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EXISTENTIAL ISSUES OF COMMITTEE CONSTRUCTIONS. PART I
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The term “existence” is important in philosophy, mathematics and logic. Various approaches to
logic research of existential expressions are possible. The question of relation of terms to the objects
designated by them is important. These problems were considered by Aristotle in the names theory
developed by him. Scholastic ... of suppositions regard this problem as well. From the middle of
the 19™ century these problems were studied by J. Mill, W. Jevons, F. Brentano, A. Meinong,
E. Husserl. Mill made a significant statement: names only have a task of naming something but to
express that this something exists the predicate “to exist” is needed. Nevertheless F. Frege,
B. Russell and R. Carnap believed that the expression of the language should be considered as
a name only when it designates a real existing object, then the predicate of existence is unnecessary.

We believe that everything that we can think about or see or feel exists, whatever it is, though it
exists in different meanings and in different degrees. The kinds of existence need to be differentia-
ted. There is a round square even as an idea. But there exists a bridge of ideas forming a concept of
a round square, for example, as a dynamic structure transforming with the time in topology or as
a set of figures, some of them being similar to a square while others — to a circle. There exists x: x > 0,
x <0 also as an idea, as a set of two maximum consistent subsystems of the system. There is a gene-
ralized existence, for example according to Chebyshev’s idea (when all the predicates of the concept
are diminished) and in the meaning of committee constructions when all consistent subsystems of
predicates are considered. There is an infinite point — a nonintrinsic element in the plane.
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Introduction

S.N. Chernikov and later I.N. Eremin proved a number of important theorems of existence of solu-
tions of infinite inequality systems, initiating a significant trend in linear optimization. One of the au-
thors of the article, VI.D. Mazurov, took part in some of these research works. The following topic has
occurred naturally: existence of committee constructions for infinite inequality systems.

Committee of the system Fj(x) >0 (j € M), x € R", there is a C sequence, majority of elements of
C sequence satisfy every system inequality.

The article provides new proofs of theorems in case of infinite systems.

This topic turned out in demand in economics and mathematical linguistics. For example, in a fre-
quently occurring situation of inconsistent problems at the enterprises of Ekaterinburg and the region
a mathematical approach to informality and inconsistency was required. It concerns scheduling at engi-
neering enterprise, planning and metallurgical production management, application in medicine and
ecology as well as in physicotechnical sciences.

Recently multi-layer neural network has been applied to find empirical regularities when modelling
enterprises. By means of learning multi-layer neural networks we found empirical regularities for seve-
ral indicators of performance at industrial enterprises. Precedent material is the data on performance at
the enterprise in Sverdlovsk region, provided by the Regional Statistical Department. These algorithms
were applied in prognostication of several indicators of enterprise performance. Application of the im-
age recognition methods or the appropriate neural network methods enables to solve some pending prob-
lems of economical and statistical modeling, to improve mathematical model adequacy, to approximate
them to the economic reality. Application of image recognition combined with regressive analysis en-
tailed new model types: classification ones and piecewise linear ones. Detecting hidden relations in data
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bases is the foundation of modeling tasks and knowledge processing including those for the object with
hard formalized regularities. Specific calculations have shown that when widening the sets of properties
characterizing the performance of the enterprises, a more precise prognostication occurs, the same effect
occurs when increasing the interval in the course of which the data on enterprises are being registered.

The problem of comparing the enterprises can be understood either as a problem of ranking the en-
terprises or as that of choosing the most preferable object out of a certain set. Practice has shown that
the methods based on the application of a priori preference of factors and on the search of the object re-
sponsible for maximum weighted sum of factors lead to biased results.

1. Experience of multi-layer neural network application to find empirical regularities

when modelling enterprises

Let us consider the problem of choosing the best enterprise. Let us suppose that there is a set of
M objects, the activity of which is aimed at some goal achievement. The functioning of every object is
characterized by n property values, thus exists reflection f: M — R”". Therefore our point of departure is
a state vector of economical object: x =[x, ..., x,]. Quality index of economic object functioning: fo(x),
f1(%), ..., fu(x). These indices shall be within certain limits, some of them we make either minimal or
maximal. The general statement can be inconsistent and it can be necessary to overcome the incon-
sistency and state the problem in the correct form consistent with the economic point. We regulate
the objects in terms of a certain criterion function but as a rule the criterion is ill-defined, diffuse and
probably inconsistent.

We are considering the problem of empirical regularity modeling with little experimental and ob-
servational data. Mathematical model can represent a regression equation or a diagnostic rule or predic-
tion rule. Recognition methods are more effective with a small sample. The impact of factor control is
taken into account by means of factor score variations when they are substituted in a regularity equation
or in decision diagnostic and prediction rule. Moreover we apply essential property selection and gene-
ration of useful properties (secondary parameters). This mathematical apparatus is needed to predict and
diagnose the state of economical objects.

We are considering a neural network in terms of committee construction theory as a collective of
neurons (individuals) and a neural network is a mechanism of coordinating neural work in committee
decisions, this is a means of coordinating individual opinions when collective opinion is a correct reac-
tion to the input, i.e. a required empirical relation.

Therefore now we are going to consider committee constructions application in the problems of
choice and diagnostics. The idea is to search for a collective of decisive rules instead of the decisive one,
the collective makes a collective decision under the procedure processing individual decisions of com-
mittee members. Choice and diagnostics models as a rule entail inconsistent inequality systems where
the generalization of the notion of decision should be sought for instead of decisions. A collective deci-
sion is such a generalization.

For example an inequality system committee is such a set of elements where most of the elements
of this set satisfy every inequality. Committee constructions represent a certain class of generalization of
the concept of decisions for the problems either consistent or inconsistent ones. This is a class of discrete
approximations for inconsistent problems, they can also be correlated with diffuse decisions.

2. Committees of infinite systems of linear homogeneous inequalities over R space

The section is devoted to the question of existence of committee of homogeneous strict linear ine-
quality system

(e, x)>0 (0EM), 2.1
where x, ¢, € R%, M — infinite set of indices.

Theorem 2.1. The following conditions are necessary and sufficient for (2.1) system committee to
exist:

1. Among vectors ¢, there exist no null or opposite ones;

2. If ¢, —c € {cy/||cql|}, when € > 0 is sufficiently small, (¢, x)> 0,

o € M(c, —c, €) subsystem is consistent.

Proof. Sufficiency will follow from theorem 2.2. Let us show the necessity: that of the first condition
is evident, that of the second one will be proved by contradiction. Suppose there exists K = {h, ..., h;},
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system committee, and ¢, a point for which condition 2 is violated. Let us consider a line H = {x: (4, x) =0}
where (4, ¢o) > 0. Let us define two sets 4 and B in the following way:

A={cl|c|| €R*: c € {c,} & (h, c) > 0}.

B={c/||c||€R*: — € {c.} & (h,—)<0}.

Let us give H a positive direction. Then any point ¢ € 4 U B will be definitely characterized by
¢ € [0, m] angle between radius-vector of the point and the chosen direction. By assumption K is
the committee of system

(a,x)>0,a €A,

(b,x)<0,b€EB,
besides, ¢o € A N B and in no e-neighborhood of ¢, point the system will become consistent. 3 cases are
possible for c.

Case 1. ¢y € 4. Since 4 N B = O, there exists such a sequence b, € B that b, — ¢,. Therefore
©pn — Q. Let us consider the points of 4 committee that relate ¢y to 4 class, i.e. (4, ¢o) > 0. These points
are dominating in number. But in this case the same committee members will relate to A4 class all
the points lying in a certain e-neighborhood of ¢, point. Since b, — ¢y, then in any e-neighborhood of ¢,
there are points from B. Thus we get an inconsistency that K is a separating committee.

Case 2. ¢y € B is considered similarly.

Case 3. ¢ is a limit point for both sets. System inconsistency for any &€ means that there will be
found 2 sequences a, — ¢y, b, — ¢y, the members of which are lying on the same side of ¢, vector, i.e.

Vn @un < Qco, Pon < Pc0, O Qun = Pc0, Pon > Pco-

Let, for example, there be @., < @q0, Ppn < Q0. Let us consider such ¢ < ¢, that for any 4 vector of
K committee the polar angle of cross point of (4, x) =0 line with unit semicircumference, where ¢ is
lying, does not fall into (@, ¢pc) interval. Such ¢ exists since the committee has a finite number of mem-
bers. But in this case our committee will relate all the points, the angles of which are lying within (¢, ¢.)
interval, to one class. This is an inconsistency, the theorem is proved.

Theorem 2.2. Let system (1) satisfies the conditions

1. Among ¢, vectors there exist no null or opposite ones.

2. If ¢, —c € {cy/||cq||}, when € > 0 is sufficiently small, (¢4, x)> 0, a0 € M (c, —c, €) subsystem is
consistent.

Thus the number of all p-subsystems of the system is odd: ¢ = 2k + 1. For any B € M the number of
the p-subsystems, the solution sets of which are in half-plane of (cg, x) > 0 inequality solutions, equals
k+1.

Proof. Let us consider a general line D = {x: (d, x) = 0}. Let us define two sets 4 and B:

A={c/|c| ER*: ¢ € {c,} & (h, ¢)>0}.

B={c/||c||€R*: — € {c.} & (h,—)<0}.

Let us give D a positive direction. Let us order A U B set by the increase of ¢ € [0, 7] angle between
radius-vector of the points and the positive direction of D. According to the condition the system is con-
sistent in a certain e-neighborhood of any ¢ € A N B. Then it is easy to see that for ¢ point (if (¢, d) # 0)
only one situation is possible: in a sufficiently small ¢ neighborhood the points of 4 and B sets are lying
on semicircumference on the opposite sides of ¢, i.e.

3e>0:Va€A,bEB 9.~ 0l <& |0s— Q| <& = Q<P < Pp,
or

1e>0:Va€A,bEB: |9~ @] <& |0s— Q| <= Qs < Pc < Q.

Let us demonstrate that the number of ¢ € A N B points can only be finite. Indeed, otherwise there
can be found such ¢, € ANB sequence that ¢, — ¢ € ANB. We will assume that, for example,

Oen < P (the case of @y, > @ 1s considered similarly). ThenVe > 03 a € A,b € B: |@, - @0l <&,

|Pp = @col < €& @0 < Pco, Py < Pco-

Inconsistency. Let us put “+” sign in our ordered set A N B to the points from 4 and to the points
from B — “— sign. Due to number finiteness of ¢ € A N B points, the number of sign change in the se-
quence will also be finite. It should be noticed that & or —4 : (d, &) #0 vector will be the solution of
a certain p-subsystem only in case of sign change when (%4, x) = 0 line passes through the cross point

with unit semicircumference. But in this case as well as in the case with finite subsystem it is easy to see

BecTHuk HOYplY. Cepus «<KomnbioTepHble TEXHONOrMK, ynpaBreHue, PaauoaneKkTPoHUKay. 167
2018. T. 18, Ne 3. C. 165-171



KpaTtkme coobLieHus

that the number of all p-subsystems equals the number of sign change if the sequence starts with one
sign and ends in another one, and otherwise is greater by 1 (due to (d, x) = 0) line itself. The theorem is
proved.

The theorem proved represents a generalization of the relevant assertion for the finite system and
states the so-called duality property for the systems of homogeneous linear inequalities over R* space.
It states that p-subsystems solutions, when one of the solutions is taken per every subsystem, represent
a committee with the committee obtained in this way being minimal according to the number of members.

3. Committees of systems of linear homogeneous inequalities in general

This part considers the questions of committee solvability of the system of linear homogeneous
equations.

(cwx)>0 (aeM),
where (x, cy) € R", M — infinite set of indices. The following theorem specifies several necessary condi-
tions of committee.

Theorem 3.1. The following conditions have to be fulfilled for (cy, x) > 0 (0 € M) system commit-
tee to exist:

1) among ¢, vectors there exist no null or opposite ones;

2)If ¢,-c € {ca/llcall}, then ¢, - ¢ & {co/llcqll}-

Proof. Let us prove necessity of the second condition by contradiction. Suppose there exist a certain
¢ vector such that ¢,-c € {cy/||ce||} and -c € {cy/||cs||} is satisfied. Then there exist a sequence
cn € {coa/llcall}, cn =-c. Suppose K = {x1, x5, ..., x;} is an element of the committee system. Let us
consider y € K; € K points where (y, c) > 0. Then according to the committee definition |K;| > |K]| / 2.
Since there is a finite number of points, such e-neighborhood of ¢ point is found that

vd e R, Vy €Ky :|ld—cl|<e=(d,y) > 0.

Therefore Vd € R",Vy € Ky:||d +c|| <e= (d,y) <O0.

Starting from a certain number the points of ¢, sequence occur in this e-neighborhood, thus for
them (c,,y) < 0 Vy € K;. It contradicts the fact that K is the system committee. The theorem is proved.

We should notice that for committee solvability of the system of linear homogeneous inequalities
over R? space the condition of finiteness of the number of maximum consistent systems was necessary.
The following example demonstrates that in the spaces of greater dimension the condition is not neces-
sary, i.e. there exist the systems of homogeneous linear inequalities with an infinite number of
u-subsystems and they are committee solvable.

Example 3.1. Let us consider linear inequality system over R3.

0x;-(1/n)x, + x3 > 0,

2x; + (1/n)x, + x5 >0,

A/n)x; + (A/n¥)x, +x3<0,n=1,2, ...

For this system there exists a committee consisting of three members:

yl= [O,— 1,0], y2=10,1,2], y3 = [1, 0,- 1,5]. Let us demonstrate that the system has infinite
sets of maximum consistent subsystems. Since all the points of the system are lying in one plane it will
be sufficient to demonstrate that there exist infinitely many p-subsystems in the problem of set separa-
tion A = {[O,— 1/n]} U {[2,1/n]} and B = {[1/n,1/n?]} by affine functional. Let us consider a line
Yy = {x € R%:x;- Ax, = 0} at sufficiently high A. Let us take such two points as a,, € {[2,1/n]},
b, € B that a,, is the closest to the line point lying strictly lower Y, by, is the closest point above the line.
Then Y, is a separating function of subsystem {[O, - l/n]}, n€N; {[21/nl}n=>m; {[1/n,1/n*}n < k.

Let us consider all consistent subsystems containing this one. There is obviously a finite number of
them, thus among them there exist maximum consistent ones. Increasing A parameter (of course, in cer-
tain increments) we will obtain new p-subsystems. Since when increasing A m number is increasing, and
at A — oo we will find infinitely many different maximum consistent subsystems.

It occurs that condition 2) of theorem 2.1. in spaces with dimension over 2 is not necessary for
the committee of the systems of homogeneous linear inequalities to exist. This statement is justified by
the following example.
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Example 3.2. The system is given:

(1/m)xq + 0x, + 2x3 > 0,

0xq + (1/n)xy + 2x53 > 0,

—(1/n)x1- (1/n)x, + 2x3 > 0,

—(1/n)xy +0x, + (2-1/n)x3<0,n=1,2, ...

System (cg, x)> 0 has a ¢ point such that ¢, - ¢ € {c,/llc,|l}:c = [0,0,1] and at any € > 0 subsys-
tem (co,x) > 0,0 EM (c, -c, s) is inconsistent. Indeed, if it were consistent then for any of its solu-
tions y the equation (y, ¢) = 0 would be satisfied, i.e. y vector would lie in plane x3 = 0 but system
(1/n)x1 + 0x, > 0,0x; + (1/n)x, > 0,-(1/n)x1- (1/n)x, > 0, is obviously inconsistent. On the con-
trary the initial system is committee solvable. As a committee the set of three members can be taken, for
example, x* = [1,1,0],x? = [1,-1.5,0],x® = [- 1.5,1,0].

Conclusions

1. Committee constructions theory (including the conditions of their existence) and their practical
application have demonstrated high efficiency of this method.

2. M.Yu. Khachai and A. Rybin obtained only substantiated assessments of the complexity of
the method.

3. Therefore the method is ready for the further application in technoeconomic, medical and biolo-
gical problems.

4. The problems of postoptimal analysis of solving practical problems have been clarified.
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3K3UCTEHUMANbHbLIE BOMPOCbI KOMUTETHbIX KOHCTPYKLIUN.
YACTDb |

Bn.[]. Mazypoe® % E.I0. Monsikoea®

" Miemumym mamemamuku u mexaHuku um. H.H. Kpacosckozo YpO PAH,

2. EkamepuHbype, Poccus,

2 Ypansckuti gpedeparnbHbill yHUSepcumem um. nepsozo lMpesudenma Poccuu Bb.H. EnbyuHa,
2. EkamepuHb6ype, Poccus

B ¢uocodun, MmaTemaTnke u JOTMKE Ba’KeH TEPMHH «CYLIECTBOBaHHE». BO3MOXHEI pa3nny-
HBIC TIOXOMBI K JIOTHYECKOMY HCCIIEJOBAaHHUIO SK3MCTEHIMANBHBIX BbICKAa3bIBaHUH. BakeH Bompoc
00 OTHOIICHWH TEPMUHOB K 0003HauaeMbIM MMM O0O0BEKTaM. DTH NpoOJIEMBI paccMaTpUBal euié
Apucrotens B pa3pabotanHoi um Teopun umEH. C cepenunnl XIX Beka 3TH mpoOiIeMbl U3ydain
Jbx. Mune, V. JlxxeBoHc, ®@. bpenrano, A. MeitHoHr, 3. I'yccepiib. MUJITB BBICKa3aJl BAXKHOE CYXK-
JCHHUC. UMC€HA TOJIBKO UMCIOT 3aJavyy Ha3BaTb HEYTO, a 4TOOBI BBIPA3UTh, YTO 3TO HEYTO CYHICCTBYCT,
HEOOXOIUM TIpeIuKaT «cyimecTBoBaTh». OnHako @. ®@pere, b. Paccen u P. Kapran cuuramm, 4ro
BBIPXKCHHUE SI3bIKa CJIEAYET PACCMATPUBATH KaK MM JIMIIb B TOM Cllydae, KOrJia OHO 00O3Hayaer
peabHO CYIIECTBYIOUINNA OOBEKT, ¥ TOTIa IPEAUKAT CYLIECTBOBAHUS H3IIHIICH.

ABTOPBI CUMTAIOT: CYIIECTBYET BCE, O YEM MBI MOYKEM IIOJyMaTh WIH YTO YBHAETb U MOYYBCT-
BOBaTh. Bcé, uto yromHo. TonbKo CyIIecTByeT B pa3HBIX CMBICHIAX, B pa3Hoii creneHu. Hamo mpocto
pa3nuyaTh BHIBI CylnecTBoBaHus. CyIIecTByeT KpyIJlblii KBaapaT — XOTs Obl Kak uaes. Ho cymect-
BYeT M MOCTHK M3 HAEH, peanbHO KOHCTPYHPYIOUIMX MOHATHE KPYIJIOro KBajaparta. Hampumep, kak
JUHAMHYecKas GUrypa, ¢ TeYeHHEM BpEeMEHH TpaHc(opMupylommasics — Kak B Torojorud. Mnu pas-
MBITO — KaK Habop (Uryp, ogHu U3 HUX OOJIbIIE TIOXOXKU Ha KBaJIpaT, Apyrue — Ha Kpyr. CymecTByer
x: x>0, x <0. Toxe xak unes. Kak Habop IByX MaKCUMaJIbHBIX COBMECTHBIX MOJICUCTEM DTOM CHC-
TeMbl. EcTh 00001eHHOe cymecTBoBanue. Hanmpumep, B 4eObIeBCKOM CMBICIIE (KOTIa 0CIa0IstoT-
CA BCC IPEANKATHI HOHS[TI/IS[) U B CMBICJIE KOMUTCTHBIX KOHCprKHI/Iﬁ — KOoraa pacCMaTpuBarOTCA BCE
HETIPOTHBOPEYMBBIE TOJCUCTEMBI MPEeANKaToB. Ha MIOCKOCTH CyHIecTBYyeT OSCKOHEUHO yAaleHHAas
TOYKA — HECOOCTBEHHEBIN JICMEHT.

Kniouegvie cnosa: xomumemmuvle KOHCMPYKYUll, Cywecmeosanue, OUCKPUMUHAHMHBIN AHATUS,
@axmopvl, HepaseHcmaa.
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