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A mathematical model of geodynamic disasters assessment, specifically earthquakes, based on
an analysis of geodynamic instability indirect indicators, namely, horizontal gradients of gravity
anomalies in isostatic reduction, is presented in this paper. Special attention is paid to the probability
mathematical model of assessment of seismic risks, the core of which is the representation of proba-
ble geodynamic states of geologic environment as a simplest event flow, followed by the construc-
tion of the Kolmogorov differential equations system. The principal results of the practical applica-
tion of the mathematical models developed by the authors to assess seismic risks exemplified by way
of the examples of the Baikal region and the north-western territory in Turkey are given and conside-
red herein.
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Introduction

The events occurred in Japan in March last year have clearly demonstrated the extreme vulnerabi-
lity both of the population and the territory to the realized hazardous natural processes of geodynamic
origin, to be more specific, to the climax of the high-energy seismic events, i.e., the earthquakes. There-
fore, the problems how to protect the population and the territories from dramatic effects of hazardous
natural and technogenic processes are at present time acute and critical practically for every country or
state, no matter what the location on the Earth.

It is evident that these problems cannot be solved if data on spatial distribution of such processes,
intensity of their effects and periodicity of their occurrence are not available. Conventionally, for this
purpose used are technologies of evaluation of dynamics of hazardous geodynamic processes on the ba-
sis of the known statistics data. But what should be done if no statistics data are available, or if they are
not sufficient? Or if it is required to assess the probability of seismic event realization for some specific
“point” objects?

In order to provide an efficient assessment of the geodynamic risks, an adequate high-quality moni-
toring of the geologic environment in these areas is required, which should be targeted to an estimation
of the dynamics of the hazardous geodynamic processes. Such monitoring is currently based either on
the methods of the conventional qualitative description or the performance of instrumentation investiga-
tions to trace the realization of the hazardous geodynamic events under real-time conditions. But both of
these approaches are not capable of supplying sufficient data enabling to take adequate preventive
measures within the high-risk territories.

In such a case, it is necessary to develop and use some modern mathematical models which should
provide for the proper assessment of the geodynamic risk areas in preventive manner. An entirely adequate
single approach and a new technology, based on mathematical methods, enabling us to solve the formula-
ted problem of the seismic risk estimation both in orogenic areas and platform territories are called for.

We succeeded in solving some individual issues of this problem previously [1-8]. So, among other
things, the assessments of the geodynamic risks for the central part of the Eastern-European platform as
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well as for a number of strategic, industrial and most critical objects [5—8] have been carried out by us
[1-3].

Our papers mentioned above contain both the mathematical models and the results of mathematical
modeling of the stressed-and-strained state of the geologic environment, on the basis of which the ap-
propriate geodynamic risk assessments for the territorial objects, varying in their length, have been com-
pleted by us.

In contrast to the conventional techniques, resting on application of statistics data only, the offered ma-
thematical models let us create plausible assessment & forecasting maps of equipotential distribution of geo-
dynamic risk index numbers for different territories, that is supported in the papers by the relevant test calcu-
lations and correlations between the results obtained in the calculations and the distributions of the hazardous
geodynamic events actually occurred in various regions in Russia as well in a number of other countries.

Let us consider what our seismic risk assessment technology represents which special features it
shows and what results may be achieved in applying our technology in practice.

Methods of Construction of Mathematical Models for Seismic Risk Assessment

The unique mathematical technology of an assessment of sites of probable occurrence of geody-
namic disasters, in particular, the earthquakes, developed from the outcomes of the long-time researches
by scientists from Russian New University (Moscow), rests on a numerical analysis of spatial distribu-
tion of geodynamic anomalies [9]. In other words, based on the analysis of indirect indicators of the ge-
odynamic instability, i.e., the horizontal gradients of the gravity anomalies in the isostatic reduction,
a mathematical model of the geologic environment of the studied territory is constructed, and, upon
the results of the mathematical modeling, the fields of the tectonic strains and the displacements in
the geologic environment for any depth level are reconstructed.

To illustrate this, let us depart from the real geologic environment and imagine a homogenous iso-
tropic elastic space of closed form, which takes the form of a parallelepiped, representing a certain
“plate” with the known averaged values of its density, shear modulus and Young modulus (or Lamé
constants). Let us also assume that we consider this environment (“the plate”) in terms of the Newton’s
law rheology, and that a distributed load or a distributed external force is applied to this “plate” that acts
strictly vertically from bottom upwards. Due to such action, the structurally inhomogeneous stress and
displacement fields appear in this isotropic environment (in “the plate”) (Fig. 1).

In this case, the distributed external force is P(x, ), the known discrete values of which are given
with a certain fixed pitch along axes X and Y, are represented as a row (1), i.e., the anomaly gravity field
is decomposed in the isostatic reduction into its constituent zonal harmonics as follows:
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the territory being considered, respectively; p(x,y) — the values of isostatic anomalies of the gravity
field (Fig. 2).
Then, the components of the stress tensor and those of the displacement vector in the geo-
environment should be represented in a similar way, e.g., for the normal components of the stress tensor
they are represented by the ratios of kind (2) as follows:
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where a e {x,y,z,}.

The proposed approach is cost-saving since no instrumentation surveys are required.

The mathematical model can be further improved (or refined) provided that the spatial distributions
of the density value and the values of the Lamé constants within the geo-environment volume are known
(so-called Model of Type III).
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Fig. 2. Another model of generation of stresses and displacement in geo-environment (Type Il Model)
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Finally, the most credible model should be the Model of Type IV, in which the Maxwell rheology
of the environment is treated. This model is of particular value for predicting purposes, since it makes
possible to take into account the seismic strain energy dissipation.

All above models have one important property in common only: they are capable of producing
a qualitative evaluation of the tensor stress and the displacement vector components in the geologic en-
vironment at the deterministic level. The subsequent mathematical processing of the obtained fields of
stresses and displacements makes possible to quantify such important characteristics of the geologic en-
vironment, which are critical for the seismic hazard assessment, like the relative density of the potential
energy of the strained rock in the geo-environment, the vertical and horizontal displacements occurring
in the geologic environment, the gradients of these displacements, that is added by mapping to show as-
sessing of the equipotential distribution of index numbers of hazards of geodynamic origin [10].

The data on territorial distribution of the said characteristics permit to proceed with the construction
of a probability mathematical model to assess geodynamic risks, which is labeled by us as the Model of
Type V. This model is based on representation of the probable geodynamic states of the geologic envi-
ronment as a simplest event flow, followed by the construction of the system of the Kolmogorov diffe-
rential equations to estimate the probability of finding the geo-environment in the above states [11].

Let us explain the essence of this model (Fig. 3). Assume that at the given time t, the volume of
the geo-environment has a certain energy parameter of exogenic geological processes (EGP) E, which
is a quantifiable characteristics of the energy of the processes in progress in the geo-environment vo-
lume.

A3

Fig. 3. Scheme of reciprocal transitions of the model volume
of the geo-environment by states 1, 2 and 3

In doing so, let us designate as state 1 such a state of the volume of the geo-environment, when
AE, = E| — Ey—> 0, i.e., when the volume of the geo-environment is in its stable equilibrium state (£, is
an EGP energy potential in the volume of the geo-environment at the time ¢,).

State 2 should be defined as a state of the geo-environment volume, when the geo-environment is in
the state of its unstable non-equilibrium, i.e., AE, = E, — E; > 0 (£, is an EGP energy parameter in
the volume of the geo-environment at the time 2,).

State 3 should be a quasi-equilibrium state of the geo-environment volume, when AF; = E; — E; > 0,
with AE} <AE; << AE, (£; is an EGP energy parameter in the volume of the geo-environment at
the time #;).

Thereafter, the changes in the above mentioned probabilities should be defined by the following
system of the Kolmogorov differential equations (3):

pi(t) =—ay3p (1) + 031 p3(0),
Pa(t) = =03 py () + 03, p3 (1),
P3(1) = o3Py (1) + Qp3 p5 (1) — (03 + 03 p3 (D),
P+ p () + p3() =1
In setting up the system of the equations for probabilities p,(¢), p»(¢) and p;(¢) of finding the envi-
ronment in states 1, 2 and 3, of great importance is the calculation of the numerical values of the intensi-

ties of the processes a;, representing physically a sum of the energy parameters of the processes in pro-
gress in the system, the completion of which lead to an immediate transition of the system from its state

3)
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i to the state j. The process intensities of the processes a,; are evaluated on the basis of the data on
the strain values, the vertical and horizontal displacements in the geo-environment as well as their gradi-
ents obtained from the respective mathematical modeling.

The models described herein have been successfully applied by us to the seismic risk assessments
for the Baikal region, the north-western territory in Turkey, and, first of all, to the Istanbul environs. Let
us present our principal results obtained therein.

Results of Mathematical Modeling

The similar model has been originally applied to the seismic risk assessment for the Baikal region
territory [12]. The map of the equipotential distribution of the complex geodynamic risk index numbers,
indicating in our case the probability of occurrence of a seismic event, that is constructed on the basis of
the computations and that depicts the plotted epicenters of the earthquakes, which actually took place
one year later upon the computation, has demonstrated the efficiency and the adequacy of our model:
the epicenters of the actual earthquakes are found on the map just at those sites which were derived from
our model as most hazardous with respect to their geodynamics (Fig. 4).

103 104 105 106 107 108 109 110 111

103 104 105 106 107 108 109 110 111

Fig. 4. The map of equipotential distribution of complex geodynamic risk index numbers for the Baikal region territory
(The light-blue dotted line shows the areas with a probability of the occurrence of seismic events up to 0,9)

It is significant that such maps reflect not an integral probability of a seismic risk for the region as
a whole, but they indicate the “point-area” probability of the occurrence of the seismic events. Sizes of
such “point-areas” depend on a linear length of the territory being considered so that their sizes may be
within the range from several square kilometers actually up to several hundred square meters.

Let us dwell in more detail on the results of our research in the assessment of the seismic risks for
the Turkish territory in the vicinity of Istanbul.

Earthquakes of magnitude 7 to 7,5 are not unusual within the territory of the present-day Turkey.
Over the course of the past century, several tens of them have been observed [13]. Sometimes the Istan-
bul environs are affected by powerful earthquakes. A number of significant earthquakes were reported
by some historians, and there is also evidence from geological investigations available invoked in favor
thereof.
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Our map of the equipotential distribution of the geodynamic risk probability indexing, covering the
neighborhood area of Istanbul, with the plotted epicenters of the earthquakes of magnitudes 3,8 to 5,2
which occurred in the period 1999-2008, is given below (Fig. 5) [14].

28.2 284 28.6 28.8 29.0 29.2 294 29.6 29.8

40.8 40.8
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28.2 284 28.6 28.8 29.0 29.2 294 29.6 29.8

Fig. 5. Assessment map of equipotential distribution of geodynamic risk probability index numbers
for the neighborhood area of Istanbul with the plotted epicenters of the actual earthquakes
of magnitudes 3,8 to 5,2, which occurred in the period 1999-2008

We are of the opinion that the regions, contoured with the 0,4 index probability isolines, should be
considered as latent-potential risk zones, the 0,5 index isoline marked regions should be treated as mo-
derate risk zones; the 0,7 index isoline regions should be high-risk zones, and the 0,8 index isoline loca-
tions should belong to extremely hazardous zones. The distribution of the epicenters of the actual earth-
quakes lends support to the adequacy of the geodynamic risk assessment procedure developed by
the authors hereof.

The given map shows that the seismic events in the vicinity of Istanbul in the period 1999-2008 oc-
curred in the districts north and east of the city, with the last earthquake dated the 28™ of October 2006.
The latest seismic event took place on the 5™ of October 2008 on the southern coast of the Sea of Mar-
mara. It indicates that the seismic activity focus migrates towards the south of Istanbul that is confirmed
by the facts of the actual earthquakes of magnitude under 3, which occurred in the first decade in April
2010 (when we were preparing our calculations) [15].

Since this city is located in the high risk zone, with its part located even in the extremely hazardous
area, it should be noted, that a reverse migration of the seismic activity focus might be expected to a site
within the city of Istanbul. Due to the fact that the tectonic strains have been released in comparatively
recent time there, that has been reflected in some insignificant earthquake events of small magnitudes, it
is not likely that any big seismic events might be expected within the nearest future there. But the pro-
bability of the occurrence of some small-magnitude events (of magnitude under 4), in our opinion, is
very high for the affected region. Should the predicted small-magnitude earthquakes not occur within
the nearest time (in the 2—3 year period), then the risk of a big seismic event should be in run that might
become a large-scale disaster for this city with several million population.
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Therefore, we think it is expedient to make more intense the instrumentation monitoring of the cur-
rent vertical and horizontal movements within the affected area of the above mentioned city. In doing so,
it is necessary to carry out in more detail further comprehensive investigations within the city territory in
order to reveal most critical zones of high risk geodynamics.

Conclusions

Thus, the mathematical technology of the seismic risk assessment treated herein offers undoubtedly
the advantage over other risk assessment methods, based solely on the analysis of the spatio-temporal
rows of observational data, because the proposed technology makes possible to predict true the final re-
sults to control the safety of the population and the affected territories in case of the occurrence of ha-
zardous processes of geodynamic origin, among them the earthquakes.

The special features of this technology are that, first, it is just the method of the mathematical mod-
eling that plays a dominating role at the decision-making level in assessing the territories, and that, se-
cond, the approach, forming the basis of this technology, is a cost-effective one because no additional
instrumentation surveys are required, and that, third, the method of the mathematical modeling grants us
a freedom in choosing any object of the investigations.

The adequacy of the mathematical models developed by us on the basis of this technology is con-
firmed more than once by the computations and the correlations between the obtained results and
the distributions of the actual hazardous geodynamic events in various regions in Russia and abroad.

However, the foregoing is not meant to minimize by any means the importance of other existing
methods utilized for seismic risk evaluation, provided that they are capable of delivering plausible re-
sults. For instance, now we are developing new mathematical models aimed at revealing a structure of
the displacement field in the geo-environment, the data on which in combination with the space geodesy
data, supplemented by those from the monitoring seismic networks will allow us coming close to
the solution of the problem how to predict significant energy class earthquakes and prevent their cata-
strophic consequences.

In conclusion, we should note the following.

The problem of the seismic risk assessment knows no national borders. So, in evaluating the seismic
risk for any country in the world, we are bound to assess the relevant seismic risks for territories of
the neighboring countries, whatever their will may be [16]. But if the concerned country requires such
risk assessment technique, so it is necessary to supply additional data on the geological environment, as
mentioned above, in order to assess the risks more exactly. That is to say that requires developing of in-
ternational cooperation in researches and collaboration between experts and scientists in a great diversity
of scientific fields. It should also include joint surveys of the seismic activity of the Earth from Space.
It should be stated in this connection, that an investment for such space exploration will return
a hundredfold because enormous material and personal losses from unexpected or unpredicted seismic
disasters may be avoided.

Unfortunately, an exact forecasting of earthquakes, among them seismic disaster cases, remains
a present-day enigma, since so far all attempts to place the dynamics of hazardous natural phenomena in
“the procrustean bed” of mathematics have failed. Nevertheless, the authors of this paper have every
reason to believe that their further research and development work in the field of investigations of ha-
zardous geodynamic phenomena will allow coming very close to the solution of this urgent issue that
challenges all the mankind today.

In our view, the only way to provide the high-rate plausibility in identififying the critical geody-
namic zones is to combine all geological, geophysical, geomorphological, mathematical and medical &
biological methods in researches within the framework of international cooperation of the scientists and
experts throughout the world.
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MATEMATUYECKASA MOAESb
rEOAMHAMNYECKOW OLIEHKU PUCKOB

B.H. Bypkos', U.B. Bypkoea” %, B.A. MuHaeg®, A.O. ®addeee*
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Hpe}lCTaBJ’IeHa MaTeéMaTrudeCKass MOACJIb OLICHKU I'€COANHAMUYCCKUX KaTaCTpO(b, B 4aCTHOCTHU —
3eMJIETPSCEHHI, OCHOBaHHAsl Ha aHAJIM3€ KOCBEHHBIX MMOKa3aTeleil reoJuHaMUueCKO HeyCTOMYMBO-
CTH, a UMCHHO — FOpI/I3OHTaJ'[I)HI)IX I‘pa)II/IeHTOB I‘paBI/ITaHI/IOHHBIX aHOMaJ'II/Iﬁ B I/I3OCTaTI/I‘IeCKOI\/'I pe-
nykmud. Ocoboe BHUMAHUE YIEISETCS BEPOSITHOCTHOW MaTEeMAaTHIECKOW MOJEIH OICHKH CeHCMU-
YECKUX PUCKOB, CYThb KOTOPOW 3aKJIIOYAeTCs B MPEJCTaBICHUHU BO3MOXKHBIX M€OJUHAMHYECKHUX CO-
CTOSIHUI T€OJIOTHYECKON Cpelbl, CBI3aHHBIX MPOCTEHIIMMHU TTOTOKAMHU COOBITHI, OIHICHIBAEMBIX CHC-
TeMoi muddepeHnraIbHbIX YpaBHeHU Komvoroposa. [IprBeneHb OCHOBHBIC PE3YIbTATHI MPAKTH-
YECKOTO IMPUMECHEHHUS MAaTeMAaTHYCCKUX MOJCICH, pa3paO0TaHHBIX aBTOpaMH, JUIS OICHKH CeHCMMU-
YECKUX PUCKOB, Ha MpumMepax baiikanbckoro pernoHa u ceBepo-3amnagHoit repputopuu Typruu.

Knouesvie cnosa: mamemamuueckoe mMooeauposanue, 2e00UHAMUYECKUU PUCK, 2PAGUMAYUOH-
Hble AHOMAUU, 2e00UHAMUYECKUe ONACHOCMU, HANPAJICEHUS U CMeWeHUs, 2eosocuieckas cpeoa,
3eMempsceHusl.
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