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The structure of stationary states of the one-dimensional Cahn — Hilliard equation
coupled with the Neumann boundary conditions has been studied. Here the free energy is
given by a fourth order polynomial. The bifurcation diagram for existence and uniqueness
of monotone solutions for this problem has been constructed. Namely, we find the length
of the interval on which the solution monotonically increases or decreases and has one zero
for some fixed values of physical parameters. Under the non-uniqueness we understand a
possibility of existence of more than one monotone solutions for the same values of physical
parameters.
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Introduction

We study the steady state solutions for the Cahn — Hilliard equation (see e.g. [2,4,7,8])
Uy = (—ou + YU® — Upy)ew, 0<z <1, t>0, (1)

coupled with the Neumann boundary conditions
Uy = Upge = 0, =01, (2)

where « and 7 are some physical parameters. The authors of [2| have considered a
structure of stationary solutions of problem (1) — (2) as a function of length [ and mass
m = fol u(s)ds. They have counted the total number of monotone solutions, depending
on the parameter values of the problem. In [2| phase portraits of the problem have been
constructed which describe the monotone solutions for a special stored-energy function
fu) + %(u/)z, where ¢ is a small parameter. In this case, the function f’(u) has one
negative minimum, one positive maximum, and f(£o0) = +oc.

In this paper, we study the following problem

' = —au+yu® — o, u(0)=u(l)=0, (3)
where o reflects influence of the average mass on qualitative behaviour of solutions; a is the
main parameter of the problem because it is related to an interaction energy of the phase
decomposition in a binary alloy; v is a parameter corresponding to thermodynamically

.- . _ Eint T . c.
stability of the system. In particular, o = kB—"T(l — Tc)’ where T, is the critical temperature
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of the phase transition for order-disorder in a disordered binary alloy, which can be
measured during the cooling process of the alloy; Ej,; is the interaction energy between
atoms of sorts A and B in the binary alloy. The energy functional corresponding to problem
(3) can be written in the form

Btt) = [ (32450} do, Blult) = Bl

where the free energy f(u) is

flu) = %u‘l - %uQ —ou+C.

a
y

Note that, in the case a > 0, v > 0, by the re-scaling u = \/722(\/5@, problem (3) can

be reduced to
Wi o, (0) = (L) =0, g

where L = /ol and 6 = Z,/Z. This case was studied in [2,7]. To the best of authors’
knowledge all other cases were not considered in a literature. Therefore, in this article we
investigate the existence of nontrivial solutions of problem (3) for all possible values of
these parameters. In particular, we study an interesting case when v < 0. It should be

4a3
27y

result (i.e. there exist two solutions with the same initial energy), depending on initial
energy, but the solution of the problem is unique when |o| — 0y. Also we describe all
possible dynamical scenarios for the parameter values.

Moreover, our results can be applied to the Izing model. For example, the Izing model
free energy in the vicinity of the phase transition may be written as the following (see,

e.g. [6])

mentioned that the case v < 0, a < 0 and |o| < 0¢ = leads to a non-uniqueness

fu)=a+ru*+su® + 0. (5)

In order for the system to be thermodynamically stable, the parameter on the highest even
power of the order parameter must be positive. In this case, we show that s > 0, hence
the free energy is bounded. However, for the Neumann boundary value problem we can
consider the case when the "open" system is thermodynamically unstable that corresponds
to s < 0. For example, in the case s < 0,7 > 0 and a € [0, ), a solution is not unique. On
the phase plane uOu’, this phenomenon is illustrated by two loops with identical lengths
of periods which are both symmetric with respect to the axis Ou. Thus, there are two
smooth nontrivial solutions.

1. The Steady State Solutions for the Cahn — Hilliard Equation

In this section, we find the existence interval, L for a monotone solution by considering
all possible values of the physical parameters. We proceed by examining all qualitatively
different nine cases. Note that since all systems at hands are conservative they cannot have
any attracting fixed points. Therefore their phase portraits can have only saddles and/or
centers.
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Fig 1. Phase diagram for the case « > 0, v > 0 with ¢ = 0,1 on the left and 0 = 1 on
the right

1.1. Case a >0, v>0
In this case, by the re-scaling u = \/gﬁ(\/ax), problem (3) can be reduced to

W= —u+a’ —6, W(0)=1d(L)=0, (6)

where L = y/al and 6 = 2,/Z. Integrating (6), we find that

«

A2 a4 o 1
(u2) %+u_+5@:p<:>(af)2:§(a4—2a2—4&a+4p).

Note that the equation 4*> — & — 6 = 0 has
e three real roots

2 2k 1 3V 30
(P —% cos(¢ + Tﬁ), k=012, ¢= garccos( vio

provided that 6% < # (two minimums and one maximum). Thus, we have two nontrivial
A4 ~9 4 ~2
10 um um

. . A A u. . . A A .
solutions if —% L% 4 Glpax < P < — 32 4 BB 4 Gy, and the lengths of intervals,
where the corresponding solution has only one zero, are

u Ug

dt dt
Lou=3 [ . L=V : (7)
Vit = 2t2 — 46t + 4p V=212 — 46t + 4p
w1 u3

where u;, are four real roots of the equation t* — 2t — 46t + 4p = 0 such that u; < uy <
o4 -2
u3 < uy. We have only one nontrivial solution if p < —%mex 4~ Zmax 4 G4j,,, with the length

of interval, where the solution has only one zero, given by

7 dt
Los =2 / _ , (8)
Vit —2t2 — 46t + 4p
ul
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Fig 2. Phase diagram for the case a > 0, v < 0 with ¢ = 0,1 on the left and 0 = 1 on
the right

where wuy;, are two real roots of the equation t* — 2t2 — 46t + 4p = 0 such that u; < us;
e one real root

. _<6+ 62 1)1/3+<6 02 1)1/3
Hhmin = {5 1 27 2 1 27

prov1ded that 62 > & (one minimum). Thus, we have a nontrivial solution if p < —=min 4

“ + 0 Ui, With the length of interval, where the solution has only one zero, given by

u2
dt
Ly=V"2 / - : (9)
Vit —2t2 — 46t + 4p
u1

where u;, are two real roots of the equation t* — 2t — 46t + 4p = 0 such that u; < us;
e two real roots

A

. o . o
Umin = 2(5)1/37 Ugr = _<§)1/3
prov1ded that 62 = 2% (one minimum). Thus, we have a nontrivial solution if p < —==ix 4

“m‘“ + Glmin = 2(£)%? with the length of interval, where the solution has only one zero,
glven by

ug
dt
Lo=V?2 / . , (10)
Vit —2t2 — 46t + 4p

where u;, are the two real roots of the equation t* — 2t? 4+ 46t — 4p = 0 such that u; < us.

Thus, if 0 < L < Ly then the corresponding solution of the problem has no zeros
located on the interval (0, L). If kLo < L < (k+1)Lg, where k = 1,2, ..., then the solution
has exactly k zeros located on the interval (0, L).

1.2. Case a >0, v<0
In this case, by the re-scaling u =, /—%ﬂ(\/&x), problem (3) can be reduced to

W' =—a—1*—¢&, 0)=4u(L)=0, (11)
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where L = \/al and 6 = £,/—2. Integrating (11), we obtain

~1\2 ~4 ~2 1
% UZ Y bi=p e (@) = ~(—a' — 22% — 4640 + dp).

2
Note that the equation 4* + @ + 6 = 0 has only one real root

. _( &+ 02+1>1/3+( o &2+1>1/3
thmax =\ 75 1 o7 2 1 o7

for any 6 € R' (one maximum). Thus, we have a nontrivial solution if p > ma" + & ma" +

OUmax With the length of interval, where the solution has only one zero, given by

u2
dt
LO - \/5/ )
V/—th — 212 — 46t + 4p
u1

(12)

where uy, are two real roots of the equation t* 4 2¢2 + 46t — 4p = 0 such that u; < us. For

example, if 6 = 0 and p > 0 then we have

(u1)2 N (’U,Q + 1)2

Ve = 1, (13)
where A% = 225 B* = 4p + 1, and from (13) it follows that
B? dt
b= / VB = (2 +1)? / VA -1+ k22) 14
+ — +
e
where B o
= ———— K=—=——=¢(01). 15
AVB? +1 B%+1 (0,1) (15)
Let t = sin ¢ in integral (14). Then
- [7/2 dp L
Lo = QA/ , Lo€(2.622A,mA). (16)
0 /1+k2sin®p
1.3. Case a <0, v>0
In this case, by the re-scaling u = | /—%4(v/—ax), problem (3) can be reduced to
W' =a+a° -6, @(0)=4(L)=0, (17)
where L = \/—al and 6 = —2,/—2. Integrating (17), we obtain
SN2 a4 p2 1
<“2) — L = D i = p e (@) = 5+ 20 — 46+ 4p).
Note that the equation @® + @ — 6 = 0 has only one real root
) _(6+ &2+1>1/3+(& 62+1>1/3
fmin =\ TV Ty 2 V1 Ty
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Fig 3. Phase diagram for the case a < 0, v > 0 with ¢ = 0,1 on the left and 0 = 1 on
the right
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Fig 4. Phase diagram for the case a < 0, v < 0 with ¢ = 0,1 on the left and ¢ = 1 on
the right
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for any 6 € R' (one minimum). Thus, we have a nontrivial solution if p > —
OUmin With the length of interval, where the solution has only one zero, given by

u2
dt
LO = \/5/ )
Vit +2t2 — 46t + 4p
u1

(18)

where wu;, are two real roots of the equation t* + 22 — 46t + 4p = 0 such that u; < us.
1.4. Case a <0, v<0

In this case, by the re-scaling u = \/%ﬂ( —ax), problem (3) can be reduced to

~ 1

W' =a—1*—6, W(0)=4d(L)=0, (19)
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where L = y/—al and 6 = —2,/1. Integrating (19), we find that

(al)2 ﬁ4
2 4

Note that the equation —@> + 4 — & = 0 has
e three real roots
2 2k 1 336
U = ——=cos(¢ + Tﬂ), k=0,1,2, ¢= 3 arccos( \/2_0);

V3

provided that 6% < o (two maximums and one minimum). Thus, we have two nontrivial
- N - -2
solutions i n— U“Q‘i“ + O0Umin With the lengths of intervals,

where the corresponding solution has only one zero, given by

u Ugq
dt dt
L071 - \/5/ — 5 LO,Q — \/5/ — (20)
V-t +2t2 — 46t + 4p V212 — 46t + 4p
ul u3

where uy, are four real roots of the equation t* — 2t% + 46t — 4p = 0 such that u; < uy <
Uz < Ug.

We have only one nontrivial solution if p > ﬂ%i“ — a%‘i“ + Ol with the length of
interval, where the solution has only one zero, given by

dt
Los =2 / g , (21)
Vot 212 — 46t + 4p
u1

where wu;, are two real roots of the equation t* — 2% 4 46t — 4p = 0 such that u; < us;
e one real root

R _( &+ 2 1)1/3+< o 02 1)1/3
tmax =\ 75 1L 27 2 1 27

/\2 1
- “7 0 = p = (i)? = S(~i* + 20 — 467+ 4p).

prov1ded that 6% > 5= (one maximum). Thus, we have a nontrivial solution if p > ;1“‘“‘ -

"‘ax + OUmax With the length of interval, where the solution has only one zero, given by

u2
dt
L= V2 [ , (22)
Vot + 212 — 46t + 4p
ul

where wu;, are two real roots of the equation t* — 2% 4 46t — 4p = 0 such that u; < us;
e two real roots

A ~

N o R o
Umax = _2(5)1/37 U = (5)1/3

~4
prov1ded that 62 (one maximum). Thus, we have a nontrivial solution if p > “max —
2/3

27
m‘"“‘ + 0oy = — (%) with the length of interval, where the solution has only one zero,
glven by
r dt
LO - \/5/ — ) (23)
V=t 212 — 4ot + 4p
ul
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Fig 5. Phase diagram for the case « =0, v > 0 with 0 = 0,1 on the left and for the case
a =0, v<0with 0 =0,1 on the right

where u;, are two real roots of the equation t* — 2t> 4+ 46t — 4p = 0 such that u; < us.
For example, if ¢ = 0 and p > 0 then we have
(u? = 1)°

(w)?
=L (24)

where A? = 225 B4 = 4p + 1, and from (24) it follows that

B? e d / d
t ~ t
L= 2 / _ i / | (25)
A VB (2 1) N DS
_ B2+1 —1

where

~ B? B2+1

A= 22 T (26)

AVBE -1’  B2-1

Let t = sin ¢ in integral (25). Then

(27)

_ (/2 d .
L0:2A/ Ld <A
0 1+ k?sin® o
1.5. Case a =0, v#0

If « =0, v > 0, by the re-scaling u = @(/7x), then problem (3) can be reduced to the
one

W' =1 —¢6, 4'(0)=d4'(L)=0, (28)

where L = /71l and 6 = —2. Integrating (28), we find that

(a/)2 ,a4 . . 1 " o
— — +ou=p<= (0)" = -(4" —4ou+ 4p).
2 4 2
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5473

Thus, problem (28) has a nontrivial solution provided that p > 26%° i.e. p > ( )43

The length of interval, where the solution has only one zero, is

(29)

ug
dt

LOZ\/é/ y

it — 4ot +4p

where u;, are two real roots of the equation t* — 46t 4 4p = 0.
If a =0, v <0, by the re-scaling u = u(y/—~x), then problem (3) can be reduced to

i =—0*—6, @' (0)=4a(L)=0, (30)

where L = /=yl and 6 = 2. Integrating (30), we find that

—at — 460 + 4p).

Thus, problem (30) has a nontrivial solution provided that p > —36%/%, i.e. p > —§(2)*/*.
The length of interval, where the solution has only one zero, is

u
dt
Lo=+2 / : (31)
V/—tt— 46t +4p
ul

where u;, are two real roots of the equation t* + 46t — 4p = 0. For example, if 6 = 0 and
p > 0 then we have the curve

(ﬂ’)2 ﬂ4

+ -

A2 B*

where A% = 2p, B* = 4p. Obviously, the length of interval, where the solution has only
one zero, is

—1, (32)

B
B 11 B 2,622

/ 2B/ B(-, o)~ 2,622— =~ (33)
JBi_f VI 24\ /TR

1
where B(a,b) := [z°71(1 — z)""'dz is the beta function.
0

1.6. Case vy =0, a € R!

If @ =0, v =0 then problem (3) can be reduced to

This problem has the following solution
u(z)=C VC € R"and o =0,

and it has no solutions if o # 0.

68 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2016, vol. 9, no. 2, pp. 60-74



MATEMATNYECKOE MOJIE/INPOBAHUE

3HAAAAAAAR DSBS Y N Y Y EEM R R R RS 5 b ottt T L P P P
AAAPAAAAN D=~ NN Y N v

PRARIAAAAADIDS S SN NN Y MY v Y

AR 2 WYYV 24% Y Y
7277 YVVY YYYY

22 YWV YV VY 7
2z VvVV Y L2 22" 77
tt? VIV VY VLV VY rr
iTtrr 14 1414) Tt

o o1t 11! o iy tt

Tttt 113 4141 11
TAEx 43 didd A1
XXX didd il XA

TIRRAR LLd BT XX
AAX e L LL L N
ARAN L LA YL LY

ZIRRR (A A 44444 'L

IRARRRRRAN N e e Y Y L 4’4
RARRRNK S meeccer e 4

SRARKKC R e ce el L -3 Koo crrettt RO R RN
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

u u

Fig 6. Phase diagram for the case a > 0, v =0 with 0 = 0,1 on the left and for the case
a <0, v=0 with 0 = 0,1 on the right

If « >0, v =0, by the re-scaling u = @(y/ax), problem (3) can be reduced to
W' =—-u—¢, 40)=d(L)=0, (35)
where L = \/al and 6 = Z. This problem has the following solution

7k
— 5 === VA L
u(x) = Ccos(vazx) — 6, | o k € , CER

If @« <0, v =0, by the re-scaling u = 4(v/—ax), problem (3) can be reduced to
W' =a—¢, u'(0)=1d'(L)=0, (36)
where L = y/—al and 6 = —Z. This problem has the following solution
u(z) = 0.
For convenience, we summarize our existence results in the form of Table.

1.7. Example

As shown in [3], the possible dimensionless function f(u,T') at fixed T' can be written

as
T T —T, c T
wT:=——1—ﬁ2+w——ﬁu+1?+—Tm(—), 37
F.T) = (1) =P (w4 14 £ T (37
where Tj is a critical temperature, c is the heat capacity, a = ﬁ is dimensionless, /£ is the

latent heat, fy is a parameter with dimensions of energy density. Comparing (37) with our
f(u), we find that

T T —2a(T — Tp) 2a(Ty — T)
VT=F = y 0= )
1o T 1o
c T T+ 4a(T — Tp)
C=—Thh|—|+ :
Jo <T0 ) 4Ty
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Table
Conditions on the problem’s parameters for existence
and non-existence of nontrivial solutions

a o g p Lo
>0|0%< % >0 | p € [Pmins Pmax) Yes (2 sol’s)
>01]02< % >0 P < Prmin Yes
>0 02<% >0 P > Pmax No
>010%> % >0 P < Dmin Yes
>0 022% >0 P > Punin No
>0 R! <0 P > Pmin Yes
>0 R! <0 P < Pmin No
>0 R! = R! Yes (family sol’s)
<0 R! >0 D > Dmin Yes
<0 R! >0 P < Pmin No
<0|o?< % <0 | p € (Pmins Prmax) Yes (2 sol’s)
<0|o?< % <0 P > Pmax Yes
<0 cr2<§%z <0 P < Pmin No
<0|o?> % <0 P > Pmin Yes
<0 022% <0 P < Pmin No
<0 R! = R! No
=0 R* >0 p>3(2)Y° Yes
=0 R! >0 p<iDP No
= R! <0| p> —%(%)4/3 Yes
— R! <0| p<HH No
=0 R! = R! No

For example, if 0 < T" < Ty then a« > 0, v > 0, and o > 0. In this case, according to
the paragraph 2.1, problem (3) has nontrivial solutions. On the other hand, if T > Tj
and a < ﬁ then a > 0, v > 0, 0 < 0 and we again have the existence of nontrivial
solutions.

2. The Steady States for General Free Energy

In the previous section, we have studied the case when the free energy contains the
linear term but it has no cubic term. Note that the presence of a linear term breaks down
the symmetry of the free energy. Next, we will examine how the length of the existence
interval can be effected by the cubic term. It is possible to introduce asymmetry in a phase
diagram by adding odd powers to the free energy expansion so that

2 3 4

u U U
fu, T)=ao(T) + a1 (T)u + ag(T)? + ag(T)g + a4(T)Z + O(u?). (38)
70 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming

& Computer Software (Bulletin SUSU MMCS), 2016, vol. 9, no. 2, pp. 60-74



MATEMATNYECKOE MOJIE/INPOBAHUE

Note that the special case a1(T") = a3(T") = 0 was introduced in [6, p. 19, (2.41)]. The
authors assumed that a4(T) > 0 and as(T) < 0. Then f(u,T) has maximum at u = 0 and

minimum at uy = £, /—2. By definition, it is easy to verify that f(0,7) = ao(T) > 0
and f(us,T) < 0 as a3 > 4agay > 0. It means that there is a point u € (0, /—%) such

that f(£wug,T) = 0. Thus, we can calculate the minimal length as

7 [ dt 5 dt
L:\ﬁ/ ¢<t2—u3><t2—u%>:v6w%_[ Joaaem
where

2
Uy = \/_— — —\/a2 —4dapays, u; = \/ \/ CL% — dapay, k= % €(0,1). (40)
1

Substituting the new variable ¢t = sin ¢ into (39), we have

Lg=2 / 41
0 \/ aqui 1— k2 sin? (41)

Next, consider the equation

then “
Lo = Q / d—z7 (42)
> vie
where u; are real roots of R(u) = 0 such that u; < us. Here
R(z)=az* +b* +c2?+dete=a(2 +pz+q) (22 + 92+ ) (43)
where a,b,c,d,e,p,q,p',¢ € R, a #0, i.e.

_bet+(ad—bc)g ,  be—adg , e 1
)p _a<2e_cq)7 q _aqa q_2

Note that (43) has four real roots

U2 = 3 <pivp— >,U34— (pj:\/ 4Q>

a(2e — cq)

provided that
p* —4¢ >0 and (p')* —4q > 0.

Assume that p # p’. By change of variables

t —
— /”L_H7 P L (44)
t+1 (t+1)2
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n (42), we deduce that

pug+v
u2+1

_\/_ dz
LO_T/,/ V( +k1t2 (14 kat?)’ )

Hultv
u 1+1

where

\/5 u—v
2 Vo +pr+ )P+ v+ )
P VL Y U e
Vaprtq P pr+q
Here, 4 and v can be found from equations

pp+v)+2(q+pr) =0, p(p+v)+2(d+pv)=0, (46)

hence

B q’—qjE ¢—q\> pd—ve  d—q ¢—q\> pd—rq 47
v=- o o - ’ = - /:F o - ’ : ( )
p—p p—p P —p p—p p—p p—r

If (43) has four real roots then k; < 0. By change of variables t = (—k;)~"/?sin in (45),
we deduce that

(48)

_ ,21/ do
V1 — kssin? @
1
A _ A k’g <\/ —]{?1([Lui + V))

———, k3 =-— >0, p; = arcsin

RV —k‘l 3 k’l v u; + 1
In particular, if (43) has only two real roots then ky < 0 and k2 > 0 or k; > 0 and k2 < 0.
Moreover, if a > 0 then the problem has no solutions therefore we have to consider the
case a < 0 only. Assume that k; < 0. Then we obtain (48) with k3 < 0.

In the case p = p', by change of variables z = ¢ — £ in (42), we deduce that

where

(49)

/\/ L= )1 — ht?)

where

) 22 A 4 ) 4
A= V2 = >0, fy= —— > 0.

Vir =10 —4q) P-4 p® —4q
By change of variables ¢ = (k;)"*/2sin ¢ in (49), we find that

Lo = / YTt (50)
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where

_ A .k N
A= T, ks = % > 0, ¢; = arcsin <\/ k1 (u; —p/2)) .
kl 1

Next, we consider the special cases p* = 4q or (p')? = 4¢'. For example, if (p/)? = 4¢’ then

R(u)za(u—_p_ p2_4q) <u—_p+\ém> (u+£’>2.

2 2

If a < 0 then two cases are possible:

(0) P (—p—\/p2—4 —p+ \/p2—4q)
2 ’ 2 ’

2

2

(i) _g’¢ —p— VP —4q —p+p*—4q
2 ’ 2 '

In the first case (i), we find that Ly = oo. In the second case (ii), we have (48). On the
other hand, if @ > 0 then the problem has no solution in the case (i) but for the case (ii)
we have Ly = oo.

In particular, if p? = 4¢q and (p')? = 4¢’ then

p\? P\’
R(u):a<u+§) <u+§)
Obviously, if a < 0 then the problem has no nontrivial solutions but if a > 0 then Ly = oc.
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CTAIIMOHAPHBIE PEINTEHUYA YPABHEHUA KAHA —
XNJIAPIA C TPAHNYHBIM YCJIOBUEM HEMMAHA

U.b. Kpacrnrwox, P.M. Tapaneu, M. Qyeyrosa

UccoemoBana cTpyKTypa CTAIMOHAPHOIO COCTOSHUS OXHOMEPHOrO ypaBhuenus Kama —
Xunnapaa B cOYeTaHWM C TPAHWYHbIMEU yeaoBusamu Heidivanma. 3eck ¢cBoGOmHAST dHEPIHs
3a/1aeTCA MOJMHOMOM YEeTBEPTOrO MOPSAKA. BhUIa mocTpoeHa nuarpaMMa, Oudypramum cy-
[IECTBOBAHNST ¥ EIUHCTBEHHOCTH MOHOTOHHBLIX PEIeHuil 3Toi 3aJadu. A MMEHHO, Haiiie-
HA JIJINHA, WHTEPBAJIA, HA KOTOPOM DEIlleHre MOHOTOHHO BO3DACTAeT MK yOBIBAET W UMEEeT
OJIVH HYJIb JIJIsi HEKOTOPBIX (DUKCHPOBAHHBIX 3HaYennil husndeckux napamerpos. [log Heom-
HO3HAYHOCTHIO IOHUMAETCS BO3MOXKHOCTD CYIIECTBOBaHU: HOJIee YeM OJHOTO MOHOTOHHOIO
PEeIIeHns JJIsT HEKOTOPBIX 3HAYEHUH (DUBHIECKUX TTApaMETDOB.

Karoueenie caosa: ypasnenue Kana — Xunapda; 2panunnoe ycaosue Helimana; yemoti-
YUBHLE COCMOAHUA.
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