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Abstract. Introduction. When melting, solidifying and oxidizing a metal, the problem arises of calcu-
lating the temperature field in areas with time-varying boundaries. Usually, to solve the heat equation
in such cases, the method of catching the boundary into a node of a spatial grid is used, which necessitates
the use of a variable time step in calculations, in addition, the number of spatial nodes will also be variable.
All this leads to a change in the amount of computational work. However, in many cases the method of
grids with moving nodes may be more preferable, in this case there is no need to change the number of spa-
tial nodes and the time step. Purpose of the study. Develop an algorithm for approximating the convective
boundary condition for grids with moving nodes. Materials and methods. The analysis and generalization
of literature data on the problem is carried out. It has been established that the direct replacement of deriva-
tives in the boundary condition by finite differences leads to a large error in calculating the surface tempera-
ture and, as a result, the entire temperature field of the body. When using a grid with a constant spatial step
for a finite-difference approximation of the boundary condition, one can use the Beck formula. There is
no formula similar to the Beck formula in the literature for meshes with moving nodes, so the problem arises
of determining such a formula. To solve the stated problem of approximation, the method of heat balance
for an elementary cell near the surface of the body is applied. Results. An analogue of the Beck formula
for grids with moving nodes is found. The obtained finite-difference formula was tested, including with
the help of a computational experiment. Conclusion. The obtained formula for approximating the convec-
tive boundary condition for grids with moving nodes can be a kind of addition to the theoretical foundations
of the method of grids with moving nodes used in practice for calculating temperature fields in areas with
variable boundaries; its application makes it possible to increase the accuracy of calculating the temperature
field of a body.
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Annomayusn. Beenenne. Ilpn nnaBneHny, 3aTBepAeBaHUN M OKHCICHUH METajUla BO3HHKAET 3a/1a4a
pacyera TeMIIEpaTypHOT'O IOJsI B 00JACTSIX ¢ MEPEMEHHBIMH BO BpeMeHH rpanuiiaMu. OOBIMHO 11 perre-
HHSI YpaBHEHHS TEIJIONPOBOJIHOCTH B TAKHX CIIydYasiX NPUMEHSIOT METOJ JIOBJIM TPaHHIIBI B y3€J IIPOCTPaH-
CTBEHHOI1 CETKH, 3TO 00yClIaBIMBaeT HEOOXOIUMOCTh HCIIOJIb30BAHUS TIPH PACUETaX NMEPEMEHHOTO 11ara mo
BPEMEHH, KPOME TOTO, NEPEMEHHBIM OyIeT M YMCIIO NMPOCTPAHCTBEHHBIX Y31I0B. Bce 3T0 mpuBomuT, Kak
MPaBWIIO, K YBEIHMUEHUIO 00beMa BBIYUCIUTENBHON paboThl. OJHAKO BO MHOTHX CIIydasx Oojee Mpeamnoy-
TUTEJIBHBIM SIBJISIETCSI METOJI CETOK C MOJIBMXKHBIMH Y3JIaMH, B 3TOM CJIydae HeT HEOOXOJAUMOCTH B U3MEHE-
HHUH YUCIIa MPOCTPAHCTBEHHBIX y3JIOB M mara no BpeMeHu. Ileas mccienoBanus. PazpaboTars anroputm
annpoKCHMAIlMM KOHBEKTHBHOTO TPAHMYHOTO YCJIOBHS JUISl CETOK C MOABHKHBIMHU y3iiaMu. MaTepHajbl u
MeToAbl. BeimosHeH aHanu3 u 06001eHne JTUTEpaTypHBIX JaHHBIX 110 IpodieMe. Y CTaHOBJIEHO, YTO Hero-
Cpe/ACTBEHHAsl 3aMEHa NPOU3BOJHBIX B TPAHUYHOM YCJIIOBHH KOHEUHBIMH PA3HOCTSIMH IPUBOAUT K OOJBIION
MOTPENIHOCTH BBIYMCICHUS TEMIIEPATYPHI IIOBEPXHOCTH U, BCIEACTBHE 3TOTO, M BCET0 TEMIIEPAaTYPHOTO MO-
75t Tena. [Ipu UCIONB30BaHUM CETKH C MOCTOSHHBIM LIArOM I10 IIPOCTPAHCTBY C 1IEJIBIO MOBBIIICHUS TOUYHO-
CTH PacyeToB JJsl KOHEYHO-PA3HOCTHOW aNMpOKCHMAIlMM TPAHUYHOTO YCIOBHS MOXKHO HCIIOJIB30BaTh
¢opmyny beka. B nutepatype U1 ceTOK ¢ HOJBIKHBIMH y3J1aMH (OPMYIIbI, aHAJIOTHIHO# opmyne be-
Ka, HET, I03TOMY BO3HHKAET 3aJiaya 1o ONpPEeIICHUIO Takoi (hopmyibl. J[iis penienust moctaBieHHON 3a/1a-
YH anIpOKCUMAIMK IPUMEHEH METO/I TETUIOBOTO OanaHca At SJIEMEHTapHOM SYEHKN y TOBEPXHOCTH TEa.
PesyabraTsl. Haiinen ananor gopmynsr beka aist ceTok ¢ NOABWKHBIMH y3JIaMH. BeimonHeHa anpobarus
MOJIyYeHHOM KOHEYHO-Pa3HOCTHOM (h)OPMYIIbI, B TOM YHCIIE U C IOMOIIBIO BBIYUCIUTEIBHOTO SKCIEPUMEHTA.
3akmiouenue. [lonyueHnas Gopmysa annpoKCUMali KOHBEKTUBHOTO TPAHUYHOTO YCIOBHS ISl CETOK C
MOJBIDKHBIMHU y3JIaMH MOJKET OBITh HEKHM JOIIOJHEHHEM K TEOPETHYECKHM OCHOBAM HCIIOJIB3YEMOTO
B IIPaKTHKE BBIYMCICHUN TEMIIEPATypHBIX MOJEH B 00JaCTAX C HEPEMEHHBIMU IPaHUIIAMH METOJA CETOK
C MOJBW)XHBIMH y3JIaMH, €€ IPUMEHEHHUE T03BOJISIET MOBBICUTh TOYHOCTh PacyeTa TEMIIePaTypHOIoO MOJis
Tea.

Knioueevie cnoea: KOHEYHO-Pa3HOCTHASI CXE€Ma, KOHBEKTHBHOE I'DAaHUYHOE YCIIOBHE, METOJ| CETOK C
MOZBMKHBIMHU Y3JIaMH, pacueTHasi 00JacTh ¢ MOABMKHBIMU IPaHHULIAMHU, TEMIIEPATYPHOE MOJIE, allpOKCHU-
Manus
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Introduction

During melting, solidification and oxidation
of metal, in case of emergency freezing of water
in heat pipelines and in water supply systems,
when calculating the process of cooling and
freezing of a moving front of a heat carrier during
filling of an empty pipeline when starting up in
winter conditions, when wet soil freezes, inclu-
ding in the presence of snow cover with variable
thickness and in other cases, the problem of cal-

culating temperature fields in regions with time-
varying boundaries arises [1-7]. In the finite-
difference solution of such a problem, as a rule,
the method of catching the boundary in a node of
the spatial grid is used [7, 8], which necessitates
the use of a variable time step in the calculations,
in addition, the number of spatial nodes will also
be variable. Here, the method of grids with mo-
vable nodes may be more preferable [9-12]. This
makes it possible, in particular, to avoid changing
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the number of nodes of the computational grid
and, therefore, the dimension of the used infor-
mation arrays, as well as the time step, which can
be quite attractive, for example, when developing
software. However, it should be borne in mind
that in any case, both in numerical calculations
with constant sizes of steps in spatial coordinates,
and with variable sizes of such steps, a finite-
difference approximation of the boundary condi-
tions is necessary, which describe the features of
heat transfer of the solid body under study with
the environment. Moreover, it is known that
the solution of this problem by direct replacement
of derivatives by finite differences can lead to
large computational errors. Therefore, it is neces-
sary to develop special approaches and solutions
to this issue.

The relevance of the issue under study

According to the data of [1, 5-7], the rele-
vance of the problem of calculating temperature
fields in regions with time-varying boundaries for
the present time is very significant, the literature
notes the insufficient development and validity of
some approaches and techniques, in particular,
the method of grids with moving nodes. There-
fore, the study and identification of all aspects
and features of the method of meshes with mo-
ving nodes is of great importance.

Statement of the research problem

Most often, heat transfer at the boundary is
described by a boundary condition of the third
kind, which has the form:

_x(j—]zfcza(tc—t|6), (1)

where t:t(M ,’E) — body temperature at point

M at the moment t; N — normal to border G
(body surface); A, a — respectively, the coeffi-
cients of thermal conductivity and heat transfer;
tc,t|. — respectively ambient temperature and

G
body surface temperature (body temperature at
the border).

It is known that equation (1) is usually ap-
proximated by the following finite-difference
scheme:

the surface node by the size of the space step #,
at the same time k-At; 75 — temperature of
the medium at time k-At; At— size of the calcu-

lated time step. It is assumed here that the size of
the computational domain in the normal direction
N divided by n parts (steps /).

It is also known [13] that the approximation
of the boundary condition (1) by the finite-
difference scheme (2) gives a noticeable error
in determining the temperature of the body sur-
face if

ah <. 3)

In this case, in order to increase the accuracy
of determining the surface temperature and,
therefore, the entire temperature field of the body
when calculating by the method of grids with
a constant step along the spatial coordinate /# one
can use the approximation formula proposed by
Beck [14]. According to [13 and others], Beck's
formula has been successfully tested in computa-
tional practice.

If the method of grids with movable nodes is
used to calculate the temperature field [9-12],
then, naturally, the question arises: what form
will have a formula similar to Beck's formula, but
for grids with movable nodes. This work pro-
vides an answer to this question.

The theoretical part of the study

When deriving the approximation formula in
[14], a fairly well-known technique was used:
to obtain a difference solution that well describes
the real temperature field, it is advisable to ful-
fill the energy conservation law for the differ-
ence scheme itself [15, 16]. This method is often
called the finite control volume method [16] or
the heat balance method for elementary volumes
[8, 16]. It should be noted that, in contrast to
[14], when deriving a formula for approximating
the boundary condition for grids with moving
nodes, we will use averaging not temperatures
over the time interval At, and heat flux densi-
ties.

Let us denote the heat flux density by heat
transfer at the beginning of the time interval At

through qlk , and at the end — through qlk T its

k_k

bl =oc(té— tr];)= @) average value — through qlz(qlk +qlk+1 )/2 , and
where t,]f — body surface temperature (in the it is easy to see that
node 7) at the moment k-At; t* | — body tem- 7 :a(té +i¢! _ ty+iy" ] (4)
perature in an adjacent node n—1, remote from 2 2
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Further, the density of the heat flux by thermal conductivity in the surface layer of the body is de-

noted, respectively, at the beginning At through q§ , and at the end — through q§ 1 its average value —

through ¢, =(qéc +q§ + ) / 2, and it is easy to see that

k k k+1 k+1
tn —1 + tn — tnfl j

n—1

Here 4" and A*"! — is the distance between the nodes of the computational grid at times k-At and

)

(k+1)-At respectively.

Following [8, 14-16], let us assume that the size of the control volume (unit cell) for the surface is
equal to the half-layer and estimate the heat content (enthalpy) of the half-layer on the surface at the be-
ginning and at the end of the time step At: cpt,’,‘ n* / 2 and correspondingly cpt,’,€+1 e / 2. Here ¢,p -
respectively, the specific heat and density of the substance; moreover, as in [14], it was assumed that the
average temperature of the half-layer is equal to the temperature of the body surface.

The difference between the amount of heat supplied to the half-layer on the surface by heat transfer
and the amount of heat removed from it during the time At by thermal conductivity inside the body,
according to the law of conservation of energy, it represents the stored amount of heat spent on changing
the heat content (enthalpy) of the half-layer. Mathematically, it will be written like this:

k+1g k+1 kpk
_ t, h t,h
(% _92)‘AT=CP(nT— n2 ] (6)
Transforming this equation accordingly, we obtain the required approximation formula:
k k k+1
k| Mh A k| k4l ol | an
t —o—— |[+oaltc+t )+ A T+
k+1 n("'m hk] (C ‘ ) (hk W
+o+
a-At A

Here a — thermal diffusivity. Note also that if nh=p* =p , that is, if the interface between the media

is motionless, then from (7) follows the Beck approximation formula [14], which in this case will have
the form:

2
tf,( U —M—1]+(§fl(tg+tg+l)+t:f_l+t],{lj
i = : (8)

o ah
+—+1
A

a-At

Approbation of the approximation formula

It is shown in [13, 14] that the formula proposed by Beck for approximating the convective bounda-
ry condition together with the known methods [7, 15, 17] of the finite-difference replacement of the dif-
ferential equation of heat conduction provides a fairly accurate description of heating (cooling) of mas-
sive bodies. This, to a certain extent, confirms its adequacy to real physical processes.

The adequacy of the approximation formula (7) obtained for grids with moving nodes, taking into

account the above, is to a certain extent indicated by the fact that for A* =4*"! from it a special case of

the Beck approximation formula is obtained. In addition, in order to approbate formula (7), the follo-
wing technique was used: the results of calculating the heating of a steel plate without and taking into
account oxidation were compared, but under the assumption that the metal crumbles immediately after
oxidation and does not affect heat transfer, i.e. oxidation only leads to a decrease in the thickness of
the plate. This comparison is due to the fact that in the literature there are no accurate data on the tem-
perature distribution in the scale and metal, taking into account the transfer of heat through the surface
layer of the oxidized metal. In addition, a full-scale experiment to determine, for example, the tempera-
ture of a moving boundary is very difficult, in particular, due to the fact that in this case a movable tem-
perature sensor is required.
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When performing calculations in the first
case, the boundary condition (1) was approxi-
mated by the Beck formula, and in the second,
by the formula (7). The heat equation in all cases
was approximated by an implicit difference
scheme, which was solved by the sweep method.
In the case of taking into account the oxidation of
the metal, we used the scheme with movable
nodes given in [10].

It is quite clear that a decrease in the geomet-
ric dimensions (thickness) of the plate due to oxi-
dation in the calculations should lead to better
heating of the metal. However, the temperature
distributions in both cases should differ slightly
from each other due to the relatively insignificant
decrease in the thickness of the steel plate as
a result of metal oxidation. This is confirmed by
comparing the calculation results.

It is also of interest to compare the results of
calculating the temperature fields for various
methods of approximating the convective boun-
dary condition for grids with a constant step in
space: formula (2), obtained by simple replace-
ment of the derivative by a finite difference, and
Beck's formula.

The Table 1 shows the results of calculations
of symmetric heating of a steel plate with a thick-

ness 0,1m at a=0,02m*/h, A=30,24 W/(m-°C),
o =348,9 W/(m2 -°C). In this case, it was as-
sumed that at the initial moment of time the tem-

perature at all points along the thickness of the plate
is the same and equal to 700 °C ( the so-called hot

posad), heating medium temperature 7. =1300°C,

and the oxidation of the metal is described by
the following relationship:

Ohpy _ 39,4
ot hoy (1)

obtained by approximating the experimental data.

Here h,y — dross thickness, and ?,,, — surface

{ ~7580

107%, m/h,
P tMM(t)+273} "

temperature of unoxidized metal (under real con-
ditions under the scale layer).
In Table 1: tg, and f, — temperatures of

the surface and center of the heated plate under
the following conditions: i=1 — heating without

taking into account oxidation when the boundary
condition is approximated by formula (2); i=2 —

the same, but when the boundary condition is
approximated by the Beck formula; i=3 — hea-

ting taking into account oxidation, leading only
to a decrease in the thickness of the plate (it is
believed that the oxidized metal immediately
crumbles), and the approximation of the bounda-
ry condition by formula (7). The half-thickness
values given in the table are for case only i=3.

As can be seen from the Table 1, the dis-
crepancy between the values tg,, and fg,;, as

well as 70, and 7.5 is a relatively small value,

which allows us to conclude that formula (7)
provides a satisfactory description of the process
and can be recommended for use in calculating
temperature fields in regions with moving
boundaries.

The practical significance of the results

The obtained formula for the approximation
of the convective boundary condition for grids
with movable nodes, as we see it, can be a kind
of addition to the theoretical foundations of

Table 1
Plate surface and center temperature
. Temperature, °C Half thickness
Time, e 1
min Lsm Isma E lcy leo les unoxidized
metal, m
0 700 700 700 700 700 700 0,05
3 903,6 903,53 904,76 777,73 780,46 783,55 0,04897
6 976,77 967,26 969,27 870,46 867,48 872,20 0,04892
9 1035,45 | 1024,55 | 1027,67 948,22 941,22 946,99 0,04884
12 1083,4 1071,54 | 1075,43 | 1011,98 | 1002,45 | 1008,97 0,04872
15 1122,67 | 1110,54 | 1115,02 1064,19 | 1053,24 | 1060,29 0,04858
18 1154,81 1142,88 1147,79 | 1106,94 | 1095,36 | 1102,78 0,04842
21 1181,13 1169,70 | 1174,92 1141,93 1130,29 1137,94 0,04825
24 1202,68 | 1191,97 | 1197,36 | 1170,58 | 1159,26 | 1167,02 0,04807
27 1220,32 1210,38 1215,92 1194,04 | 1183,28 1191,04 0,04788
30 1234,76 | 1225,68 1231,24 | 1213,25 1203,20 | 1210,87 0,04770
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the method of grids with movable nodes used in
practice for calculating temperature fields in do-
mains with variable boundaries.

Conclusions

The problem of approximation of the con-
vective boundary condition for grids with moving
nodes is considered. Using the law of conserva-

tion of energy for an elementary cell near the sur-
face of a body, we obtained a formula for
the numerical approximation of the boundary
condition, which is similar to the Beck formula
known in the literature. The approximation for-
mula can be used to improve the accuracy of cal-
culating the temperature field of a body with
moving boundaries.

References

1. Tsaplin A.L, Nikulin I.L. Modelirovanie teplofizicheskikh protsessov i ob"ektov v metallurgii:
ucheb. posobie [Modeling of Thermal Processes and Objects in Metallurgy: a Tutorial]. Perm: Perm
State Technical University Publ.; 2011. 299 p. (In Russ.)

2. Panferov V.I. [On the Optimal Control of the Processes of Heating (Cooling) and the Solidification
of the Metal]. Izvestiya vuzov. Chernaya metallurgiya = Izvestiya. Ferrous metallurgy. 1982;4:129-132.
(In Russ.)

3. Panferov V.I. [The Optimal Control of Heating Oxidation of Massive Bodies in Heat Exchange
with the Environment Through the Surface Layer of Scale]. Izvestiya vuzov. Chernaya metallurgiya =
Izvestiya. Ferrous metallurgy. 1982;2:87-90. (In Russ.)

4. Panferov V.I. [Identification of Thermal Conditions of Piping Systems]. Bulletin of the South
Ural State University. Ser. Construction Engineering and Architecture. 2005;3(13):85-90. (In Russ.)

5. Sosnovskiy A.V. [Mathematical Modeling of the Influence of the Thickness of the Snow Cover
on Permafrost Degradation Under Climate Warming]. Earth Cryosphere. 2006;X(3):83—88. (In Russ.)

6. Gorelik Ya.B., Romanyuk S.N., Seleznev A.A. [Mathematical Modeling of the Influence of the
Thickness of the Snow Cover on Permafrost Degradation Under Climate Warming]. Earth Cryosphere.
2014;XVII(1):57-64. (In Russ.)

7. Kuznetsov G.V., Sheremet M.A. Raznostnye metody resheniya zadach teploprovodnosti: ucheb.
posobie [Difference Methods for Solving Heat Conduction: a Tutorial]. Tomsk: TPU Publ.; 2007. 172 p.
(In Russ.)

8. Arutyunov V.A., Bukhmirov V.V., Krupennikov S.A. Matematicheskoe modelirovanie teplovoy
raboty promyshlennykh pechey [Mathematical Modeling of the Thermal Performance of Industrial Fur-
naces]. Moscow: Metallurgiya; 1990. 239 p. (In Russ.)

9. Solov'ev A.E., Yashchenko N.M. [Solution of the Problem of the Motion of the Interface Be-
tween Two Media Conditions]. Journal of engineering physics and thermophysics. 1981;X(2):370-371.
(In Russ.)

10. Panferov V.1, Parsunkin B.N. [Modeling of Heating Oxidation of Massive Bodies with the Me-
thod of Nets “mobile” Sites]. Izvestiya vuzov. Chernaya metallurgiyva = Izvestiya. Ferrous metallurgy,
1982;4:105-109. (In Russ.)

11. Panferov V.I., Mikhan'kova Yu.O. [Solution of the Stefan Problem for a Disconnected Heating
Pipeline]. In: Teplofizika i informatika v metallurgii: dostizheniya i problemy: materialy mezhdunar. konf.
Ekaterinburg, UGTU-UPI [Thermal Physics and Computer Science in Metallurgy: Achievements and
Challenges: Proceedings of the International Conference. Ekaterinburg, Ural State Technical University].
Ekaterinburg: Ural State Technical University; 2000. P. 284-288. (In Russ.)

12. Panferov S.V., Panferov V.I. Numerical Approximation of Convective Boundary Conditions
for Grids with Mobile Nodes. Bulletin of the South Ural State University. Ser. Power Engineering.
2015;15(4):13-18. (In Russ.) DOI: 10.14529/power150402

13. Zherebyat'ev LF., Luk'yanov A.T. Matematicheskoe modelirovanie uravneniy tipa teploprovod-
nosti s razryvnymi koeffitsientami [Mathematical Modeling of the Thermal Conductivity Type Equations
with Discontinuous Coefficients]. Moscow: Energiya: 1968. 56 p. (In Russ.)

14. Beck J. [Numerical Approximation of the Convective Boundary Condition]. Trudy ame-
rikanskogo obshchestva inzhenerov-mekhanikov. Teploperedacha (russkiy perevod) [Proceedings of
the American Society of Mechanical Engineers. Heat Transfer (Russian Translation)]. 1962;1:109-110.
(In Russ.)

52 Bulletin of the South Ural State University. Ser. Metallurgy.
2023, vol. 23, no. 1, pp. 47-54



Panferov S.V., Panferov V.I. On the problem of modeling temperature fields
in bodies with variable boundaries

15. Dul'nev G.N., Parfenov V.G., Sigalov A.V. Primenenie EVM dlya resheniya zadach teploob-
mena [The Use of Computers for Solving Problems of Heat Transfer]. Moscow: Vysshaya shkola; 1990.
207 p. (In Russ.)

16. Beck J., Blackwell B., St. Clair C., Jr. Nekorrektnye obratnye zadachi teploprovodnosti [Incor-
rect Inverse Heat Conduction Problems]. Transl. from Engl. Moscow: Mir; 1989. 312 p. (In Russ.)

17. Ryaben'kiy, V.S. Vvedenie v vychislitel'nuyu matematiku: ucheb. posobie [Introduction to Com-
putational Mathematics: a Tutorial]. Moscow: Fizmatlit; 2000. 296 p. (In Russ.)

Cnucok JIuTepaTyphbl

1. Hammmu AWM., Hukynua W.JI. MoaenupoBanue TeIUIOQU3MYECKUX MIPOLECCOB U OOBEKTOB B Me-
Taityprum: yue0. mocobue. [lepmp: U3n-so III'TY, 2011. 299 c.

2. [Tandepos B.M. K Bonpocy 00 onTuManbHOM yNpaBieHUH NPOLIECCaMU HarpeBa (OXJIaXIeHHs) U
3arBepAcBanus Metayuia // 3Bectus By3oB. UepHas Metamnyprus. 1982, Ne 4. C. 129-132.

3. [Mangepor B.M. O6 onTHManbHOM yIPaBICHUH HATPEBOM OKHCIISIFOIIUXCS MACCHBHBIX TEJ MPH
TemI000MeHe CO Cpefoil Yepe3 MOBEpXHOCTHBIN cI0i okanuHbl // V3BecTus By3oB. UepHas meTammyp-
rus. 1984. Ne 2. C. 87-90.

4. Ilandepo B.M. Mnentudukanus TEIUIOBBIX PEKUMOB TPYOONPOBOAHBIX cucTeM // BecTHHk
OVYpI'Y. Cepus «CtpoutennctBo u apxurekrypa». 2005. Beim. 3, Ne 13 (53). C. 85-90.

5. CocHoBckmit A.B. Marematnyeckoe MOJIETHPOBAHNE BIUSHUS TONIIUHBI CHEKHOTO MOKPOBa Ha
Jerpajanrio Mep3iI0Thl pu norerieany knumara // Kpuocdepa 3emnn. 2006. T. X, Ne 3. C. 83-88.

6. l'openux f.b., Pomantok C.H., Cene3neB A.A. OcoOeHHOCTH pacueTa TEIUIOBOI'O COCTOSHUS
MEp3JBIX TPYHTOB B OCHOBaHMHU (pakenbHOl ycraHoBku // Kpumocdepa 3emmu. 2014. T. XVIII, Ne 1.
C. 57-64.

7. Kyznernos I'.B., lllepemer M.A. Pa3HOCTHBIC METOJIBI PEIICHUS 33729 TETUIOIPOBOTHOCTH: yUeO.
nocooue. Tomck: Uza-so TITY, 2007. 172 c.

8. ApytionoB B.A., Byxmupos B.B., Kpynennukos C.A. MatemaTHueckoe MOAETUPOBAHUE TETLIO-
BOM pabOTH! NPOMBILUIEHHBIX euei. M.: Mertamnyprus, 1990. 239 c.

9. ComnoBreB A.E., Smenko H.M. Pemmenne 3anaun o IBUKEHUN TPAHUIIBI pa3zeia IByX cpell yCIo-
Bust // UnkenepHo-pusmueckuii xyprai 1981. T. X, Ne 2. C. 370-371.

10. ITandepor B.U., [lapcynkun b.H. MoaenupoBanue HarpeBa OKHCIISIOIIMXCS MACCHUBHBIX TEI
METO/IOM CETOK C «IOABWXHBIMH» y3namu // W3Bectus By3oB. Uepnas merammyprus. 1982. Ne 4.
C. 105-109.

11. Mandepor B.M., MuxanpkoBa F0.0. Pemenne 3agaun Credana Uit OTKIIOYEHHOTO TEILIONPO-
Boza // Termopu3uka u HHPOPMATHKA B METAILUTYPTUM: JOCTHKCHUS U MPOOJIEMBI: MAaTepUAITbl MEXKTY-
Hap. koH}. ExatepunOypr: YI'TY-YIIU, 2000. C. 284-288.

12. [Mandepos C.B., ITandepor B.U. Yncnennas anmpokcumanusi KOHBEKTUBHOTO TPAHUYHOTO ycC-
JIOBUS 7151 CETOK € MOABIKHBIME y3namu // Bectauk FOYpl'Y. Cepust «Ouepretuxa». 2015. T. 15, Ne 4.
C. 13-18. DOI: 10.14529/power150402

13. XKepeosaree U.D., JlykpsiHoB A.T. MareMaTHUeCKOe MOJCIUPOBAHUE YPABHCHHI THIIA TEILIO-
MPOBOJHOCTH C pa3phIBHBIMU K03 durmenTamu. M.: Dueprus, 1968. 56 c.

14. bex JIx. YnucneHHas annpoKcHUManus KOHBEKTUBHOTO I'paHW4yHOTrO yciosus // Tpynsl ame-
PUKaHCKOro 00IIecTBa MH)KEHEPOB-MEXaHUKOB. Teronepenauya (pycckuil mepesoxd). 1962. Ne 1.
C. 109-110.

15. Oyneues I'.H., [Mapdenos B.T'., CuranoB A.B. [Ipumenenne DBM ans pemienus 3a1aq Terio-
obMena. M.: Beici. mik., 1990. 207 c.

16. bek Ix., baakysnn b., Cent-Kmap Y., mu. HekoppekTHbie oOpaTHbIE 3aayyl TETLIONPOBOJHO-
CTH: 1ep. ¢ auria. M.: Mup, 1989. 312 c.

17. Psabenbkuii B.C. BBeieHue B BBIYHCIHTENLHYIO MaTeMaTHKY: yueb. mocooue. M.: ®usmariur,
2000. 296 c.

BecTtHuk KOYplY. Cepus «<Metannyprus». 53
2023. T. 23, Ne 1. C. 47-54



MeTtannypruyeckas TennoTexH1Ka 1 TennoaHepreTmka
Metallurgical heat and power engineering

Information about the authors

Sergey V. Panferov, Cand. Sci. (Eng.), Ass. Prof., Ass. Prof. of the Department of Urban Planning,
Engineering Networks and Systems, South Ural State University, Chelyabinsk, Russia; panferovsv@
susu.ru.

Vladimir I. Panferov, Dr. Sci. (Eng.), Prof., Prof. of the Department of Information and Analytical
Support for Management in Social and Economic Systems, South Ural State University, Chelyabinsk,
Russia; tgsiv@mail.ru.

Hugpopmavun 06 agmopax

Mandepor Cepreii BiaguMupoBu4, KaHJ. TSXH. HAayK, JOIL., J0I. Kadeapsl rpagoCTPOUTEIb-
CTBa, HHXKCHEPHBIX ceTell U cucteM, FOxHO-YpanbCKuil TocyjapcTBEHHBINH YHHBEPCUTET, YemsiOnHCK,
Poccus; panferovsv@susu.ru.

Mandepo Baagumup UBaHoBU4Y, O-p TexH. HayK, npod., npod. kadeapsl HHPOPMALMOHHO-
AQHAJIUTUYECKOTO 00eCHeUYeHUsl YNpaBJCHHUS B COLMAIBHBIX W SKOHOMHUYECKUX cucreMax, HOkHo-
VYpanbckuil TocyiapcTBEHHBIH yHUBEpcUTeT, UensOunck, Poccus; tgsiv@mail.ru.

The article was submitted 15.12.2022
Cmamova nocmynuna ¢ peoaxyuio 15.12.2022

54 Bulletin of the South Ural State University. Ser. Metallurgy.
2023, vol. 23, no. 1, pp. 47-54



