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The problem of optimal control over solutions for the Barenblatt— Zheltov— Cochina
nonstationary equation with Showalter — Sidorov condition is studied in this article. This
study presents a numerical algorithm for solving optimal control problems. In the final
part there is a numerical experiment for Barenblatt—Zheltov—Cochin non-stationary
equation considered on a rectangle.
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Introduction

Let QO ¢ R™ be a bounded domain with a bound dQ from class C®. Consider the Dirichlet problem
in the cylinder () X R for Sobolev type equation

(A =DN)x = a(t)Ax + u, (1)
that simulates the dynamics of the fluid pressure filters in fractured porous medium [1]. In equation
A € R is a real parameter and a scalar function a: R, — R, characterize the environment, and A can
take negative values. Vector-function u: R = L, () is a control function and characterizes the out influ-
ences on the system.

Equation (1) belongs to a class of Sobolev type equations [2], constitutes a large class of non-
classical equations of mathematical physics [3—5]. Let’s note that in contrast to earlier equation (1) stu-
dies (see for example [2]), we consider the equation (1) with a coefficient that depends on time.

Introduce the quality functional

1 = Zheo(Jy 290 = 2P @) de + [ @@ ©,u®@de) 2 = cx, @

where U and 3 are Hilbert spaces, T € R, C € C#(X,3), z,4 is planned state of the system. Our task is
to find the optimal control v, which minimizes functional (2) at a closed convex subset for equation (1)
with Showalter — Sidorov condition [6]:

P(x(0) — xo) = 0. (3)

1. Abstract results

Let X, 29 be Banach spaces, operator L € L(X;9)) with nontrivial kernel kerL # {0}, operator
M € C£(%;9).

The sets p“(M) = {u € C: (uL — M)~ € L(X,9)} and oL (M) = C\pL (M) are called respectively
L-resolvent set and L-spectrum of the operator M.

On condition ker L N ker M = {0}, then p’ (M) = @.

Operator-function (uL — M)™%, Rj(M) = (uL — M)™'L, L;;(M) = L(uL — M)~ are called respec-
tively a resolvent, right resolvent, and left resolvent of an operator M with respect to the operator L
(or briefly L-resolvent, right L-resolvent, and left L-resolvent of an operator M correspondingly).

Definition 1. Operator M is called spectrally bounded with respect to the operator L (or briefly
(L, 0)-bounded), if 3r > 0Vu € C (u| > r) = (u € p*(M)).

Let the operator M be (L, o)-bounded, choose in complex subspace C the counter y = {u € C:
|u| = R > r}. Let us consider integrals of F. Riss type

1

_ 1 —
P="2f (uL—M)"'Ldu,Q == L(uL— M) "dp.

2mi
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Operators P and Q are projectors. Let’s denote ¥° = ker P, 9° = kerQ, ¥! =imP, 9! =imQ,
then X = X°@x, 9 = P°DY". Let the restriction of the operator L(M) to X¥ (domM,;, = domM n X¥),
k =0, 1 is denoted by L (M,).

In addition through o (M,,) is denoted the set C\p“k (My) — Li-spectrum of the operator M.

Theorem 1. [2] Let operator M be (L, )-bounded. Then

1) L € L(X*;9%),k =0, 1;

2) My € C£(X%;,9%), M, € C£(X%;DY);

3) there exists an operator L7t € L(DY; ¥1);

4) ol (My) = @, in particular, there exists an operator My* € L(9°; X°);

5) there is an analytic solving semigroup {X' € L(X):t € R} of equation Lx(t) = Mx(t)
(Yt € L(Y):t € R} for L(aL — M)~ 1y(t) = M(aL — M)~ 1y(t) when a € pt(M)), form

Xt=eti'Mp = [ RE(M)ertdp (Y =™l Q == [ LL(M)e du).

Definition 2. If operator M is (L,o)-bounded let introduce operators H = My 1L, € L(X°) and
S =L7M; € L(XY). In this case

o if H = Q, then the point oo is called a removable singularity of the L-resolvent of the operator M
and operator M is (L, 0)-bounded,

e if HP? # @, a HP*! = 0, then the point o is called pole of order p € N of the L-resolvent of the
operator M and operator M is (L, p)-bounded,

¢ if Vp € N HP # Q, then the point oo is called essential singularity of the L-resolvent of the opera-
tor M and operator M is (L, 0)-bounded.

Through © is denoted the zero operator defined on the space X°.

Consider the space HP*1(9) = {& € L,(2;9):EP*V € L,(Q;9), p € (NU 0),Q € R"}, that is
Hilbert space because of 9) is Hilbert space with the scalar product

[€,n] = X050 J (€@, @)y dt.

Let X,9), U be Hilbert space. In the domain Q € R™ consider Showalter—Sidorov (4) condition for
the Sobolev type equation [2]

x(t) = a(t)Mx(t) + u(t). 4
Here L € L(X;9), M € C£(X; ), scalar function a: R, - R, function u: R = L,(Q) is a control func-
tion.

Theorem 2. Let the operator be M (L,p)-bounded, p € {0} UN, then for every x, € X,
a € CP*1([0,T); R,) ([0,T) € Ry, T < 4) there exists a unique solution x € H*(X) of the problem
(3), (4) of the form

1 d

t t
x(t) = Xhoa®dipy 4 fOtst L LT Qu(s)ds + Xh o HF LT (I - Q) (a(t) E)

kuw

= (5)

k
. 1 d\F. . : Lo .
where the expression (E E) in the last component is consistent application of the operator k times.

The proof of this theorem in a more general case is given in [7].

Let us consider the optimal control problem. Separate in space HP*1(1) closed and convex subset
Hg“(ll) = U is the set of admissible controls.

Definition 3. Vector function v is optimal control of the solutions of problem (3), (4) with func-
tional (2), if

J(W) = minyey, J (W), (6)
where x € H(¥), constructed from u € Uy, is the solution of problem (1), (3).

Theorem 3. Let operator M be (L, p)-bounded, p € {0} U N, function a € CP*1(R,;R,) is sepa-
rated from zero. Then for every xo € X there exists unique optimal control v € Uy for problems (3), (4),
(6) with functional (2).

Theorem 3 follows from the form of the solution (5). For details, see [7].

The first results of the optimal control for linear Sobolev type equation can be found in [2].
The optimal control problem for non-linear Sobolev type equation is considered in the monograph [8].
Also recently the optimal control over solutions of the Sobolev type equations considered for various
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models [9, 10]. As for the non-stationary Sobolev type equations for equation (4) in the case of relatively
p-sectorial [2] is considered in work [7], and in a more general setting, where the operator M is an ope-
rator-valued function of the variable ¢, the optimal control problem is considered in [11].

Following [12] let’s describe the approximate solution of the problem of the optimal measurement.

Replace the control space for finite-dimensional space U! = H lp +1(]R") vector-polynomials of the form

ul = ul(t), where

ut = col(Thogerjt! , Xhogcait! o, Thog eyt o).
Counting the form (5), it is necessary that [ > p. Substituting u' instead u in (2), (5) and considering the
optimal control problem J (vl) = min i,/ (ul) let’s obtain the solution (v!, x!), where x! = x (v}, t).

2. Barenblatt— Zheltov — Kochin model

Let consider Barenvlatt— Zheltov— Kochin equation [1]

(A= A)x; = alx + u, (7)
which simulates the dynamics of the fluid pressure filters in fractured porous medium Furthermore,
equation (7) describes flow of the second-order fluid [13], process of moisture transfer in the soil [15]
and other.

In equation 4 € R is a real parameter characterizes the environment; A can take negative values [2].
In the Barenvlatt— Zheltov — Kochin model (7) parameter a is composite parameter value [1], depending
on the fluid properties and fluid permeability of the system and corresponds to cracks and porosity and
compressibility of blocks. Its value is determined by the formula

a1

¢ uBrrmapy
where a; is the dimensionless characteristic fractured medium, y is the liquid viscosity, mg is porosity
value blocks at standard pressure, 5; is compressibility coefficient of blocks, 8 is compressibility coeffi-
cient of liquid [1]. To improve the adequacy of the model to real physical processes, coefficient f; and 8
advisable to take time-dependent and consider this parameter a as a time dependent scalar function
a:R, - R,.

For the reduction of (1) to the Sobolev type equation (4) let’s take a bounded domain Q € R™ with
boundary 0 of class C. Let find the function x = x(t, s1, S;), defined in the cylinder Q X R satisfying
the equation (1), the initial condition (3) and the boundary condition

x(t,s) =0, s € 0Q. (®)

In this case problems (3), (8) for equation (1) are reduced to the abstract problem (3) for the equa-
tion (4), taking as Sobolev spaces X, ), where

X={xeWl?@Q):x(s)=0,5€00},9=W(Q),1<p<owk=0,1,. )
Then the operators take the form
L=A-AX->Y M=AX->9. (10)

Lemma 1. [2] Let the spaces X, ) is defined in (9), the operators L, M is defined in (10). Then ope-
rator M is (L, 0)-bounded.

In condition lemma 1 the existence theorem of solution for the Barenblatt— Zheltov— Cochin equa-
tion is fair.

Theorem 4. Operator M is (L,0)-bounded, X € R, a € C*(Ry;R,), u € HY(W). Then there exists
a unique solution the problems (3), (8) for equation (1) represented by the form

2t a(r)a et oo
x(t) = Ykenaza e “O o i) r + Sienaen [, €4 e T%ﬁk)‘l’kds -
1 o
~ aoa 2keNa=a (W )P (11)

Here {¢,} and {4, } are the set of orthon set of orthonormal eigenfunctions and the corresponding eigen-
values of the Dirichlet problem for the Laplace operator in , indexed descending eigenvalues with mul-
tiplicities. Here accounting the possibility of getting the parameter A in the relative L-spectrum of the
operator M, where A = A,,.
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3. Numerical experiment

Based on the obtained results numerical method for solving optimal control problem has been de-
signed for non-stationary model Barenblatt-Zheltov-Kochina in some domain.

Let consider the basic steps of an algorithm for finding the optimal control problem solutions.

Step 1. Input parameters A, a(t), the boundary condition x(t,s) = 0, s € 04, initial condition of
problem x,, and planned state system x,.

Step 2. Generation type component of optimal control in the form of a polynomial

ul(t) = col(2§-=0 cljtj »Z§'=o czjtj, ...,Zﬁ-=0 cnjtj, )
Step 3. Computation of the solution of the problem Showalter-Sidorova (3) for the equation (1) with

the condition (8) in the form
t

Akt N Akt ul(s ,
2y (£) = Z oA~y do a(r)dr(xO’ 0P + Z J oA—Ar s amdqu)kds _
keNAL#A keN:Ay#2 A=A
1 o
- mzkeNilk=l(ul' (pm)(pm‘
Step 4. Building the functional
T 2 T (@ (@
1) = Sheo (f7 1@ @ ~x @@ de+ (@), @ ©) dt)

. 2
and closed convex subset of admissible controls ||ul(t)|| 3 < 1.

Step 5. On the subset of admissible controls with built-in procedure for finding extrema of functions
of several variables in a system of 14 Maple calculated minimum of the functional J (ul).

Let consider an example illustrating the results obtained above. Required to find the solution (1),
(3), (8) for the following parameters. Let [ = 2, N = 4. Domain Q = {(s;,5,) E R%:0 <5, <1,0 <
< s, < 1} c R? The initial condition is given in the form

x(0,s4,s,) = sin(ms,) sin(ms,) + sin(2ms;) sin(ws,) +

+sin(ms,) sin(2ms,) + sin(2ms;) sin(27ws,).

Planned state at the final time has the form (fig. 1)

xq(t,s1,8,) = (t + 1)(sin(ws,) sin(ms,) + sin(2ms;) sin(ws,) +

+ sin(ms;) sin(2ms,) + sin(2ms;) sin(27s,)).

0 02 04 06 0.8 1

Fig. 1. Required state at the final time

The function a(t) = i, parameter A = —5m? (coincides with a second eigenvalue), t = 1. Substi-
tuting these parameters in (11) and solving the optimal control problem (6) with the functional (2) let
find the function v.

The resulting solution of the problem of optimal control in the final time is shown in fig. 2.
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Fig. 2. Solution of the optimal control problem at the final time

Fig. 3 shows graphs of solutions of optimal control (solid line) and the planned state (dashed line).
As seen from the results obtained by routine monitoring and close decision in the integral sense.

Fig. 3. Required observation and solution
of the optimal control problem at the final time
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YOK 517.93

3AO0AYA ONTUMAIIBHOIO YNMPABJIEHUA
PELUEHUAMWU HECTALIMOHAPHOW MOAENN
BAPEHBJIATTA - XEJITOBA - KOHNHOU

M.A. Cazadeeea, A.[]. BadosiH

B crarbe paccmarpuBaercs 3aada ONTUMAJIBHOTO YIPABJICHHs PELICHUSIMHU 33/1a41
[Moyonrtepa—CumgopoBa A HeCTAMOHAPHOTO ypaBHeHus bapenGnarra—KentoBa—
Kounnoii. B pabote npeacranieH ajJroputM YUCICHHOTO PELICHUS 3a/1a4d OITUMAJIBHOTO
yhnpaBieHus. B 3aKiIOYUTENbHON YacTH TPUBOAMUTCS BBIUYHUCICHHBIA 3KCIIEPUMEHT IS
HecTaloHapHoro ypaBHeHus bapenOnarta—KenrtoBa—KounHol, paccMOTpeHHOW Ha
MPSMOYTOJbHUKE.

Kniouesvie crosa: necmayuonaphule ypasnenus coboie6ckozo mund, 3a0a4a onmu-
ManvHo2o ynpaenenus, 3aoaua Llloyormepa— Cudoposa, modenv Bapenbramma— XKen-
mosa — Kouumnoii.
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