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Introduction 
The segregation of steel impurities during its 

solidification largely determines its quality [1–10]. 
A promising method of its research is mathemati-
cal modeling [11–13].  

We have developed a mathematical model 
based on the following basic principles. A two-

component melt is investigated. The whole melt 
has been divided into cells with the size equal to 

the average size of the mature grains observed in 

the crystallized metal. A nucleus of the solid 
phase grows in each cell. It was assumed that  

the solid phase nucleus and the outer boundary of 
the melt are spherical. The temperature of  

the outer surface of the melt cell decreases ac-
cording a mode that is set arbitrarily. 

Naturally, there is no equilibrium in the melt 
or in the solid phase during real cooling. Howe-
ver, we assumed that a local equilibrium is main-
tained at the interface between these phases and 
the parameters of this equilibrium can be deter-
mined from the equilibrium phase diagram. 

Due to the small size of the system under 
consideration, convective flows can be ignored, 
so it has assumed that thermal processes are in 

accordance with the laws of thermal conductivity 
and the mass transfer of phosphorus in the liquid 
and solid phases obeys the laws of diffusion.  

The mathematical model is based on the equa-

tions of thermal conductivity and diffusion in  

the solid and liquid phases and the equations of 
the equilibrium concentrations of phosphorus in 

the solid and liquid phases near the surface of  
the solid particle.  

 

1. The mathematical model of the system 

In accordance with general theory of  
the growth of chemical reactions products particles, 

described in [13], the equations of thermal conduc-
tivity and diffusion of phosphorus are as follows. 

1. The equations for the solid phase  S  

consist of the heat conduction equation  
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Here r  is the distance from the current point  
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to the center of the solid particle (the center of 

the whole system), t  is time,   ,c ñ ñ t r  is 

the mass fraction of phosphorus,   is density,  

  is thermal conductivity coefficient, Pc  is spe-

cific heat capacity, and D  is diffusion coefficient 

of phosphorus. The superscript S  indicates  

the solid phase. 

2. The equations for the liquid phase  L  

consist of the heat conduction equation  
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and the phosphorus diffusion equation 
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appear because a growing particle of the solid 
phase “pushes” the liquid phase around itself, 

causing its mechanical movement. In these ex-

pressions, the superscript L  indicates the liquid 

phase, the subscript F  indicates the value refers 

to the interphase boundary. 

3. The basic equations of the interface 
boundary consist of the heat transfer equation  
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the equations of mass transfer of the phosphorus 

between the phases  
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and the equation of the solid phase particles growth  

 Fe P

1
.

S

dR
I I

dt
 
F

 

Here, Fe P,H H  are the specific enthalpies of 

the transition of iron and phosphorus from solid 

to liquid, Fe P,I I are the mass transfer rates of Fe 

and P from the liquid phase to the solid phase per 

unit surface area. 

 

2. Solution method 

The boundary between the phases L and S 

moves. We used difference scheme with front recti-

fication for solving multifront problems of the Stef-

an type [14] in which the boundary is not moving. 

After that a finite difference method [15] has been 

applied and then an algorithm for solving the re-

sulting difference problem has been developed. 

A computer program for calculating the tem-

perature and the phosphorus content at any point 

of the solid particle and the melt at any time and 

drawing the corresponding graphs was developed. 
 

3. The source data for the calculation 

A fragment of the Fe–P phase diagram has 

been used (Fig. 1). 
 

 
Fig. 1. A fragment of the Fe–P phase diagram 

 

The coordinates of points , , , ,A B E K D  

were determined and the line AD  was approxi-

mated by a linear dependence, and the line ABE  

by quadratic dependence: 
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The following physical characteristics of  

the system components were used [16–19]  

(Table 1). 

The diffusion coefficients of P in the liquid 

and solid phases were taken equal to 
9 2 11 10 m s   and 

13 2 11 10 m s   respectively. 

Here are the calculation results for a melt 

with a mass fraction of phosphorus equaled 
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0 0,05%.c   The liquidus and solidus tempera-

tures of such a system equal, respectively,  

TL = 1532.2010 °C and TS = 1525.6260 °C. 

Based on the approximate volume of  

the melt per grain, the radius of the whole system 

was assumed equal to 10 msurR   , and the ini-

tial size of the solid particle was assumed equal 

to 0 10 nmR  . It was assumed that at the initial 

moment the whole system was at the same tem-

perature 0 LT T , the composition of the liquid 

and solid phases was the same everywhere and 

equal to 0c . The cooling rate of the outer surface 

of the system is assumed linear and such that so-

lidification occurs in 10 minutes.  
 

4. The calculation results 

Calculations have shown that the tempera-

ture alignment in both the liquid and solid phases 

is almost instantaneous.  

Fig. 2 shows that in less than 0.03 seconds, 

the solid phase particle grows to two-thirds of its 

maximum possible size (10 microns) and then 

grows relatively slowly. 

Table 1 
Data for the calculation 

Parameter Fe P 

Specific heat of melting (kJkg
–1

) 270 917 

Specific heat capacity, sol. (Jkg
–1
K

–1
) 770 685 

Specific heat capacity liq. (Jkg
–1
K

–1
) 673 436 

Density, sol. (kgm
–3

) 7700 2200 

Density, liq (kgm
–3

) 7000 900 

Thermal conductivity, sol. (Wm
–1
K

–1
) 37 0.24 

Thermal conductivity,liq. (Wm
–1
K

–1
)) 34 0.16 

 

 
Fig. 2. Growth of the solid phase particle 

 

 
Fig. 3. The changes in the phosphorus concentration in the solid phase over time:  

1 – in the center, 2 – on the surface 

 



Физическая химия и физика металлургических систем 

Bulletin of the South Ural State University. Ser. Metallurgy. 
2020, vol. 20, no. 2, pp. 5–11 8 

Fig. 3  shows  that  for  a given  such  a small  

coefficient of phosphorus diffusion in the solid 

phase, the composition of the solid phase does 

not have time to equalized even in 5 minutes. The 

concentration of phosphorus in the center and on 

the surface of the particle by the end of the three 

hundred seconds differs by 0.15
 
%. But, as Fig. 4 

shows, the concentration of phosphorus in  

the liquid phase at the surface of the solid particle 

and at the outer surface of the system begin to 

coincide after 0.038 s. 

Fig. 5 shows the redistribution dynamics of 

the phosphorus mass contained in the initial 

melt between the liquid and the solid phases 

 

Fig. 4. Changes in the concentration of phosphorus in the liquid phase over time:  
1 – on the border with the solid phase, 2 – on the outer border 

 

 

Fig. 5. Change of the relative mass of phosphorus (relative to the total mass of phosphorus  
in the system under consideration) over time: 1 – in the solid phase, 2 – in the liquid phase 

 

 

Fig. 6. Change in relative mass (relative to the total mass of the system) over time:  
1 – solid phase, 2 – liquid phase 
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over time. 

Fig. 6 shows the solidification dynamics of 

the melt. 

Fig. 7 shows the unevenness of phosphorus 

distribution in solid phase particles after 300 s. 

The composition of the liquid phase is leveled 

after 0.038 s. 

 

Conclusions 

Calculations have shown that the tempera-

ture alignment is almost instantaneous, and  

the liquid phase composition alignment is also 

quite fast. Alignment of the solid phase composi-

tion with a small diffusion coefficient is not 

achieved in real time. 

Calculations also showed that the initial con-

centration of phosphorus and the nature of changes 

in external temperature play a principal role in the 

inhomogeneity of the crystallized metal. A comput-

er program that implements the proposed mathe-

matical model allows selecting cooling modes for 

obtaining solid phase with the specified properties. 

 
Fig. 7. Distribution of the phosphorus concentration in the solid phase after 300 s 
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МАТЕМАТИЧЕСКАЯ МОДЕЛЬ ЛИКВАЦИИ  
ПРИ ОХЛАЖДЕНИИ РАСПЛАВА ЖЕЛЕЗА С ФОСФОРОМ 
 

А.Д. Дрозин, Е.Ю. Куркина 

Южно-Уральский государственный университет, г. Челябинск, Россия 
 

Целью данной работы явилось детальное изучение процесса ликвации фосфора при затверде-

вании стали. Создана математическая модель, рассматривающая сферическую ячейку распла-

ва с ядром твердой фазы в центре. Приняли, что тепловые процессы в системе протекают в 

соответствии с законом теплопроводности, а массоперенос фосфора в жидкой и твердой фа-

зах подчиняется закону диффузии. Кроме того, приняли, что на границе раздела этих фаз 

поддерживается локальное равновесие, и параметры этого равновесия могут быть определены 

из равновесной диаграммы состояния. Внешняя граница расплава охлаждается по произволь-

ному режиму. На основе полученных уравнений была создана компьютерная программа, по-

зволяющая определять содержание фосфора в любой точке расплава в любой момент времени. 

Расчеты показали, что выравнивание температуры в системе происходит практически мгновен-

но, а концентрация фосфора в жидкой фазе быстро выравнивается. Однако концентрация фос-

фора в твердой фазе выравнивается гораздо медленнее из-за малого коэффициента диффузии 

фосфора в твердой фазе. Основными факторами, определяющими сегрегацию фосфора, являют-

ся начальная концентрация и режим охлаждения расплава. Полученные результаты помогут 

подбирать режим охлаждения расплава для получения металла с заданными свойствами. 

Ключевые слова: математическая модель, металловедение, диаграмма состояния, лик-

вация, локальное равновесие. 
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