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MATEMATUYECKOE MOAENTMPOBAHUE
MYJIbTUMHEPTHOI'O KOJIEBATEJIbHOIMO MEXAHU3MA

WU.I. lNonoe
KypeaHckul eocydapcmeeHHblil yHusepcumem, 2. KypaaH, Poccusi

OTMedeHo, 9To cBOOOIHBIC TaApMOHHYECKIE KOJIeOaHUsI KIIAaCCHYECKOTO MasTHHKAa 00yCIIOB-
JICHBI B3aUMHBIM Ipeo0pa3oBaHUEM KHHETHYECKOW SHEPTHH TPy3a B IMOTCHIIMAIBHYIO SHEPTHIO
pYXHUHBL. Pa3paboTaHbl OCIIIILIATOPHI C IPYTHM XapaKTEepOM 3HEProoOMeHa, HalpuMep Ipeood-
pa3oBaHHEM KHHETHYECKOH SHEPIWy IPy3a B PHEPTUIO0 MATHUTHOTO IOJISI COJICHOWIA WM dHEp-
THIO 3JIEKTPUYECKOTr0 MO KOHJAeHcaTopa. Bece ot konebarenbHble CUCTEMBl U NMOAOOHBIE UM
SIBIJTUCH TPEAIIOCBUIKON CO3MaHUSI OMHMHEPTHOTO OCHWIUIATOPA, B KOTOPOM YCKOPEHHE OJHOTO
rpy3a MPOMCXOAUT 32 CUET TOPMOXKEHHS JIPyroro, T. €. MPOUCXOAUT OOMEH TOJBKO KHHETHYe-
CcKUMU >HeprusiMu. L{enbio paboThl SBIIsSIETCS MaTeMaTHIECKOE MOAETHPOBAHNE MYJIbTHHHEPTHO-
ro KoyebarenpHOro Mexanm3ma. OCHOBHBIMH METOJAaMH HCCICIOBAHUS B PaMKax HACTOSIICH
paboTHI ABISIOTCS METOIBI MATEMATHIECKOTO MOJCIUPOBAHNS U aHANK3a. VICIoIp30BaHHBIE Me-
TOJIBI TTO3BOJISIIOT MOIYYUTD JIOCTOBEPHOE OITMCAHKME MCCIIEyEeMBIX 00BEKTOB. B mpeaoxkeHHOM
MYJBTHHHEPTHOM OCHHJUIATOPE WHEPTHBIE TeJla MACCOW /1 KaXKII0€ OCYIIESCTBIIAIOT TapMOHHYE-
CKHe KOIleOaHus, 00YCIIOBIICHHBIC B3aUMHBIM OOMEHOM KHHETHUYCCKOW dHeprueil. [loTeHmans-
Hasl SHEPTus NPYKUH U 3Toro He Tpedyercs. Konebanus ten saBistoTcst cBoboaabMu. Ocoben-
HOCTBIO MYJIETHHHEPTHOTO OCHIIDIATOPA SIBISIETCS TO, YTO YaCTOTa €ro CBOOOJHBIX KoJeOaHUl He
(UKCHpOBaHA U ONPEAEIAETCS MPEUMYILECTBEHHO HAYalbHBIMHU YCIOBUSMH. JTa OCOOCHHOCTh
MOJKET OKa3aThCsl BEChMa IMOJIC3HON JUIsl TEXHUYECKUX MPUIOKECHUH, HApUMEp, JUIT CAMOHEHT-
panu3aui MEXaHMYECKON PeaKTUBHOW (MHEPIMOHHOM) MOITHOCTH. OOpa30BaHHbIM HHEPTHBIMU
TEJIaMU A-YTOJBHHUK OCYILIECTBILIET CJIOKHOE JIBI)KEHHE — OpOUTAIbHOE BpPAILEHUE BOKPYT LIEHTpa
KOOpAWHAT W CIIUHOBOE BpaIlleHHe BOKPYT CBOEH OCH, MPOXOIAIICH depe3 IICHTpP 7-YTOJbHHUKA.
[Tpu 3TOM Kax<Iblil TPy3 COBepIIACT JMHEWHBIE TAPMOHUYECKUE KOJIEOaHHs BJIOJIb CBOSH Harpas-
nsroriei. [Tpu pacrmonokeHUH HATPaBISIFOIIUX TPY30B HE B BHJE 3BE3IBI, a MapaUIeIbHO APYT
JPYTY YIJIbl MEX/y COOTBETCTBYIOIIUMH KPUBOLIMIIAMU HEOOXOIMMO cocTaBaT 360/n rpamycoB.

Knrouesvie cnosa: ocyunnamop, unepmuulil, 2apMOHUYECKUU, PeakmugHoCmb, NPOCMPAHCM-
BEHHbBIL COBU2, (Pa306bILl COBUS, KUHEMUYECKASL IHEPUSL.

Beenenne

CBoOOIHBIE TAPMOHMYECKHE KOJNEOaHUsl KIACCHYECKOr0 MasTHHKAa OOYCIOBJIEHBI B3aUMHBIM Mpe-
o0pa3oBaHHEeM KMHETHYECKOW HEPTUH Tpy3a B MOTCHIIMAIBHYIO SHEPTHIO NMpYx)uHHI [1, 2]. Pa3pabora-
HBI OCIIIJUISATOPHI C APYTUM XapakTepoM sHeprooOMeHa, Hampumep, Mpeodpa3oBaHHEeM KHHETHYECKOU
SHEPTUM Ipy3a B SHEPTHIO MATHUTHOTO IOJISI COJIEHON A WIIM HHEPTHUIO 3JIEKTPUUECKOTO MOl KOHAEHCa-
Topa. Bce aTm KkonebaTenbHBIE CHCTEMBI M TOom00HBIe UM [3—20] SBIIIMCH TPEIMOCHIIKON CO3MaHWS
OMHUHEPTHOTO OCHMJUIATOPA, B KOTOPOM YCKOPEHHE OJHOTO I'py3a MPOUCXOIUT 33 CUET TOPMOMKCHUS
JOpYyroro, T. €. HPOUCXOAUT 0OMEH TOJIBKO KHHETUIECKUMH SHEPTUAMHU.

Lenvio pabomoer sSIBISiETCS MaTEeMaTHUECKOE MOJEIUPOBAHUE MYJIBTHUHEPTHOTO KOJIe0aTeIbHOTO
MeXaHHU3Ma.

OCHOBHBIMH METOJJAMHU HCCJICIOBAHUS B PAMKax HACTOsAIIEH PaOOTHI SBISIFOTCSA METO/ABI MaTeMaTH-
YeCKOro MOJENUPOBAaHUS W aHaiu3a. Vcnoiap3oBaHHBIE METOJB! MO3BOJISIIOT MOJYYUTHh JOCTOBEPHOE
OTIMCAaHNE UCCIEAYEMBIX O0BEKTOB.

CuHTe3 K0/1€0aTEeJILHOI0 MeXaHu3MAa

[Tycts B mockocTn Z HMMEIOTCS HE JBE, a 7 KOOpAMHATHBIX ocert Ox;,0x,,...,0x, , oOpasyrommx
LIEHTPAIEHO CUMMETPHYHYIO 3BE€3y C IIEHTPOM B Touke 0. YTOm MeKITy OCAMH COCTaBISET T/7 .
W3 Hauana xoopaunHaT 0 otioxen Bektop R . Hampasnenue BexTopa npousBonbhoe. R Z.

Teopema 1

1. Otpe3ku, COSAUHSIONINE KOOPIUHATHI X;,X,,...,X, Bektopa R B cucreme koopaunar Ox;,0x,,...,0x,,
00pa3yIOT MPABUIIBHBIN 71 -YTOJBHUK.

2. Pasmep n-yroipHHUKa HE 3aBHCUT OT opueHTaruu Bektopa R.
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3. Cepenuna Bektopa R coBMmeriena ¢ ieHTpOM 7-yrojbHUKA.
Hoxazamenvcmeo. Bexktop R mMeer koopauHaThI:

X =Rcosq, 6]

X, :Rcos(%—(pj,

X, =Rcos{w—(p] )

n
B cooTBeTcTBHU C TeopeMoﬁ KOCHHYCOB

(X%, ) = R*{cos? {O_%—(p} +cos” (E—(pj— 2005[%—(@005(%—@}052 =

n n

. . 2 . .
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W3 sToro crnenyer, 4To BCe CTOPOHBI 7 -YIOJIbHUKA OAWHAKOBEI IO JUIMHE. [Ipy 3TOM HX [UIMHA He
sBIsieTCS. QYHKIMEH @, T. €. He 3aBUCUT OT OpHeHTanuu BekTopa R.

Jlanee cepenuna Bektopa R o6o3Hauaercs r. B COOTBETCTBUM ¢ TEOPEMOil KOCUHYCOB
2 | L (i-D)= 1 (i-1)n 1 (i-I)n R?
(x;7)" =R*{cos” | ~———@ [+——2c0s| ————@ |=cos| ————¢ | =—.
n 4 n 2 n 4
U3 3TOro crefyer, 4To Bce OTPE3KH, CBA3BIBAIONINE TOUKY 7 C BEPIIMHAMH 71-YTONBHUKA, HMEIOT
OAWHAKOBYIO JJIUHY. 9T0 03Ha4acT, 4YTO 7 -YT'OJIbHUK ABJISACTCA NPAaBUJIBHBIM U TOYKaA » COBIIAAA€T C €ro
LIEHTPOM.
Teopema noKa3aHa.
Teopema 1 T103BOMAET ONpPEAETUTL KOHPHUIYPAIIMIO MYJIETHHHEPTHOTO OCIMJLIATOPA, YHPOIIEHHAs
cXeMa KOTOPOTo MOKa3aHa Ha PHCYHKE.

MynbTUMHEPTHBLIN OCUUNNATOP

s neneit Teopembl 1 BEpIIMHBI MTPABIJILHOTO MHOTOYTOJIBHUKA PACCMATPUBAIKCH B OJHOM ILIOC-
KOCTH Z. JIN1 MH)KEHEPHBIX 11eJIel TPASKTOPHH TPY30B HE JTOJKHBI MEPECEKAThCS, TOITOMY TPY3bl U UX
HAIPAaBISIONIAE PACIIONOKEHBI B MAPaUIENbHBIX TIOCKOCTAX MOJOOHO MWIMHAPAM, MaTyHaM U KPUBO-
IIMIIaM B KPUBOIIUITHO-IIIATYHHOM MexaHu3Mme. J1Jis o0ecrneueHus 3TOro, HalpuMep, CTEPKEHb X X3 3a-
KpeIyieH «cBepXy» (OJrKe) rpys3a, HaXOAAIIErocs B KOOPAUHATE X|, & CTEPKEHb X1X; — «CHU3Y» (CM.
PUCYHOK).
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AHanu3 K0J1e0aTeJILHOT0 MeXaHU3Ma
BremrHue cuitel K cUCTEME HE MPUIIOKEHbI. CKOPOCTH MHEPTHBIX TET MacCOl m KaXa0e Ompeaens-
I0TCS KaK MPOM3BOAHBIE HX KoopauHaT. B cootBercTuu ¢ (1), (2)

ﬂ=—Rsin(pﬂ,

t dt
&:Rsin(ﬁ—@j@,

dt n dt
dx3 :R [2_7[_([))@’

n dt

—t Rsm{(l_l)n— }@,

t n dt

dt n
JInst Toro 4ToObl B CHCTEME MPOMCXOIUIN CBOOOIHBIE TapMOHUYECKHE KOJIeOaHus, HEOOX0IUMO,
4TOOBI €€ MOJIHAs YHEPTHUsI OCTABAIACH TIOCTOSHHON. B TaHHOM cilydae 1oJHas SHEPIHs CHCTEMbI HMEET

BUJ;

. 2
T:%mRz{szwsmz (E_¢J+...+Sinz[(l—l)ﬂ_(p}+_..+sin2{(n—1)ﬂ—(p}}(ﬂj G
n n

n dt
Teopema 2
IIpu n>2 umeeT MECTO BBIPAKEHHUE:
Sosin?| LD 4|2 )
P | n 1 2
Jlokazamenvcmeo
n /e N .
.2l (@-Dm I 1 {(1—1)2n }
sin” | ———zto¢|= ———cos| ———=+2 =
B[ oS3 Jeod 2020
n 1 z G-D2m_1 . 5. (@-D2=n
=———cos2 coOS————F —sin2 sin———.
2 2 (PZ‘ n 2 (PZ‘ n

Ecimu Booms xoopauHatHEIX oceil 0x),0x,,...,0x, OTIOKUTH eqUHHYHBIE BEKTOPHI, TO HX CyMMa
BCJIC/ICTBUE IIEHTPAJIBHON CUMMETpUH Oy/eT paBHa Hy:o. ClieI0BaTeIbHO, CyMMa IPOEKIH ITHX e/U-
HUYHBIX BEKTOPOB Ha mo0yro n3 oceit 0x;,0x,,...,0x, Taxxe Oyner Hynesoi. ITo 3T0if mpuumnne mo-

CJICJIHUE JIBE CYMMBI TOXKJCCTBEHHO PaBHBI HYITIO.
Teopema nokazaHa.
Cneocmeaue. llpu n =2 Beipakenue (4) nmpuoOpeTaeT U3BECTHBIN BUI:

sin2(p+sin2(§+(pj=sin2(p+cosz(p=§=1.

TouHO TaKkXe T0Ka3bIBAETCA
Teopema 3
IIpu n>2 umeeT MECTO BBIPAKEHHUE:

n c
Z:cos2 [mi(p} :2.
i=1 n 2

C ydyeToM TeopeMsl 2 (BeIpaxkeHue (4)) motHas (0Ha jke KMHeTH4Yeckas ) dHeprus (3) paBHa

2
T = lnmR2 (@j =const .
4 dt

W3 nocneaHero BbIpaKeHUs CIeIyeT
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@ =const .
d

t
HauanbHble ycinoBus 11 (asbl M yIIOBOH CKOPOCTH:
(p(O) = (pO ’

do
—0)=0w, .
dt() ®o

Orcroma C, =@, C; =0, .
DopMysl 411 KOOpaUHAT Tpy30B (1)—(2) mpUHUMAIOT BHI:
x, = Reos( @yt +@p),

T
X, =Rcos(;—0)0t—(p0J,

X3 :Rcos(%—mot—(po),

-1
X, =Rcos{u—m0t—(po}

n
HauanpHble ycaoBuUs A7Is EpEeMEILEeHHs U TMHEHHOH CKopoCTH:
dx
—L(0)=vp.
dt
Orcrona
Yo
COSPo =
x X
@, = arccos—2 = arcsin,, |1 —Lg ,
R R

\%
O =~ 5)
R _xlo

BriBoabI

WHepTHBIE Tena Maccod m KaxJI0e OCYLISCTBISAIOT I'apMOHUYECKHE KOjieOaHusi, 00yCIOBICHHBIC
B3aMMHBIM OOMEHOM KWHETH4YECKoM 3Hepruei. [loTeHIManbpHast SHEPTUs NPYKUH JJIS 3TOTO HE Tpe-
OyeTcs.

Komebanust Ten sIBISIOTCST CBOOOIHBIMH.

OCOOEHHOCTHIO MYIETHMHEPTHOTO OCIHJUIATOPA SBISETCS TO, YTO YacTOTa €ro CBOOOJHBIX KOJIe-
Oanwmii (5) HE GUKCHpPOBAHA U ONPEAEIACTCS MPEUMYIIECTBEHHO HAYaIbHBIMH YCIOBUSAMU. JTa 0COOCH-
HOCTh MOJKET OKa3aThCs BeChbMa TOJIE3HOW I TEXHUYCCKUX MPUIOKCHHMA, HAPUMED, JJI CAMOHEHT-
paNHm3aIuy MEXaHMIECKON PEaKTUBHOHN (MHEPITMOHHON) MOIITHOCTH.

n-YTOJIBHHUK X, X,,...,X, OCYLIECTBISET CIOKHOE JBHKEHHE — OPOMTAIBHOE BpPAIIECHHE BOKPYT

HeHTpa KoopauHaT 0 ¥ CTHHOBOE BpAIlleHHE BOKPYT CBOEH OCH, IPOXOASIIEH Yepe3 MEeHTp 7 .

IIpu 3TOM KaXABIii TPY3 COBEPIIACT JUHElHble 2apMoHUYecKue Koaebanus BIOITh CBOCH HaIpaB-
nsaromeit. Ero koopaunaTta usmensercs ot +R 1o —R.

[Ipu pacnosnoxeHnH HANPABISIONINX TPY30B HE B BHJIE 3BE3[Ibl, a MapalIebHO APYT APYTY YTIIBI
MEXIY COOTBETCTBYIOIIUMH KPHBOIIMIIAMUA HEOOX0AMMO cocTaBsT 360/n rpamgycos.
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MynbTUUHEPTHBIH OCHMILISATOP WMEET MEPCHEeKTHBY MPOMBIIUIEHHOTO TMpHUMeHeHus. Hekoropwie
BI/I6pOMaIHI/IHLI, B YaCTHOCTHU COPTHUPOBAJIBHBIC MMCIOT OoJtee TPEX MACCUBHBIX IMOJABUXHBIX pa6ormx
opranoB. [TocTpoeHue UX Mo cXeMe MYJIbTHHHEPTHOTO OCIHIUIATOPA MO3BOJMT CYIIECTBEHHO COKPATHUTh
MoTpeOJIeHNEe YHEPTHUU, KOTOpas B 3TOM CiIydae He OyJeT pacxoAoBaThCsl HA COOOIIEHWE MACCHUBHBIM
pabourM opraHaM KoyieOaTeNbHBIX JIBHKeHHH (0koi0 90 % mOJHOW MOIHOCTH), a OyAeT HampaBicHA
TOJILKO Ha KOMIICHCAIIHIO TPEHHS U Ha COBEPIIICHUE MOJIE3HON paboThI.
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MATHEMATICAL MODELING
OF A MULTI-INERT OSCILLATORY MECHANISM

L.P. Popov, ip.popow@yandex.ru
Kurgan State University, Kurgan, Russian Federation

It is noted that the free harmonic vibrations of a classical pendulum are due to the mutual
conversion of the kinetic energy of the load into the potential energy of the spring. Oscillators
with a different nature of energy exchange have been developed, for example, by converting
the kinetic energy of a load into the energy of a magnetic field of a solenoid or the energy of
an electric field of a capacitor. All these oscillatory systems and the like were a prerequisite for
the creation of a biinert oscillator, in which the acceleration of one load occurs due to the braking
of another, i. e. only kinetic energies are exchanged. The aim of the work is mathematical modeling
of a multi-inert oscillatory mechanism. The main research methods in the framework of this work
are methods of mathematical modeling and analysis. The methods used make it possible to obtain
a reliable description of the studied objects. In the proposed multi-inert oscillator, inert bodies
of mass m each carry out harmonic oscillations due to the mutual exchange of kinetic energy.
The potential energy of the springs is not required for this. Body vibrations are free. A feature of
a multi-inert oscillator is that the frequency of its free oscillations is not fixed and is determined
mainly by the initial conditions. This feature can be very useful for technical applications, for
example, for self-neutralization of mechanical reactive (inertial) power. n-gon, formed by inert
bodies, carries out complex motion — orbital rotation around the center of coordinates and spin
rotation around its axis passing through the center of the n-gon. Moreover, each load performs
linear harmonic oscillations along its guide. With the arrangement of the guiding weights not in
the form of a star, but in parallel to each other, the angles between the corresponding cranks must
be 360/n degrees.

Keywords: oscillator, inert, harmonic, reactivity, spatial shift, phase shift, kinetic energy.
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