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The inverse problem for a linearized quasi-stationary phase field model is considered.
The inverse problem is reduced to a linear inverse problem for the first order differential
equation in a Banach space with a degenerate operator at the derivative and an
overdetermination condition on the degeneracy subspace. The unknown parameter in the
problem dependens on the source time function. The theorem of existence and uniqueness of
classical solutions is proved by methods of degenerate operator semigroup theory at some
additional conditions on the operator. General results are applied to the original inverse
problem.
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Preface

Let Q C R™ be a bounded domain with a boundary 092 of C* class, T' > 0, 8, § € R.
Consider the initial-boundary value problem

(B+A)(v(z,0) —wo(z)) =0, z€Q, (1)
ov ow
(1—=98)v+ (5%(1',75) =(1-0w+ 5%(95,0 =0, (z,t)€0Qx][0,T], (2)
for the system of equations
ve(x,t) = Av(x,t) — Aw(x, t) + by (z, t)u(t), (x,t) € Qx[0,T], (3)
0=v+ (B8+ A)w+ ba(z,t)u(t), (x,t) e Qx][0,T], (4)
with overdetermination condition on the subspace of degeneracy
[ K@ tdy = (o), (@) €0 x (0.7 )
Q

Up to a linear change of functions v(x,t), w(zx,t), the system coincides with the linearization of
the quasistationary phase-field model, describing phase transitions of the first kind in terms of
the mesoscopic theory. The unknown functions of the inverse problem (1)—(5) are v(z,t), w(x,t),
u(t). The problem is investigated within the framework of a linear inverse problem for an abstract
differential equation with a degenerate operator at the derivative, i.e. the Sobolev type equation.

Linear inverse problems for the Sobolev type equations were studied in [1, 2| with an
unknown time-independent element u. Problems with an unknown time-dependent element u
were considered in linear case in [3|, and in nonlinear case in |4, 5|. However, an overdetermination
operator, herewith, acted on the resolving Sobolev type equations semigroup image. In the present
paper this operator acts on the semigroup kernel.
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1. Statement of the abstract problem

Let X, Y and U be Banach spaces. Consider operators L € L(X;)) (i. e. linear and
continuous) with ker L # {0}, M € CI(X;)) (linear, closed and densely defined), ® € L(X;U),
B € CY([0,T]; L(U;Y)), functions y € C1([0,T]; V), ¥ € CH([0,T];U) and an element z € Dyy.
Here D) is a domain of the operator M, endowed with the graph norm ||z¢|p,, = ||zollx +
|Mzolly.

Theorem 1. [6] Let p € {0} UN, the operator M be strongly (L,p)-radial. Then
) ¥=x0x", Y=Y o),
(ii) a projector along X° on X1 (along Y° on V') has the form
—s- [ L p+1 U T L p+1y.
P=s- lim (uR,/(M)P", (Q=s- lim (uLy(M)"");
(iii) QL = LP, QMxz = M Px for all x € Dyy;
(iv) L = Llyr € L(XF;VF), My, = M|p,,qar € CLAR; VP, k=0,1;
(v) operators Myt € L(V%; X0) and L' € LV &) exist;
(vi) the operator H = MalLo 1s nilpotent of a degree not greater, than p;

(vil) there is a strongly continuous operators semigroup {V(t) € L(X) : t > 0}, that resolves
the equation Lz(t) = Mz(t).

While the operator M is strongly (L, p)-radial, let us consider the inverse problem

Li(t) = Mxz(t) + Bu(t) + y(t), te€][0,T], (6)
Px(0) = xo, (7)
Qx(t) =W(t), tel0,T], ()

which is to find a pair of functions x € C1([0,T]; X)NC([0, T); Das) and u € C*([0, T);U), named
as a solution.

Theorem 2.  Let the operator M be strongly (L,p)-radial, ® € L(X;U), PH = O, X! C
ker®, B € CY([0,T|; L(U; V), y € C([0,T];Y), (I = Q)y € CPH([0,T}; ), ¥ € C'([0,T:U),
the inverse operator (BMy (I — Q)B(t))™! ewists for all t € [0,T] and (PMy (I — Q)B)™! €
CH[0,T); L(U)), xzo € Dy N XL, Then there is a unique solution (x;u) of the problem (6)—(8). It
has the form

xz(t) =V (t)zo + /V(t — S)Ll_lQ(B(s)u(s) +y(s))ds—
0

p

—M (I = Q)B(t)u(t) = H Mg (I - Q)y(t)™, (9)
k=0 )
u(t) = —(@My (I - Q)B(t)) ™ (‘I’(t) +) OH M, (1 - Q)y)(k)(t)> (10)
k=0
and satisfies the following conditions:
]l o,r3520) < € (IPxoll Dy + 1911 o120 + NWller1(0,710)) (11)
luller oy < ¢ (¥ oo,z + 1Wllorory) (12)

where a constant ¢ > 0 does not depend on xo, y, V.
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Proof. Act with the operator ® on the solution x of the direct problem (6), (7) with the known
element u. Then

Gz (t) = O(I — P)a(t) = —My (I - Q)B(t)u(t) — Y ®H* My (I - Q)y)M (1) = w(t) (13)
k=0

for all t € [0, 7] due to the overdetermination condition (8), the conditions X! C ker ®, ®H = O
and the form of x (see |6, 7|). Thus, the formula (10) holds.

The formula (9) is obtained in [6], when w is unknown. At the same time the equality (13)
is taken into account. Estimates (11), (12) follow from (9), (10) and an operator semigroup
{V(t) € L(X) :t > 0} exponential growth.

|

2. Inverse problem for a linearized quasi-stationary
phase field model

Reduce the problem (1)-(5) to (6)—(8). To do this,let us assume X =Y = (L2(Q2))?, U = R,

p=(58) m=(5 s ) Bo=(100). ww=ve.

HZ(Q) = {h € H*(Q) : (5; + (1 - 5)) h(z) =0, x € 89} :
n
Dy = (H2())2. Thereby, L € £(X), M € CI(X), ker L # {0}.

Denote Aw = Aw, Dy = HZ(Q) C La(Q). Let {¢} : k € N} be orthonormal (in the sense
of the scalar product (-,-) in Lo(f2)) eigenfunctions of the operator A, numbered in decreasing
eigenvalues {\; : k € N}, counting multiplicities. Let —3 € o(A), define 6, = (B + \x) (B +1+
Ak) Ak, for A # —[B. Using the expansion in the basis {¢y : k € N} in a space L2(€2), determine
operators

<'74Pk>80l2c
(1—0k)
L 2 _ A #—B
(R(M))" = ’ _—lewler g |

)\k7éfﬁ (B+)\k)(ﬂ'76k)2

s bewer 5 Aelener
0) @)
Hence, considering the Hilbert spaces X, ), we obtain the strong (L, 1)-radiality of the operator
M [6]. By formulas P = s- lir_{l (MRﬁ(M))Q, Q=s lirf_l (/LLﬁ(M))2 we derive the projectors
p—r—+o00 H—>+00

S [0) e
P= Ak§*5< G B > Gewer X W
I Lenle @ | Q= | Mm#5 AeFE—p
Z B+Ak O [0)
Ap#E—B

Theorem 3. Let —(3 € 0(A), K € Ly(Q), (K, 1) = 0 for \p = —f, b; € CL([0,T]; L2(Q2)),
1= 172; and <b1(7t)a(pk> =0 fO’I” )‘k 75 _57 <K7b2(7t)> 7é 0 fO’I" all t € [OvT]: 1][) € Cl[O’T];
vo € H}(Q). Then there exists a unique solution of the problem (1)-(5).

Proof. To prove this theorem it is sufficient to verify the conditions of Theorem 2.

[
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VK 517.9

OBPATHASA 3AJAYA JJId JUHEAPM30BAHHOMU
KBA3UCTAIIMOHAPHOII MOJEJIA ®A30BOTO I10J14
C BBIPO2KJEHNEM

H./l. Heanosa
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Paccmorpena obparHas 3ama4a jis JTUHEAPHU30BAHHON KBA3UCTAIMOHADHON Mozenu ¢da-
3oBoro mosist. OHa peaylnupoBaHa K JHHEHHOM obparHoiil 3amade nis auddepeHuaaIbHOro
YPABHEHWSI TEPBOTO TTOPSIIKA B OAHAXOBOM MPOCTPAHCTBE C BRIPOXK IEHHBIM OMIEPATOPOM TIPU
MPOU3BOTHON U C MEPEOIPeIeIeHNeM Ha MOIIPOCTPAHCTBE BLIPOXK AeHus1. HenzBecTHbIH ma-
paMeTp B 33a4e MPECTaBJsieT COOOI 3aBUCIIYI0 OT BpeMeHu (DYHKIUIO UCTOYHUKA. [Ipn
HEKOTOPBIX MOTMOJTHUTENBHBIX YCIOBUAX HA OMEPATOD MEPEONPEIeIeHNsT METOIAMU TEOPUH
BBIPOXKIEHHBIX TTOJIYTPYIII OMEPATOPOB MTOKA3aHA TEOPEMa, CYIIECTBOBAHUS W €IUHCTBEHHO-
CTH KJaccuaeckoro pertenns. OOl pe3yabTar UCIoab30BaH TPH UCCIETOBAHNN UCXOMHOM
obpaTHOoil 3a1a49Mn.

Karouesne caosa: obpamnasn 3adayua, modeas $aszo6020 noas, ypashenue cob0AE6CKO20
MUNA, 8BLPONHCOEHHBLY ONEPATNOP, NOAYZPYNNGL ONEPEOPOS, DAHATO6bL TPOCTNPANCINEA.
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