0}, then 휌 (푀) = ∅. 
Operator-function (휇퐿 − 푀) , 푅 (푀) = (휇퐿 − 푀) 퐿, 퐿 (푀) = 퐿(휇퐿 − 푀)  are called respec-

tively a resolvent, right resolvent, and left resolvent of an operator 푀 with respect to the operator 퐿  
(or briefly L-resolvent, right L-resolvent, and left L-resolvent of an operator 푀 correspondingly). 

Definition 1. Operator 푀 is called spectrally bounded with respect to the operator 퐿 (or briefly 
(퐿, 휎)-bounded), if ∃푟 > 0 ∀휇 ∈ ℂ (|휇| > 푟) ⟹ (휇 ∈ 휌 (푀)). 

Let the operator 푀 be (퐿, 휎)-bounded, choose in complex subspace ℂ the counter 훾 = {휇 ∈ ℂ: 
|휇| = 푅 > 푟}. Let us consider integrals of F. Riss type  

푃 = ∫ (휇퐿 − 푀) 퐿푑휇 , 푄 = ∫ 퐿(휇퐿 − 푀) 푑휇. 
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Operators 푃 and 푄 are projectors. Let’s denote 픛 = ker 푃, 픜 = ker 푄, 픛 = im 푃, 픜 = im 푄, 
then 픛 = 픛 ⨁픛 , 픜 = 픜 ⨁픜 . Let the restriction of the operator 퐿(푀) to 픛  dom푀 = dom푀 ∩  픛 , 
푘 = 0, 1 is denoted by 퐿 (푀 ).  

In addition through 휎 (푀 ) is denoted the set ℂ\휌 (푀 ) – 퐿 -spectrum of the operator 푀 . 
Theorem 1. [2] Let operator 푀 be (퐿, 휎)-bounded. Then 
1) 퐿 ∈ ℒ 픛 ; 픜 , 푘 =0, 1; 
2) 푀 ∈ 풞ℓ(픛 ; 픜 ), 푀 ∈ 풞ℓ(픛 ; 픜 ); 
3) there exists an operator 퐿 ∈ ℒ(픜 ; 픛 ); 
4) 휎 (푀 ) = ∅, in particular, there exists an operator 푀 ∈ ℒ(픜 ; 픛 ); 
5) there is an analytic solving semigroup {푋 ∈ ℒ(픛): 푡 ∈ ℝ}  of equation 퐿푥̇(푡) = 푀푥(푡)  

({푌 ∈ ℒ(픜): 푡 ∈ ℝ} for 퐿(훼퐿 − 푀) 푦̇(푡) = 푀(훼퐿 − 푀) 푦(푡) when 훼 ∈ 휌 (푀)), form 

푋 = 푒 푃 = ∫ 푅 (푀)푒 푑휇 푌 = 푒 푄 = ∫ 퐿 (푀)푒 푑휇 . 

Definition 2. If operator M is (퐿, 휎)-bounded let introduce operators 퐻 = 푀 퐿 ∈ ℒ(픛 ) and 
푆 = 퐿 푀 ∈ ℒ(픛 ). In this case  

 if 퐻 = 핆, then the point ∞ is called a removable singularity of the 퐿-resolvent of the operator 푀 
and operator 푀 is (퐿, 0)-bounded;  

 if 퐻 ≠ 핆, а 퐻 = 핆, then the point ∞ is called pole of order  푝 ∈ ℕ of the 퐿-resolvent of the 
operator 푀 and operator 푀 is (퐿, 푝)-bounded;  

 if ∀푝 ∈ ℕ 퐻 ≠ 핆, then the point ∞ is called essential singularity of the 퐿-resolvent of the opera-
tor 푀 and operator 푀 is (퐿, ∞)-bounded. 

Through 핆 is denoted the zero operator defined on the space 픛 . 
Consider the space 퐻 (픜) = {휉 ∈ 퐿 (Ω; 픜): 휉( ) ∈ 퐿 (Ω; 픜), 푝 ∈ (ℕ ∪ 0), Ω ∈ ℝ }, that is 

Hilbert space because of  픜 is Hilbert space with the scalar product 

[휉, 휂] = ∑ ∫ 〈휉( ), 휂( )〉픜 푑푡. 
Let 픛, 픜, 픘 be Hilbert space. In the domain  Ω ∈ ℝ  consider Showalter–Sidorov (4) condition for 

the Sobolev type equation [2] 
푥̇(푡) = 푎(푡)푀푥(푡) + 푢(푡).                   (4) 

Here 퐿 ∈ ℒ(픛; 픜), 푀 ∈ 풞ℓ(픛; 픜), scalar function 푎: ℝ → ℝ , function 푢: ℝ → 퐿 (Ω) is a control func-
tion. 

Theorem 2. Let the operator be 푀 (퐿, 푝)-bounded, 푝 ∈ {0} ∪ ℕ, then for every 푥 ∈ 픛,  
푎 ∈ 퐶 ([0, 푇); ℝ ) ([0, 푇) ⊂ ℝ , 푇 < +∞) there exists a unique solution 푥 ∈ 퐻 (픛) of the problem  
(3), (4) of the form 

푥(푡) = 푋∫ ( ) 푃푥 + ∫ 푋∫ ( ) 퐿 푄푢(푠)푑푠 + ∑ 퐻 퐿 (퐼 − 푄)
( )

( )
( )

,      (5) 

where the expression ( )  in the last  component is consistent application of the operator 푘 times. 
The proof of this theorem in a more general case is given in [7]. 
Let us consider the optimal control problem. Separate in space 퐻 (픘) closed and convex subset 

퐻 (픘) = 픘  is the set of admissible controls. 
Definition 3. Vector function 푣 is optimal control of the solutions of problem (3), (4) with func-

tional (2), if 
퐽(푣) = min ∈픘 퐽(푢),                     (6) 

where 푥 ∈ 퐻 (픛), constructed from 푢 ∈ 픘 , is the solution of problem (1), (3). 
Theorem 3. Let operator 푀 be (퐿, 푝)-bounded, 푝 ∈ {0} ∪ ℕ, function 푎 ∈ 퐶 (ℝ ; ℝ ) is sepa-

rated from zero. Then for every 푥 ∈ 픛 there exists unique optimal control  푣 ∈ 픘  for problems (3), (4), 
(6) with functional (2). 

Theorem 3 follows from the form of the solution (5). For details, see [7]. 
The first results of the optimal control for linear Sobolev type equation can be found in [2].  

The optimal control problem for non-linear Sobolev type equation is considered in the monograph [8]. 
Also recently the optimal control over solutions of the Sobolev type equations considered for various 
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models [9, 10]. As for the non-stationary Sobolev type equations  for equation (4) in the case of relatively 
p-sectorial [2] is considered  in work [7], and in a more general setting, where the operator M is an ope-
rator-valued function of the variable t, the optimal control problem is considered in [11]. 

Following [12] let’s describe the approximate solution of the problem of the optimal  measurement. 
Replace the control space for finite-dimensional space 픘 = 퐻 (ℝ ) vector-polynomials of the form 
푢 = 푢 (푡), where 

푢 = col ∑ 푐 푡 , ∑ 푐 푡 , … , ∑ 푐 푡 , … . 
Counting the form (5), it is necessary that 푙 > 푝. Substituting 푢  instead 푢 in (2), (5) and considering the 
optimal control problem 퐽 푣 = min ∈픘 퐽 푢  let’s obtain the solution (푣 , 푥 ), where 푥 = 푥(푣 , 푡). 

 
2. Barenblatt – Zheltov – Kochin model  
Let consider Barenvlatt – Zheltov – Kochin equation [1] 
(휆 − Δ)푥 = 푎Δ푥 + 푢,                    (7) 

which simulates the dynamics of the fluid pressure filters in fractured porous medium Furthermore,  
equation (7) describes flow of the second-order fluid [13], process of moisture transfer in the soil [15] 
and other. 

In equation 휆 ∈ ℝ is a real parameter characterizes the environment; 휆 can take negative values [2]. 
In the Barenvlatt – Zheltov – Kochin model (7) parameter 푎 is composite parameter value [1], depending 
on the fluid properties and fluid permeability of the system and corresponds to cracks and porosity and 
compressibility of blocks. Its value is determined by the formula 

푎 =
( )

, 

where 훼  is the dimensionless characteristic fractured medium, 휇 is the liquid viscosity, 푚  is porosity 
value blocks at standard pressure, 훽  is compressibility coefficient of blocks, 훽 is compressibility coeffi-
cient of liquid [1]. To improve the adequacy of the model to real physical processes, coefficient 훽  and 훽 
advisable to take time-dependent and consider this parameter 푎 as a time dependent scalar function 
푎: ℝ → ℝ . 

For the reduction of (1) to the Sobolev type equation (4) let’s take a bounded domain Ω ∈ ℝ  with 
boundary 휕Ω of class 퐶 . Let find the function 푥 = 푥(푡, 푠 , 푠 ), defined in the cylinder Ω × ℝ satisfying 
the equation (1), the initial condition (3) and the boundary condition 

푥(푡, 푠) = 0, 푠 ∈ 휕Ω.                     (8) 
In this case problems (3), (8) for equation (1) are reduced to the abstract problem (3) for the equa-

tion (4), taking as Sobolev spaces 픛, 픜, where  
픛 = {푥 ∈ 푊 (Ω): 푥(푠) = 0, 푠 ∈ 휕Ω}, 픜 = 푊 (Ω), 1 < 푝 < ∞, 푘 = 0, 1,...        (9) 
Then the operators take the form 
퐿 = 휆 − ∆: 픛 → 픜, 푀 = ∆: 픛 → 픜.                (10) 
Lemma 1. [2] Let the spaces 픛, 픜 is defined in (9), the operators 퐿, 푀 is defined in (10). Then ope-

rator 푀 is (퐿, 0)-bounded. 
In condition lemma 1 the existence theorem of solution for the Barenblatt – Zheltov – Cochin equa-

tion is fair. 
Theorem 4. Operator 푀 is (퐿, 0)-bounded, λ ∈ ℝ, 푎 ∈ 퐶 (ℝ ; ℝ ), 푢 ∈ 퐻 (픘). Then there exists 

a unique solution the problems  (3), (8) for equation (1) represented by the form 

푥(푡) = ∑ 푒 ∫ ( )
(푥 , 휑 )휑∈ℕ: + ∑ ∫ 푒 ∫ ( )

∈ℕ:
( ( ), ) 휑 푑푠 −  

− ( )
∑ (푢, 휑 )휑∈ℕ: .                 (11) 

Here {휑 } and {휆 } are the set of orthon set of orthonormal eigenfunctions and the corresponding eigen-
values of the Dirichlet problem for the Laplace operator in Ω, indexed descending eigenvalues with mul-
tiplicities. Here accounting the possibility of getting the parameter 휆 in the relative L-spectrum of the 
operator 푀, where 휆 = 휆 . 
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3.  Numerical experiment 
Based on the obtained results numerical method for solving optimal control problem has been de-

signed for non-stationary model Barenblatt-Zheltov-Kochina in some domain. 
Let consider the basic steps of an algorithm for finding the optimal control problem solutions. 
Step 1. Input parameters 휆, 푎(푡), the boundary condition 푥(푡, 푠) = 0, 푠 ∈ 휕Ω, initial condition of 

problem 푥  and planned state system 푥 . 
Step 2. Generation type component of optimal control in the form of a polynomial  
푢 (푡) = col ∑ 푐 푡 , ∑ 푐 푡 , … , ∑ 푐 푡 , … . 
Step 3. Computation of the solution of the problem Showalter-Sidorova (3) for the equation (1) with 

the condition (8) in the form 

푥 (푡) = 푒 ∫ ( ) (푥 , 휑 )휑
∈ℕ:

+ 푒 ∫ ( )

∈ℕ:

푢 (푠), 휑
휆 − 휆

휑 푑푠 − 

− ( )
∑ 푢 , 휑 휑∈ℕ: . 

Step 4. Building the functional  

퐽 푢 = ∑ ∫ 푥( )(푡) − 푥( )(푡)
ℨ

푑푡 + ∫ 〈 푢 (푡)
( )

, 푢 (푡)
( )〉픘 푑푡    

and closed convex subset of admissible controls 푢 (푡)
ℨ < 1. 

Step 5. On the subset of admissible controls with built-in procedure for finding extrema of functions 
of several variables in a system of 14 Maple calculated minimum of the functional 퐽 푢 . 

Let consider an example illustrating the results obtained above. Required to find the solution (1), 
(3), (8) for the following parameters. Let 푙 = 2, 푁 = 4. Domain Ω = {(푠 , 푠 ) ∈ ℝ : 0 ≤ 푠 ≤ 1,0 ≤
≤ 푠 ≤ 1} ⊂ ℝ . The initial condition is given in the form 

푥(0, 푠 , 푠 ) = sin(휋푠 ) sin(휋푠 ) + sin(2휋푠 ) sin(휋푠 ) +  
+sin(휋푠 ) sin(2휋푠 ) + sin(2휋푠 ) sin(2휋푠 ). 
Planned state at the final time has the form (fig. 1) 
푥 (푡, 푠 , 푠 ) = (푡 + 1)(sin(휋푠 ) sin(휋푠 ) + sin(2휋푠 ) sin(휋푠 ) +  
+ sin(휋푠 ) sin(2휋푠 ) + sin(2휋푠 ) sin(2휋푠 )). 

 

  
Fig. 1. Required state at the final time 

 
The function 푎(휏) = , parameter 휆 = −5휋  (coincides with a second eigenvalue), 푡 = 1. Substi-

tuting these parameters in (11) and solving the optimal control problem (6) with the functional (2) let 
find the function 푣. 

The resulting solution of the problem of optimal control in the final time is shown in fig. 2. 
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Fig. 2. Solution of the optimal control problem at the final time 

 
Fig. 3 shows graphs of solutions of optimal control (solid line) and the planned state (dashed line). 

As seen from the results obtained by routine monitoring and close decision in the integral sense. 
 

 
Fig. 3. Required observation and solution  

of the optimal control problem at the final time 
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УДК 517.93 

ЗАДАЧА ОПТИМАЛЬНОГО УПРАВЛЕНИЯ  
РЕШЕНИЯМИ НЕСТАЦИОНАРНОЙ МОДЕЛИ  
БАРЕНБЛАТТА – ЖЕЛТОВА – КОЧИНОЙ 
М.А. Сагадеева, А.Д. Бадоян  
 

В статье рассматривается задача оптимального управления решениями задачи 
Шоуолтера – Сидорова для нестационарного уравнения Баренблатта – Желтова – 
Кочиной. В работе представлен алгоритм численного решения задачи оптимального 
управления. В заключительной части приводится вычисленный эксперимент для 
нестационарного уравнения Баренблатта – Желтова – Кочиной, рассмотренной на 
прямоугольнике. 

Ключевые слова: нестационарные уравнения соболевского типа, задача опти-
мального управления, задача Шоуолтера – Сидорова, модель Баренблатта – Жел-
това – Кочиной. 
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