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The growth of individual grains of a solid phase during cooling liquid melt has been studied.
During cooling, the compositions of the liquid and solid phases and the equilibrium conditions
change. Therefore, each subsequent layer, “freezing” on the grain, will have a slightly different
composition. This paper proposes a method for calculating the structure of the grain changes with
increasing distance from the center. Corresponding mathematical model has been created. It is based
on the following assumptions. Growing grains are considered as spherical. The temperature align-
ment in the system and the composition alignment in the liquid phase occur instantly. The alignment
of the solid phase composition does not occur. Also, it is assumed that local equilibrium of the liquid
phase with the solid phase on the grain surface is observed at any temperature. The characteristics of
this local equilibrium can be found out from the corresponding equilibrium state diagram. The ba-
lance equation of phase masses and masses of their components at infinitesimal temperature decrease
was made. It was assumed that the local equilibrium of the liquid phase and the infinitely thin layer
of the solid phase, formed during this decrease in temperature, is observed. Taking to the limits, we
have obtained a differential equation describing the investigated process. The solution of this equa-
tion has been obtained in the form of the solid phase mass as an integral function of the temperature.
The grain composition depending on the distance from its center is obtained in the form of paramet-
ric functions expressing the radius of the current grain point and its composition at this point depen-
ding on the temperature. A computer program for the calculation of the mathematical model equa-
tions have been created. To use the model, it is needed to know the composition of the initial melt,
the average density of the solid phase and the equations of the liquidus and solidus lines in the form
of functions of concentration vs the temperature. An example of the calculation is presented.
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Introduction

Taking into account the influence of liqua-
tion in the crystallization of metal is a long-
standing problem of metallurgy [1-7]. One of
the approaches to its study is the creation of
an adequate mathematical model that takes into
account the main factors affecting the process
under study [8-10].

Consider the growth of a separate grain du-
ring cooling of a multicomponent melt, namely,
changing its size and composition. State dia-
grams show how the equilibrium compositions
of the liquid and solid phases change when
the melt is cooled. However, such an equilibri-
um cooling can be achieved only if the phase
composition and temperature have time to align
with any decrease in temperature. This is only
possible in two cases: the temperature decreases
infinitely slow or have infinitely large thermal

conductivity and diffusion coefficients of each
phase.

Therefore, only a local equilibrium observed
at short distances from the phase boundary can be
performed. During cooling of the melt from
the temperature T to T+ AT (AT <0), a thin layer
of the solid phase freezing (from the surrounding
liquid phase) on the grain, will be in equilibrium
corresponding to the new temperature composi-
tion. With the subsequent decrease in the temper-
ature to T+ 2AT, a new layer of a new composi-
tion corresponding to this new temperature will
appear on the grain. With subsequent temperature
decreases, the grain will be overgrown with new
layers, which compositions correspond to the new
temperatures, as shown in Fig. 1. In fact, we will
not even deal with separate layers, but with
a continuous change in composition as we go
away from the grain center.
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Fig. 1. Changes in grain
composition as it grows

The purpose of this work was to create a
model that allows calculation of the change in the
composition of the grain as it goes away from its
center.

1. Basic assumptions

The growth of individual grains, which are
considered to be spherical is studied Accepted
that:

1) the temperature alignment in all phases
(liquid and solid) is instantaneous;

2) the composition alignment in the liquid
phase is instantaneous;

3) the alignment of the solid phase composi-
tion does not occur.

2. Derivation of basic equations
Consider the model state diagram (Fig. 2).
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Fig. 2. Model state diagram
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Consider a melt A-B with the mass M, and
the fraction of the component B equaled ¢,. Let
the system has been cooled to a temperature T.
Let the mass of the solid phase be Mg (T) and
the number of identical grains in it be N. Let
the mass of the liquid phase be M (T), and

the fraction of the component B in it be c_(T).

Let the system now be further cooled to a tem-
perature T + AT (AT <0). In this case, the new

part of the solid phase with a mass AMg and
the composition cg ('f) where T+AT<T <T,

will be formed. Then the mass of the liquid phase
will become M (T +AT)=M_ (T)-AMg. Its
composition will be c_ (T +AT).

Let's make the balance equation of the com-
ponent B at the temperature T + AT :

AMsCs (T)+(M_ (T) =AM Je, (T +AT) =

=M (T)e (T)
and obtain
e (T+AT)—c, (T)
c (T +AT)—c (f)
Divide this equality by AT :
AMg 1

=M, (T — X
ar M )CL(T +AT)—cg(T)
><CL(T +AT)—CL(T).
AT

Let's go to the limits as AT — 0. Taking in-
to account that if AT —0 then T —> T, we get

dMg¢ 1 dec,

=M _
dT ( )CL(T)—CS(T)dT
de, 1
—=¢, and ———
T MM

are known values, from equilibrium state dia-
gram.

Because of M (T)=My—Mg(T) then
dMg c
=(Myg—-Mg(T))———————.
dT (Mo —Ms ))CL(T)—CS (T)
Having solved this differential equation we
have obtained

M¢ =M, 1—exp[—_[ “

nqar%afq'

AMg =ML(T)

In this case,
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We have obtained the dependence of the the crystallized metal mass on the temperature. Assuming
that the solid phase has the shape of a sphere of radius R and density p, we obtain the ratio

3M(T) )3
Mg _ 2R3N from which follows R(T)= Ms (1) or
3 4mpN

T ' 3
R(T)=| 0| 1 _exp —[ ——L__qT
4mpN 7, Cs (T)—c (T)
Thus, for any T we can calculate the grain radius by this formula, and by the state diagram deter-
mine the composition of the corresponding layer. We now have the defined parametrically function
cs (R) using the parameter T:

3
_| 3My T cL :
R(T)= 2N 1—exp£—jc dTJ ; (1)

3. The calculation algorithm
To calculate, we should know the initial composition of the melt ¢,, the initial melt mass M,

the density of the solid phase p, the state diagram of the system (the equations of the diagram lines in
the form of ¢, (T),cs(T)).
1. Let's find the the liquidus temperature T, and the solidus temperature T .
2. Let's divide the interval [Tg;T, ] into equal parts by points T;,T,,...,T,,_;, where Ty =Tg, T, =T, .
3. For the each point, calculate R(T),c (T ) by the formula (1).
4. Get a table of the values R(T),cs (T ), on which we build a graph of the dependence g (R).
According to the above algorithm, a computer program was written in VBA Excel.

4. Calculation example
Consider a cooling of the tin-bismuth alloy (mas. 30% Bi)). Let's use the Sn—Bi state diagram [11]

(Fig. 3).
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Fig. 3. Sn-Bi phase diagram
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The selected composition corresponds to mole 19.576%., that is, between the points Eg, and E.
Thus, for the calculation we will need the equations of the liquidus Ag, AE and solidus Ag,A.Eg, lines
in the form of C=(p(T). To do this, we took these dependencies parabolic, found the coordinates of
the points Ag,, A, E, Eg,, A, A, on the state diagram, and transferred the concentrations into mass frac-
tions. Further, by the points Ag,, A, E the equation of the liquidus line has been determined and by
the points Ag,, Ay, Eg, the equation of the solidus line has been determined. We have obtained

A, AE: c=-57-10"T2+1,4883-10 T —0,40384;
A AEg, :c=2,25-10"°T2 -3,18-107T +0,616724.

The calculation results are shown in Fig. 4-6. To ensure that they do not depend on arbitrarily spe-
cified values: the melt mass and the number of grains, some of the results are presented in a normalized
form. So the current radius of the grain is presented in the form of its ratio to the maximum radius
reached by the time of solidification of the entire melt.

In Fig. 4 the data on the the final composition of the grain are presented. Inconstancy of the grain
composition is clearly visible. The alignment of the composition can occur only after a fairly long period
of time.
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Fig. 4. The composition of the grain phase as a function
of the distance to the grain center

Fig. 5, 6 show a comparison of the obtained results with the data that would be obtained directly
from the equilibrium state diagrams, which would be realized if the cooling was infinitely slow (or if
the diffusion and the thermal conductivity coefficients of both phases were infinitely large).

From Fig. 5 it can be seen that if diffusion in the solid phase is absent, the mass of the crystallized
metal is less than it follows from the equilibrium state diagram. When the supercooling is 60.0794
(the temperature drops out to 139 °C), the eutectic precipitates and the “equilibrium” curve rises to
100%. What happens to previously formed growing grains is not considered in this paper.
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Fig. 5. The fraction of the solid phase as a function of the corresponding supercooling
(dotted line — the “equilibrium” case)
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Fig. 6. The average composition of the solid phase in the absence of diffusion in solid phase
(solid line) and in accordance with the equilibrium state diagram (dotted line)

Conclusions ences from the usual conclusions resulting from
The paper considers the limiting (not quite the equilibrium state diagram.
real) case of cooling of a two-component system e At any supercooling, the mass of the solid

in the case when the alignment of the solid phase phase is less than it follows from the equilibrium
composition does not occur is considered. In this state diagram.
case, there are a number of significant differ- e At any supercooling the total fraction of
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the dissolved substance in a solid phase is less
than it follows from the equilibrium state dia-
gram.

o The solidus temperature of a melt is de-
creases.
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MATEMATUYECKAA MOAEJIb USMEHEHUA COCTABA 3EPHA
NMPU OXNAXAOEHUUN OBYXKOMMNOHEHTHOI'O PACIIJIABA

A.[]. AposuH, C.P. HaiimaH, H.E. Kouemoe, A.B. Bopobree, N.A. Mouceee
HOxHo-Ypanbckul eocydapcmeeHHbil yHusepcumem, 2. HensbuHck, Poccus

PaccmatpuBaeTcst poCT OTAETBHBIX 3€peH TBEPAOH (a3bl MPH OXJIAKICHUN KUAKOTO PacIlIaBa.
[To Mepe oxiaXkAeHUSI MEHSAIOTCSI COCTABHI JKUAKON U TBepAOi (a3 u ycimoBusa paBHOBecHs. [loaTomy
KaX[bI{ TOCIeNyIOMMN CIIOH, «HaMep3aroluii» Ha 3epHO, OyJeT MMETh HECKOJIbKO MHOW COCTaB.
B nanHO# paboTte mpezyiokeH METO pacueTa M3MEHEHHsI COCTaBa 3epHa 110 Mepe yJalleHus! OT ero
uenrpa. s aToro paspaborana maremaTrHueckas MoOJeib, Oa3UpyloIas Ha CIEAYIONINX JOIyIie-
HUSIX: pacTyllee 3epHO CUUTACTCsl CPepUIECKNM; BBIPABHIBAHNE TEMIIEPATYpPhl B CUCTEME U BBIPAB-
HUBAaHHUE COCTaBa XKUAKOH (a3bl MPOUCXOIAT MOMEHTAJIBHO; BhIpAaBHUBAHKIE cOocTaBa TBEP/ION (ha3bl
He npoucxomut. Ilpm 3ToM cumrtanm, 4ro mpu OO0 Temmeparype coOioiaeTcs JIOKaJIbHOE
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paBHOBECHE KUAKOH (ha3bl M MOBEPXHOCTHOTO €05 TBEPAOH (hazbl. XapaKTEPUCTHUKH ATOTO JIOKAIb-
HOTO pPaBHOBECHS] MOTYT OBITH OINpEZETEeHbl U3 COOTBETCTBYIOIICH pPaBHOBECHOH IUarpaMmbl CO-
ctosiHus. BeuTo cocTaBieHo ypaBHeHHE OanaHCca Macc (a3 ¥ Macc MX KOMIIOHEHTOB IpU OECKOHEYHO
MaJioM CHI)KEHHH TemrepaTypsl. CUnTamy, 9TO NPH 3TOM COOIIOJAETCS JIOKATbHOE PABHOBECHE
KHUJIKOU (pa3bl M1 OECKOHEYHO TOHKOTO CJIOSI TBEPAOW (ha3bl, BHIICIUBILETOCS MPU 3TOM CHIDKCHUH
TemmepaTypsl. [lepexons k mpenenam, momydunan AuQQepeHHanbHOe YpaBHEHHE, ONHCHIBAIOIIEE
HCCIeayeMbli Tporiecce. PerreHne 3Toro ypaBHeHUs OBUIO MOIYYEHO B BUIE HHTETPANBHON (QYHKINU
MacChl 3aTBEPAEBIIETO CIIaBa OT TeMIlepaTyphl. Tak Kak Macca 3aTBEp/IEBLIErO CIUIaBa IPH HAIINX
JIONYIICHUSAX OJHO3HAYHO CBsi3aHA C €r0 MAaccoif, pelleHne BCel 3aJaudl — OIpejAeeHHe cOocTaBa
3epHa B 3aBHCHMOCTH OT PAcCTOSIHUSI JI0 €ro IIEHTpa — ObUIO MOJYyYeHO B BHUJE MapaMETPHICCKOU
(yHKIMH, BRIpaXKalollel pajuyc TeKyleld TOYKH 3epHa M ero cOCTaB B 3TOM TOUKE yepe3 TemIiepa-
Typy. CocTaBieHa KOMIbIOTEpHAs MMpOrpaMMa pacdera 10 ypaBHEHHSIM MaTeMaTHYECKOW MOJIEIH.
Jln1s mcnonb30BaHUS MOZIENN HY>KHO 3HaTh COCTAaB MCXOHOTO PACIUIaBa, CPEIHIOI MIIOTHOCTh TBEP-
JIo¥ (ha3wl ¥ ypaBHEHHUS JMHUI JIMKBUIYCA U CONUIyca B BUIE (QYHKILHHA cocTaBa OT TEMIIEpaTypHl.
[IpencraBnen npumMep pacuera.

Knrouesvie cnosa: mamemamuieckas mooens, Memauiogeoenue, Ouazpamma coCmosiHus, JuK-
sayusl.
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