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Ob OLIEHKE NMOINrPEWWHOCTU PEIYNAPU3YIOLWLEIO AJITOPUTMA,
OCHOBAHHOI'O HA OBOBUIEHHOM METOAE HEBA3KW,
NnPU PELWLEHWUN MHTETPAJIbHbIX YPABHEHUA

B.Il. TanaHa, A.N. Cudukoea, E.FO. BuwHsikoe

[Ipn MaTeMaTH4eCKOM MOJEIMPOBAHNHM MHOTHX IIPOIIECCOB M SIBICHUH, IPOUCXOIS-
IIUX B IPUPOJE U OOIIECTBE, IPUXOANUTCS CTAIKUBATHECS C 3aJadaMi, He yIOBICTBOPSIO-
IIMMH yCIIOBUSIM KOPPEKTHOCTH Anamapa. OCHOBHOM TPYJHOCTBIO PEILICHUS TaKUX 3a1a4
SBJISETCA TO, YTO MX MaTeMaTHuYecKas MOJENb M METOX JOJDKHBI OBITh YBS3aHBI IPYT C
npyrom. Takue 3a1a4n Ha3bIBAIOT HEKOPPEKTHO MOCTaBICHHBIMH. OCHOBBI TEOPHH MOJIE-
JUPOBAHUA M PEUICHHUS TaKUX 3a7a4 OBIIH 3aJ0XeHbI B TpyAax akagemukoB A.H. Tuxo-
HoBa, M.M. JlaBpentbeBa u wi.-kopp. PAH B.K. VBaHosa.

g 3¢ dexTuBHOrO penieHns HeyCTOHUMBBIX 3a/1a4 K HACTOSIIEMY BPEMEHH CO37a-
HBI CTICIIMAIbHBIC PETyJISIpHBIE METO/bI, OCHOBAaHHBIEC HAa 3aMEHE UCXOAHOW HEKOPPEKTHOH
3aJa4yy 3a7a4eil WM IOCIIeI0BATEIbHOCTBIO 3aJa4 , KOPPEKTHBIX B OOBIYHOM CMBICIIE.

Hacrosmas ctaTbs OCBSIIIEHA OLIEHKE MOTPEITHOCTH PETyJIsIpU3YIOLIEro aJropuTMa,
OCHOBaHHOTO Ha 0000IIEHHOM METO/e HeBsI3KH. JlaHHas 3a7ada sABIAeTCS HEKOPPEKTHOM.
[Ipn omeHKe MOTPEIIHOCTH METOJOB PEIICHHsS HEKOPPEKTHO IOCTaBJIEHHBIX 3a7ad MPUXO-
JIUTCS CTAJIKUBATHCS C TPYAHOCTHIO, CBSI3AHHON C HEONPEIEeICHHOCThIO TOYHOTO PEIICHHUS,
MO3TOMY HeoOXoaHMa pa3paboTKa HOBBIX 3(D(EKTUBHBIX METOJOB PEIICHHUS TAaKUX 3a1ad,
OLICHKHU MX 3((PEKTHBHOCTU U pa3pabOTKH Ha MX OCHOBE MPOIPAMM JUIsl YUCICHHOTO pellie-
HHSl COOTBETCTBYIOIIMX 3a1ad. B HacTosimiel craTbe Ha OCHOBE OOOOIICHHOTO IPHHIMIA
HEBSI3KH MOJTy4eHa OL[EHKA OTPELTHOCTH IS TUCKPETU3NPOBAHHOTO PELICHUSI.

Kniouesvie cnosa: pezynspusayus, unmezpanbhoe ypagnenue, oyenka nocpeuHocmu,
HeKOppeKmuas 3a0aya.

MHorue 3a1a4d MaTeMaTu4eckoi (pU3uKH, aHainu3a U 00pabOTKH PE3yJbTaToB (QU3MUSCKUX IKCIIE-
PUMEHTOB CBOJATCS K MHTErpajJbHOMY YpaBHEeHHUIO | pona. JlaHHbIe ypaBHEHHUS OTHOCATCS K Kjaccy He-
KOPPEKTHO MIOCTABIICHHBIX 3a/1a4, TEOPHUsS KOTOPHIX B HACTOSINEE BpeMsi HHTEHCUBHO pa3BuBaeTcs. B pa-
6ote [1] ObLT IpeTOXKEH U 000CHOBAaH MeTO]] 000OIIIEHHON HEBSA3KH JIsI PEIICHUS OTIEPAaTOPHBIX YpaB-
HEHUI IepBOTro pojia C MPUOIIKEHHO 33JaHHBIM OTIEPaTOPOM.

IIpu pemeHnr HEKOPPEKTHBIX 3a/1a4 BAKHOE MECTO 3aHUMAET OIEHKA MOTPENIHOCTH PeryisIpr30-
BaHHOTO pemieHus. Kak mpaBuio, mociie Takod OIEHKH JAeNad AWCKPETH3AIMI0 3aJa4d, KOTopas He
YUHUTHIBAJIACh B OIICHKE. B HacTosieil crarbe Ha OCHOBE OOOOIICHHOIO MPUHIIMIIA HEBS3KU IOJIYyYCHA
OIICHKA MOTPEUTHOCTH JJISl TUCKPETU3UPOBAHHOTO PEILICHUS.

Kpowme Toro, B maHHO# CTaThe HA OCHOBE 3TOTO METOJa CTPOUTCS PETYISIPU3YIOIINN alTOPUTM TIPH-
OJIMDKEHHOTO PEILICHHSI MHTEIPANbHBIX YpaBHEHHUI MEPBOrO PO, a TAKKe MOJydYeHa OIEHKA TOYHOCTHU
3TOTO ANTOPUTMA.

ITocTanoBka 3agauu
PaCCMOTpI/IM HUHTCTPAJIBHOC YPABHCHUC IIEPBOI0O poJaa

b
Au(s)zIK(s,t)u(s)ds: f(0), c<t<d, (1)
rne K(s,t) e C([a,b]x[c,d]), u(s)eL,[c,d] nsanpo K(s,t) 3aMKHYTO.

Ipennoxxum, uto npu f(¢)= f,(¢) cymecTByeT TouHoe pemenue ypasHeHus (1) u,(s), koropoe

HPHHAICKUT MHOXKECTBY M, , TIie
b
M, =3u(s) : u(s),u'(s) e Ly[a,b], u(0) =0, _[[u ($)Pds<r?}, 2)

rae u'(s)— mpousBoziHas u(s) MO s . 3aMETHM, YTO PELIeHHE U,(S) €AMHCTBEHHO BBUJY 3aMKHYTOCTH
sinpa K (s,1).
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Kpome Toro, Oyaem cuuTarbh, yTO TOUHOE 3Ha4YeHHE f(f) HaM HEU3BECTHO, a BMECTO HEro JaHbI
Jfs(t) e Ly[c,d] n >0 rtakue, uTo

[50- %0, <s. (3)

TpeOyercst mo f5,0, M, onpenenuTs NpuOIMKEHHOE pelieHue ug(s) ypaBHeHus (1) u oleHHTb

HOPUONMKEHHOTO PELIEHUs OT TOYHOTO U ().

YKIIOHEHUE ||u5 (t) —uy (1)

[Ipeanonoxum, 4TO A YUCIEHHOTO pemieHus ypaBHenus (1) omeparop A HeymobeH u Tpebyet
3aMEHBI €r0 KOHEYHOMEPHBIM OIIepaTopoM A,, U KOTOPOTO M3BECTHA BEIMYMHA /1, OIpexenseMas

COOTHOIIICHUEM
|4, — 4||< 4,.
UrtoObI 3aMEHUTH oniepatop A KOHEYHOMEPHBIM, MOTpeOdyeM, 4To0sb! Aj1st Jroboro ¢ €[c,d |
K(s,t)e C'[a,b], “4)
a ¢pyukuus N(¢), onpenensemas GopMynoi
Ky(s,0)|, reled], (5)

N(t) = max
a<s<b

HpHUHAAJIEekKaIa IPOCTPaHCTBY L,[c,d].

s onpeneneHus oneparopa A, pa3o0beM OTpe3ok [a,b] Ha n paBHBIX YacTel M ONpeNenuM
(hyHKITIIO K, (t):

Ei(l) = K(El,t); §; <S<8;,,

i(b—a)
Si=a+ > i+l —
n n

a+(l+l)(b_a)a 5= S +2Si+1, i=0,1,..,n—1, (6)

K,(s;)=Ki(t); s;<s<s,,,, tele,d], i=0,1,..,n-1,

b
A,u(s) = [ K, (s,0u(s)ds; tele,d]. (7)
Uz (1), (4)”_(7) CJENyeT, YTO
|4, - A|<[NO] =2 =, ®

O0001IeHHBbII MeTO HEeBA3KH
Beenewm oneparop B, oroOpaxaromuii npoctpanctso L,[a,b] B L,[a,b], dopmymnoii

Bv(s) = [v(&)dE;  v(s), Bw(s)eLy[a,b]. 9)

O0001eHHBIH METO HEBSI3KHU, ciienys [1], 3akimodaeTcss B CBEJACHUM ITOCTABJICHHOW 3a/laud K Ba-
PpUALMOHHON

b
inf{j[u'(s)]zds . u(s) eW,[a;b], u(a)=0,
; ‘T 10
[j [A4,u(s) - fs(t)]zdt:l S[“u'(s)]zds:l |B| 4, + 8.

[IpuBeneHHBIN METO OTIMYACTCS OT KJIACCHYECKOTO 00OOIIEHHOTO METO/Ia HEBSA3KH MHOXKHTEIIEM
npu A, . 910 no3BossieT ceectu 3a1ady (10) k metony perynsapusaunu A. H. Tuxonosa [2]

b
inf {”A,,u(s) —fs (t)||2 +o j [u'(s)]*ds : u(s) e W, [a;b], u(a)= o}, a>0. (11)
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U3 [2] cremyeT CyliecTBOBAHUE M €MHCTBEHHOCTh PElIeHus ug, (s) BapuauuoHHoi 3amaun (11).
n

ITpu 5TOM 3HaueHue nmapamerpa o = o(4,, fs,h,,0) YIOBIETBOPSAET yPaBHEHUIO

|48y, ()~ 150, =| &, (s)]'HL |82, +8, (12)

e [ughn (s)] ~ Tpom3BOMHAs OT GYHKIMH Ug; (S) TIO s,

W3 [2] cnenyeT, 4TO MpH YCIOBUHU || Is (t)" L >5+“u6(s)

h, CylIeCTByeT €IMHCTBEHHOE PELICHHE

ypaBHenus (12).

Kpome Toro, npu BeITIONHEHNH 3TOTO YcroBus 3ana4a (10) sxBuBanenTHa 3aqa4e (11) ¢ mapameTpom o,
VAOBJIETBOPSIIOIUM 0000IIEHHOMY NPUHIUITY HeBsi3kH (12).

Cnenas 3ameny u(s) = Bv(s) B popmynax (11) u (12), cBenem 3amaay (11) u (12) k 3KBUBaIEHTHOU

inf{"Cnv(s)— £OF +ape)f : v eLz[a,b]}. (13)

O60o3Ha4YMM uepes vg‘,,n (s) pemenue 3amaun (13), B KOTOPOM 3HAUCHUE TTApaMeTpa a= a(An, Js.h,,9)

OIpeaACINM YPaBHECHUEM OTHOCHUTCIIBHO O

2
‘Cnvghn ()~ f3 (t)H = vsh, (S)H |B|| 2, +38, (14)
rne C, = A4,B.

Ecnu penrenue vg‘,,n (s) 3amaun (13), (14) 0603HaUMM Yepe3 Vs, (), TO pemenne 3axaun (11), (12)

orpenenutcs GopMyaon
uShn (S) = BVSh" (S)

Ucnonways (6), (7) u (9) momy4yum, 4To

n-1 _
C,,v(s)zZ(um —u;)Ki(2), (15)
i=0
e u; =u(s;), s, =a+ ib—a) , Ki(t)= K(g,t), 5=Si+lT+Si, uy =0.
Tenepp paccCMOTPUM BapUallMOHHYIO 3a]a4y
Si+l
inf{ [ [/ ()P ds : uls)eWyls;,si], uls) =y, ulsy) =t (- (16)

Si

Jlerko mpoBepuTh, uTO pemenue u(s) 3aga4un (16) Oymet UMeTs BUA

5=
u(s)=u; + L

— (WU —u;); 8, <8<, 17)

Sitl i
U3 (17) cnenyer, uto

: n
v(s)=u (S):E(uiﬂ —u;); S SS<Sp. (18)
IToncrasnss (15) u (18) B Bapuanmonnyro 3agaudy (13), cBenem ee k ciemyromei
d[ n-1 2 (xn2 n—1 5
inf I D K Oy —u) = f5(0) | dt+ b—a) Dy —) iU € Ry 19)
cLi=0 —a) =0

Pemenue 3amauu (19) 0003HauMM uepe3 ;?, i=0,1,...,n—1. Torma, ucons3ys ycinosue (14), 3Ha-
YEHUE IapaMeTpa peryisapusanuu a= a(An , f5.h,,0) BbIOEpPEM U3 ypaBHEHHs
12
/ U
o a
=n| Y (wla-ud) | Bl +. (20)

i=0

d[ n-1 _ _ 2
J‘{ZKH—] (O i—ui) —fB(t)} dt

v Li=0
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OxoHyaTenbHOE pemeHue v, (s) 3agauu (19), (20) Oyner umeTs BUJ

Vﬁhn(S)Z{ﬁ(l/_l il—b_tl&) DS S8 <8 i=0,1,...,n—1}, 21

rae (u f‘) — pemenue 3amaqn (19), (20).

OueHka NorpemHocTd 00001IEHHOT0 METOIA HEBSI3KH

IepeiineM K OLIEHKE MOTPEITHOCTH “ush,, - uOH NPHOIMKCHHOTO PELICHNS gy, (s) ypaBHeHus (1) or
TOYHOTO U (s), TIe ug;, (s)=Bvg, (s), a vy, (s) onpenencH dhopmyioi (21).

Jlst sToro BBeneM (ynkimo o, (t,7) u o(t,7), T, >0 dhopmyramu

®, (1,7) = sup {Hu(s) —E(S)H ©u(s), u(s)eM,, HAu(s) - AL_t(S)H < r} (22)

u,u

o(t,r)= sup{”u(s)” cu(s)eM,, |Au(s)|| < r}, (23)

rae MHOXecTBO M, ompeneneHo Gopmysoii (2).
U3 (22) u (23) cnenyer, uyto
o, (t,7) = o(t,2r). (24)
Teopema 1.
[pennonoxum, 4to u, € M,, oneparop A, onpenenen opmymnoii (7), uncno h, — hopmymnoii (8),
a mpuOIMmKEeHHOE pelieHre ypaBHeHus (1) ug;, (s)=DBvg, (s), TIC Vg (5) OmpesencH dhopmynoit (21) u

"f 6” >r ||B ||hn + 6. Torma s npuOIMKESHHOTO PeILICHHS Ugp, CHPABEIINBA OLICHKA
Hush,, (s)—uy (S)H <20(r||B||h, +8.r) .

Joxka3arenbcerBo. Tak kak u,(s) € M,, To u3 (2) cnenyet, 4to
b

J.[”o (s)}2 ds <r. (25)
N3 (3) u (8) cnenyert, uto

4,10 () = f5]| < o | 22, + 5. (26)
Taxum o6pazom, u3 (25), (26) ciemyert, 9410

IC, o ()= f5] < |B| 1, + 8. (27)

W3 teopeMsl, nokazaHHOH B [2, ¢. 28], ciemyeT, 4YTO IpU yCIOBUU || f5|| > r||B||hn + 6 3amada (19),
(20) sxBHUBaNIEHTHA CIEAYIONIEH
inf {[v(s)||: v(s) € L[a,b], |C,v(s) - f3] <|B]|[v(s)]| B, + 8} (28)

Tak Kak 51eMEHT Vg, (s), ONpeIeNCHHbIH ¢dopmynoii (21), aeisiercs peieHneM 3agaqu (28), To u3

(25), (27) u (28) Oymer cienoBarhb, 4YTO

[vss, )] <7 (29)
a3 (29), 910 uy, (s)=Bvy, (s)€M,.

Beuny Toro, 4to

HAuﬁhn ()= fs H < HA”S;,,, (5) = A,ug, (S)H + ‘ Ayugy, (5)= 15 H <

<[t = 4, s, )]+ | s, ()= S5 (30)
aus (8), (9), (29) cnenyert, uto

4, ~ A s, )] < 7 |B] . (31)
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Ha ocHOBaHMH (28)—(31) momyunm, 4To

| 4,5, ()= 15| < 2r 1B, + 8. (32)
M3 (3) u (32) cnemyert, uTo

HAuﬁhn (s) - Auo(s)“ <2r||B|h, +28. (33)
M3 (22), (23), (29) u (33) caenyert, uTo

|5, (5) = o ()] < oy 2 | B + 28,27, (34)

W3 (24) u (34) cnenyer, 4to
s, ()~ o ()] < (2 B, + 25,20,

OKoHUaTEIbHO, UCIONB3Ys W3BECTHOE CBOMCTBO MOIYNS HEMPEPHIBHOCTH ®)(T,7), MPUBEACHHOE B
[2, c. 12], momy4mm, 4TO

HMShn (s)—u, (S)H <20(r ||B||hn +9,r).

Tem caMpIM TCOpEMa JOKa3aHa.
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ON ERROR ESTIMATES FOR REGULARIZING ALGORITHM
BASED ON GENERALIZED RESIDUAL METHOD
WHEN SOLVING INTEGRAL EQUATIONS
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It is necessary to solve problems that don't meet conditions of a Hadamard correct-
ness in case of mathematical simulation of many processes and the phenomena occurring
in the nature and society. The main difficulty in solving such problems is that mathemati-
cal model and method must be linked to one another. Such problems are called ill-posed
problems. The bases for the solution of such tasks were laid down in the works of acade-
micians A.N. Tikhonov, M.M. Lavrentiev, corresponding member V.K. Ivanov.

Special regular methods are created for an effective solution of unstable tasks, based
on changeover of the initial incorrect task by the task or sequence of tasks, incorrect in
normal sense.

This article is devoted to estimation error of regularizing algorithm based on genera-
lized residual method. The task is incorrect. We have a difficulty associated with the un-
certainly of the exact solution in case of the error evaluation of solution methods of
ill-posed problem. Therefore it is necessary to develop new effective methods of solution
of inverse problems of solid state physics, assess their effectiveness and develop the pro-
grams for numerical solution of these tasks. The error evaluation is received for the sam-
pled decision on the basis of the generalized residual method.

Keywords: regularization, integral equation, evaluation of inaccuracy, ill-posed
problem.
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