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A simulation is widely used as a basis for decision support systems. Many production systems
may be considered as queuing systems if a time of processes more valuable than their physical
meaning. Program models realized queuing systems are used in a planning and in optimization tar-
gets. But results of program simulation are not suitable for scientific qualification works according to
traditions. Analytical conclusions are made using Kolvogorovs’ equations and some models derived
from the one usually. But a question about possibility of using them with widespread statistical dis-
tributions is not quite explored. In this article we investigate a possibility of using the Kolmogorov's
equations on a simple reproduction and death queuing system with some distributions. Numerical
data is obtained from program models realized in GPSS and AnyLogic. Theoretical results in com-
parison with numerical data lead us to a conclusion. The possibility is present only when all statisti-
cal distributions in the model are exponential or very close to exponential. Else average error be-
tween the theory and the model is above 60%. So far as a small experimental data typical for obser-
vations in production systems does not allow to determine own statistical distribution surely, an uni-
form distribution is accepted as default, and Kolmogorov’s equations could not be used.

Keywords: Kolmogorov equations, simulation modeling, queuing system.

Introduction

Simulation of queuing systems (QS) is an effective tool for researching of production systems.
Many foreign [1, 2] and Russian [3, 4] sources show the effectiveness of use of simulation in a study
and optimization of activities of enterprises and their subdivisions. In particular, it is shown that queuing
and multi-agent modeling is an effective in a decision support systems of a production management [5].
Let’s notice that the multi-agent system (MAS) is a simulation model in which objects (“agents”) are
characterized by some autonomy, decentralization and limited ideas [6]. Extremely autonomy and limi-
tations are characteristic of channels and transacts of QS. Software agents of MAS are described by al-
gorithms of their own actions and interactions with other software agents.

Statistical distribution of random variables has a great influence on the modeling results. As shown
in [7] a model of joint works of titanium plant subdivisions gives very different results in case of uni-
form or Poisson distributions (Fig. 1).

The specific units of reaction and factors do not matter in this case. The non-linear relationship be-
tween the reactions with normal and Poisson distributions of the factor is important. This dependence is
also characteristic of other queuing systems. The uniform distribution is “worst” in some manner. It pro-
vides biggest deviations of a result value of any QS. Meanwhile the uniform distribution is assumed by
default exactly when no reliable information in an input data. The Gaussian distribution could be used
customarily when it can be confirmed by statistical testing of the hypothesis.

Using of conclusions obtained solely through the use of simulation programs (QS) is considered in-
sufficient in qualifying scientific jobs (thesis). Famous methodologist of dissertation research in Russia
considers [8] that “...an idea and technique of simulation is so simple that you can learn it of some days
in a matter. Therefore, use of them ... cannot be a confirmation of the high qualification of a thesis”.
The scientific tradition requires supplementing QS calculations with analytical research.
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Fig. 1. Dependences between the factor and the reaction of the model
with different statistical distributions of the random factor variable

Kolmogorov’s equation and many models generated by such approach are one of the most common
mathematical tools for the research of QS. A main idea of the method is in follow. A velocity of Markov
processes state changing is determined by probabilities of neighboring states and the flows of their
changes:

@Z—ft){%pj(t),

J#i
Zpi (t) =1,

where p; (t) P (t) — probabilities of i-th and j-th states of QS in time t, A; — change state flow from
i-th state to j-th (A ; >0) or vice versa (A ; <0). Thus, it is possible to calculate the limit probabilities of

dp; (t ) O\
the state of the system when ———= =0V
However, it is obvious that the Kolmogorov’s equations are not valid for all statistical distributions.
Let consider the simplest model of “death and reproduction” as one-channel QS with a limited queue.
If a loading flow A is smaller of an unloading flow p, we can get a solution of the Kolmogorov equa-

. o A .
tions as the probability of an empty queue p, =1-p [9], where p=—<1. That means the queue will
n

not be empty at any time. At the same time, if zero dispersion of the loading and unloading flows is ob-

served, queue will be empty forever. You can easily imagine it if transacts arrives exactly via x time

. . . 1 1 1 . .
units and being processed in a channel exactly — t.u., where — <—. So if we calc a production system
K K

as QS by the Kolmogorov’s equations we can obtain a wrong result if some factors has uniform distribu-
tions. That is why a question about validity of the Kolmogorov’s equations is ambiguous and practically
important in relation to the statistical distributions of the intensity of loading flows and their processing.
The problem of studying of the usability limits of the Kolmogorov’s equations and similar mathematical
models is usually not considered in scientific sources (for example [10, 11]) despite the obvious need to
solve it.

We attempt to experimentally “verify” the Kolmogorov’s equations using some common different
simulation environments in this article. We will make a theoretical calculation of the limiting state prob-
abilities of QS “death and reproduction” and their comparison with the results experimentally obtained
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by GPSS World and AnyLogic programs. As examples two schemes is considered: a multichannel sys-
tem with failures (the so-called Erlang problem), and a single-channel system with a limited queue.

Multichannel QS with failures

Let us consider a system includes three channels to process of transacts. Let a medium loading flow
intensity is equal A=0,005 s, and processing (unloading) flow intensity is equal p=0,0025 s'.
The system has four states: Sy — all channels are free, S; — one channel is free but others are busy and so

on until Ss. Let pj...p; are probabilities of the states S,...Ss respectively, p, (1)=1, p;(t)=0 Vi =1,3.
A state graph of the system is presented on Fig. 2.
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Fig. 2. A state graph of three-channel QS with a queue

The flow of transacts leads the system from any left state to the next right one with the same intensi-
ty A sequentially. An unload intensity leads the system from left to the next right state. The last depends
on state of the sysnem (from a number of busy channels). For example, the system can turn from state .S,
to S; if any of channels (1 or 2) will terminate the processing. That is why a summary unload flow is

equal 2p.
So, the system of Kolmogorov’s equations is a follow in a limit stationary mode:
A-py=p-prs
App=2-1py,
A-py=3-p-ps,

Po+tpPitp+p3=1
Probabilities pj...p; is equal consequently:

1
2 3
A -
p02(1+&+7\'—+7\'—J =0.1579, p, = Po _ 3158,
9!

u 2!;12 3lu
. A2 . 3
pzzmz_ﬁo:oalsg, py=tp * <Py =0.2105.
2:p 2-p 3 6

Single-channel QS with a queue

Let us consider a single-channel QS with a three cells queue and the same flow rates. The system
has 5 possible states: Sy — the channel is free, a length of the queue is 0, S; — the channel is busy,
the queue is free, S, — the channel is busy and the length of the queue is 1 and so on until S; — both
the channel and the queue are full. Probabilities of the states are p,...p,, beginning conditions are

Do (t) =1, p; (t) =0 Vi= 1,_4 A state graph of such system is similar to Fig. 2 but an unload flow rate

is W at any state.
So, the system of Kolmogorov’s equations is a follow in a limit stationary mode:

Do =(1+p+p2 +p3 +p4)71 =0.5161,
D =p-po=0.2581,

Py =p>- py =0.1290,

Py =p° - py =0.06452,

pa=p"- py =0.03226,

where p=1/u=0.5.
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Modeling program and results
We designed two programs to solve both tasks: one by GPSS (General Purpose Simulation System)
language and second in AnyLogic modeling suite. We can create some distributions in GPSS using libra-
ries or using tables with points of the distribution function [5]. We used different kinds of statistical distri-
butions to determinate whether they could be coincided with result of Kolmogorov’s equations solving;
e Uniform;
e Normal,
e Gamma;
e Exponential;
e Weibull;
e Geometric.
Some of them are presented in GPSS/AnyLogic libraries, another are realized with table functions.
All results and theoretical results above are in Table 1. Distributions marked “*” is the same but with
modified parameters described below. A GPSS listing for multi-channel QS with failures is the follow:
; ===== mailn block =========
kan storage 3 ; 3 channels
generate (Normal (1,200,0.01)) ; a kind of distribution
gate snf kan,out
enter kan
advance (Normal (1,400,0.01))
leave kan
terminate
out terminate
;======= gecondary flow to computation ===========
generate 1 ; secondary flow
savevalue 1,SSkan ; a current content of the storage
test e x1,0,metl ; 1f the channel is free, then +1,
; else go to metl
savevalue empty+,1 ; count if the channel is free
terminate 1
metl test e x1,1,met2
savevalue fulll+,1 ; a channel 1 is busy
terminate 1
met2 test e x1,2,met3
savevalue full2+,1 ; two channels are busy
terminate 1
met3 test e x1,3
savevalue full3+,1 ; all channels are busy
terminate 1
start 1000000

Table 1
Comparison of simulation results in GPSS with theoretical conclusions

Stochastic Multi-channel QS with failures Single-channel QS with a queue

distribution Do D1 )22 D3 Do D1 )22 D3 D4
Bu Kolmogo- 1 1579 | 03158 | 0.3158 | 0.2105 | 0.5161 | 0.2581 | 0.1290 | 0.06452|0.03226
rov’s equations
Uniform 0.0244 | 0.2237 | 0.6047 | 0.1689 | 0.7252 | 0.2714 | 0.0003 | 0.0003 | 0.0003
Normal 0.0002 |{0.00029 | 0.999 |0.000089 | 0.5008 | 0.4959 | 0.0004 | 0.0002 | 0.0002
Gamma 0.1587 | 0.3172 | 0.3148 | 0.2083 | 0.5072 | 0.2566 | 0.1342 | 0.0679 | 0.0316
Exponential 0.1587 | 0.3171 | 0.3148 | 0.2084 | 0.5072 | 0.2566 | 0.1342 | 0.0679 | 0.0316
Weibull 0.1587 | 0.3171 | 0.3148 | 0.2084 | 0.5072 | 0.2566 | 0.1342 | 0.0679 | 0.0316
Geometric 0.1527 | 0.3136 | 0.3234 | 0.2090 | 0.5165 | 0.2591 | 0.1275 | 0.0641 | 0.0303
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Numbers of states are stored in variables Empty and Full. They are counted by a special flow from
a block “generate 1” when the model works. Probabilities are the numbers divided on their sum.

An analogue program is designed for the single-channel QS with a limited queue. All changes was
only in a follow block:

nak storage 3
generate (Normal (1,200,0.01)) ; a kind of distribution
gate snf nak,out ; 1f no space in ‘nak’, then ‘out’

enter nak
seize kan
leave nak
advance (Normal (1,400,0.01))
release kan
terminate
out terminate
Both models are realized in AnyLogic too [12]. For example the single-channel QS with a limited
queue is shown on Fig. 3. Results of modeling with different distributions are shown in Table 2.

queLe

sOLUIce selectOukputs delay sink

capacity_queue total_count probability_success
6 3 0 25,142 0 0.49
SUCCESS probability_Fail
@ entry_inkerval 0 12,216 0 051
200

0 p0_canal_free
0 canal_free 0,006
145

@ time_work
400
0 canal_engaged_queues_free
608

0 pl_gueue_free
0.024
p2_Fulll
0 queue_fulll 0 0,103
2,587
p3_fullz
0 queue_full2 0 0,357
8,980
() p4 _Fullz
0.51

0 queue_full3
12,822

(¥ capacity_canal
1

Fig. 3. The model and results of modeling with an exponential distribution for single-channel QS with a limited queue

Table 2
Comparison of simulation results in AnyLogic with theoretical conclusions
Stochastic Multi-channel QS with failures Single-channel QS with a queue

Bu Kolmogo- | ;579 | 63158 | 03158 | 0.2105 | 0.5161 | 0.2581 | 0.1290 |0.064520.03226
rov’s equations
Uniform 0.007 | 0.523 0.44 0.03 0.501 0.499 |3.9E-05|1.9E-05 | 1.9E-05
Normal 0.00002 0.5 0.5 0 0.5 0.5 0.00004 | 0.00002 | 0.00002
Gamma 0.156 0.315 0.317 0.211 0.516 0.259 0.13 0.064 0.031
Exponential 0.155 | 0318 | 0.317 0.21 0.516 | 0.259 0.13 0.064 | 0.031
Weibull 0.155 | 0318 | 0.317 0.21 0.516 | 0.259 0.13 0.064 | 0.031
Geometric 0.156 | 0.318 | 0.316 0.21 0.514 | 0.257 | 0.132 | 0.065 | 0.032
Erlang 0.155 0.318 0.317 0.21 0.516 0.259 0.13 0.064 0.031
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A medium errors between results obtained with GPSS and AnyLogic with different distributions is
in Table 3.

Table 3
Medium errors of modeling in different tools in comparison
witn Kolmogorov’s equations
Distribution GPSS, % AnyLogic, %
Uniform 63,2 75,8
Normal 101,1 79,3
Gamma 1,8 0,9
Exponential 1,8 1,0
Weibull 1,8 1,0
Geometric 1,7 0,8
Erlang — 1,0

There are no significant differences between using inbuilt or table functions of distributions calcula-
tions, if the last set correctly. For example, a error for inbuilt exponential distribution is 1,8% as shown
above, and for table function is 2,6%.

Results and conclusion

As a result Kolmogorov’s equation could be used for analytic QS modeling in tow cases:

1. If a stochastic distribution is exponential.

2. If other distributions are close to the one especially. For example, in built functions
GAMMA(Stream, Locate, Scale, Shape), WEIBULL(Stream, Locate, Scale, Shape) etc. a parameter
‘Shape’ must be set to Shape = 1.

Otherwise results of modeling are very different from theoretical ones even in the simplest systems
described here. They will be even more different in complex QS’. So far as uniform distribution is
the default, results of production QS modeling cannot be compared with theoretical ones in any case.
A scientist has to make sure in exponential kind of each stochastic parameter of QS before try to use
common analytic modeling methods.
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NMPOBEPKA BO3MOX>XHOCTU UCIMNOJIb3OBAHUA
YPABHEHUA KOJIMOIOPOBA 514 PACHETA
NMPOLIECCOB N'MBEINN U PASMHOXEHUA

A.B. 3amoHckuli

lMepmckuli HauuoHarnbHbIU uccriedosamernibCKUl nonumexHuU4ecKkul yHusepcumem,
GepesHukosckul ¢unuan, 2. bepesHuku, lNepmckud kpad, Poccus

MonennpoBaHne MIMPOKO MCIOIB3YETCs B KAYECTBE OCHOBBI JUISl CHCTEM HOAIEPIKKH NPUHATHS
pemennii. MHOTHE TIPON3BOJICTBEHHBIE CUCTEMBI MOTYT OBITH IIPE/ICTABIECHBI B BUIE CUCTEM Macco-
BOTO O0CIY)XMBaHUS, TaK Kak BpeMs 00paboTKH B HUX 0Oojiee CyIIECTBEHHO, YeM CaMH TE€XHOJIOTH-
yeckue npoueccel. [IporpaMmHbIe MOJIENH, pEATU3YIOIUE CUCTEMBI MaCCOBOIO OOCITYKHBaHHUS, UC-
MOJIB3YIOTCA KaK [UIS ITAHUPOBAHMS, TaK M B IEIIAX ONTUMH3AIMH IIPOU3BoACTBA. OJHAKO TpaguLn-
OHHO MMHTAIIMOHHOE MOJICIINPOBAaHUE HE CUUTACTCS MPUMEHUMBIM, €CIIH pedb HIET O CO3/IaHUH HO-
BOTO HAy4YHOTO Pe3yJbTaTa, B HYaCTHOCTH, B HAyYHO-KBAJIM(PHUKAMOHHBIX PaboTax. AHAIUTHYECKUE
BBIBOJIBI OOBIYHO OIMPAIOTCS Ha ypaBHEHHs KoiaMmoropoma MiuM MHOTOYHCIEHHBIE MOJENH, SBISIO-
IIMeCs] IPOU3BOIHBIMH OT HUX. OJIHAKO OCTAeTCsI OTKPHITHIM BOIIPOC, MOXHO JIM TaK MOCTYIATh MPH
Pa3MYHBIX CTATHCTHUYECKHX PACHpe/eNICHUAX CIIyYalHBIX 3HAUC€HWH mapameTpoB. B 3Toil craTthbe
uccieayeTcs IpUMEHNMOCTh ypaBHeHUs1 KoaMoropoBa B mpocTeiiieil cucreMe MaccoBoro oociy-
JKMBAHUS, MOJICJIM THOCIH ¥ Pa3MHOXCHUS, C Pa3HBIMHU CTaTHCTHYECKUMH paclpeeseHusIMu. Ync-
JICHHBIE JaHHBIC TOJIydEeHBI MyTeM MojenupoBaHus B cpenax AnyLogic u GPSS. CpaBHenue ux c
TEOPETHYECKUMH BBIBOJIAMH TPHBOAUT K CIIEIYIONIEMY HPAKTHIECKH BXXHOM pe3ynbTaTy. O0cyx-
JaeMasi BO3SMOXHOCTD MOSBIISICTCS, TOJIBKO €CIIM CTATUCTHYECKUE PAaCIPEIeIICHHs SIBIISIOTCS IKCIIO-
HEHIHMAIbHBIMU WX ONu3KH K HUM. [Ipu Ipyrux pacnpeneneHusx pacxoXAeHHue MEeXIy TeopeTHde-
CKUMH pe3ylbTaTaMH M Pe3yJibTaTaMH YHCIEHHOTO MOJAEIMPOBAaHUSA MOkeT fnocturatb 60 %. Ilo-
CKOJIBKY OYE€Hb YacCTO HEOOJBIIOE KOJIMYECTBO SKCIIEPUMEHTAIBHBIX JAHHBIX HE MO3BOJISIET 000CHO-
BaHHO OIPENENIUTh BUJ CTATUCTUYECKOTO PACIPEENICHUs CIIy4alHOTO YUCIIa, IO YMOIYaHUIO Mpef-
HosaraeTcs paBHOMepHoe pacrpeneneHue. OfgHako B 3TOM ciydyae ypaBHeHHs Koimoroposa co-
BEPIICHHO HETIPMMEHUMBI IS aHATUTHYECKOTO UCCIIEJOBAHHS CHCTEMBI.

Kniouesvie crnosa: ypasnenus Konmoeoposa, umumayuonnoe Mooeauposanue, CUCmemsbl Macco-
8020 0OCTYIHCUBAHUSL.

Jumepamypa
1. Brown, A.J. A study of queuing theory in low to high rework environments with process availabili-
ty / A.J. Brown // Manufacturing Systems Engineering. — 2015. — https://uknowledge.uky.edu/ms_etds/2.
2. Bitran, G.R. A Review of the Open Queueing Network Models of Manufacturing Systems /
G.R. Bitrain, S. Dasu. — WP #3229-90-MSA, 1990. — 64 p. Available at: https://mafiadoc.com/a-review-
of-the-open-queueing-network-models-semantic-scholar 59d9e8ef1723dd0ff54ccbd3. html.

66 Bulletin of the South Ural State University. Ser. Computer Technologies, Automatic Control, Radio Electronics.
2019, vol. 19, no. 3, pp. 60-67



3amoHckuti A.B. lposepka 803MOKHOCMU UCNONIb308aHusl ypasHeHus1 Konmozopoea
ons pac4ema npoyeccoes 2ubesiu U pa3mMHOXXEHUsT

3. Mynemuacenmusie cucmemvl 01 YNPAGIEHUS. NPOU3BOOCHBOM 6 PDEedlbHOM 6PEeMEeHU. —
http://www.iki.rssi.ru/seminar/2011030204/presentation/20110303_04.pdyf.

4. Zatonskiy, A.V. Concentrating plant processing section modeling in MATLAB package / A.V. Za-
tonskiy // Obogashchenie Rud. — 2014. — No. 4. — P. 49-54.

5. Cxobenes, 11.0. Mynvmuazenmuuvle mexnonocuu 6 npomviiunenuovix npumenenusx / I1.O. Ckobe-
nee // Mexampounuxa, asmomamuzayus, ynpaenenue. — 2010. —Ne 12, — C. 33—46.

6. Usanosa, E.B.Oyenka u mMooenuposanue HayyHO-UCCiIe008amenbcKol pabompl CmyOoeHmo8 Kax
mHocoazenmuou cucmemsl / E.B. Heanoea, A.B. 3amonckuii // Cospemennvie HayKoemKue mexHonoeuu. —
2009. —Ne 7. — C. 75-78.

7. 3amonckuil, A.B. Pazpabomka 00beKmMHbIX CPEOCME UMUMAYUOHHO20 U MHO20A2EHMHO20 MOOe-
JAUposaHus npouzsoocmeennvix npoyeccog / A.B. 3amonckui, B.H. Yumyesa // Becmnux Acmpaxan-
CK020 20Cy0apcmeenHo20 mexHudecko2o yuusepcumema. Cepus: Ynpaeienue, @vluuciumenvHas mex-
Huxa u ungopmamuxa. —2018. —Ne 4. — C. 56-62. DOI: 10.24143/2072-9502-2018-4-56-62

8. Pwiocuxos, FO.U. Paboma nao ouccepmayuei no mexnuweckum naykam / FO.U. Pviocukos. —
CII6: BXB-Ilemepbype, 2005. — 496 c.

9. Aeanvyos, B.Il. Mamemamuueckue memoout 8 npocpammuposanuu / B.II. Aeanvyos, U.B. Box-
oatickas. — M.: UJ] « DOPYM», 2006. — 224 c.

10. bBoes, B. JI. Hccnedosanue adexeamnocmu GPSS WORLD u AnyLogic npu moderuposanuu
ouckpemHo-coovimutinwix npoyeccos. — CI16.: BAC, 2011. — 404 c.

11. 3amonckuii, A.B. Moodenuposanue ob6vexmos ynpasnenus ¢ MATLAB / A.B. 3amonckuil,
JLI. Tyeawosa. — CI16.: Jlanw, 2019. — 144 c.

12. Moodenuposarue HenpepvlHbIX CAVHAUHBIX Gequdun — MmumayuoHHoe MoOeiuposauue Ha
GPSS. — http://'www.codingrus.ru/readarticle.php?article id=3131.

3aToHckuii AHapeii BaagumupoBuy, 1-p TeXH. HayK, npodeccop, 3aB. kadeapoil aBTOMAaTH3aALUH
TEXHOJOTUUECKHUX TpolieccoB, IIepMCKuii HallMOHAIBHBIA UCCIIEIOBATEIIbCKUNA TTOJUTEXHUYECKUN YHU-
BepcuteT, bepesnukosckuit Gpunman, r. bepesnuku, [lepmckuii kpaii; zxenon@narod.ru.

Hocmynuna e pedaxyuro 15 anpens 2019 2.

OBPA3ELl HUTUPOBAHUSI FOR CITATION
Zatonskiy, A.V. Verification of Kolmogorov Equation Zatonskiy A.V. Verification of Kolmogorov Equation
Usability for Reproduction and Death Processes / A.V. Za- Usability for Reproduction and Death Processes. Bulletin
tonskiy // Bectruk IOYpI'Y. Cepus «KoMmbroTepHbIe of the South Ural State University. Ser. Computer Tech-
TEXHOJIOTHH, YIPABICHUE, PaTHOdICKTpoHNKay. — 2019. — nologies, Automatic Control, Radio Electronics, 2019,
T. 19, Ne 3. — C. 60-67. DOI: 10.14529/ctcr190306 vol. 19, no. 3, pp. 60-67. DOI: 10.14529/ctcr190306
BecTHuk HOYplY. Cepusi «KomnbioTepHble TEXHOMOMUM, ynpasneHne, pagnmoaneKTPoHUKay. 67

2019. T. 19, Ne 3. C. 60-67



