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SPECTRAL PROBLEMS ON COMPACT GRAPHS
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The method of �nding the eigenvalues and eigenfunctions of abstract discrete semi-

bounded operators on compact graphs is developed. Linear formulas allowing to calculate

the eigenvalues of these operators are obtained. The eigenvalues can be calculates starting

from any of their numbers, regardless of whether the eigenvalues with previous numbers are

known. Formulas allow us to solve the problem of computing all the necessary points of the

spectrum of discrete semibounded operators de�ned on geometric graphs. The method for

�nding the eigenfunctions is based on the Galerkin method. The problem of choosing the

basis functions underlying the construction of the solution of spectral problems generated by

discrete semibounded operators is considered. An algorithm to construct the basis functions

is developed. A computational experiment to �nd the eigenvalues and eigenfunctions of the

Sturm � Liouville operator de�ned on a two-ribbed compact graph with standard gluing

conditions is performed. The results of the computational experiment showed the high

e�ciency of the developed methods.

Keywords: perturbed operators; eigenvalues; eigenfunctions; compact graph; continuity

conditions; Kirchho� conditions.

1. Perturbed Operators on Compact Graphs. Recently, the methods of mathematical
modelling began to play an important role in the study of the frequency-resonance
characteristics of various technical devices described by linear dynamical systems and
computer diagnostics of technical systems based on frequencies of natural oscillations. In
this case, usually, mathematical model is direct or inverse spectral problem for Sturm �
Liouville's operators on geometric graphs. The methods for �nding eigenvalues and
eigenfunctions of abstract discrete semibounded operators de�ned on compact graphs are
developed in the article.

Let G = G(V,E) be a �nite associated oriented compact graph. Here V = {Vi}i0i=1 �
set of vertices, E = {Ej}j0j=1 � set of edges. Suppose, that each edge Ej has the length of
lj > 0 and cross-sectional area dj > 0. On the edges E of the graph G we consider the
operator

T + P =
(
T1 + P1, T2 + P2, ..., Tj0 + Pj0

)
acting in the Hilbert space

H = L2(G) = {g = (g1, g2, ..., gj0), gj ∈ L2(0, lj), j = 1, j0}

with the scalar product [1]

(g,h) =

j0∑
j=1

dj

lj∫
0

gjhjdx, g,h ∈ H.

156 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2017, vol. 10, no. 3, pp. 156�162



ÊÐÀÒÊÈÅ ÑÎÎÁÙÅÍÈß

Here Tj are discrete semibounded operators, and Pj are bounded operators, de�ned in
L2(0, lj) (j = 1, j0). We consider the boundary value problem

(Tj + Pj)uj = µuj, uj = uj(xj), xj ∈ (0, lj), j = 1, j0, (1)∑
Ek∈Eα(Vs)

dk
duk

dxk

∣∣∣
xk=0

−
∑

Em∈Eω(Vs)

dm
dum

dxm

∣∣∣
xm=lm

= 0, (2)

ui(0) = uk(0) = um(lm) = uh(lh),
Ei, Ek ∈ Eα(Vs), Em, Eh ∈ Eω(Vs), ∀s ∈ N. (3)

Let Eα(Vs) denote a set of edges with origin at the vertex Vs, and Eω(Vs) � set of edges
with an end at the vertex Vs. Conditions (2) mean that the �ow through each vertex must
be equal to zero, and (3) means that the solution u = (u1, u2, ..., uj0) at each vertex must
be continuous. Also consider the boundary value problem:

Tjvj = λvj, vj = vj(xj), xj ∈ (0, lj), j = 1, j0, (4)∑
Ek∈Eα(Vs)

dk
dvk
dxk

∣∣∣
xk=0

−
∑

Em∈Eω(Vs)

dm
dvm
dxm

∣∣∣
xm=lm

= 0, (5)

vi(0) = uk(0) = um(lm) = uh(lh),
Ei, Ek ∈ Eα(Vs), Em, Eh ∈ Eω(Vs), ∀s ∈ N. (6)

We denote by {λk}∞k=1 eigenvalues of the problem (4) � (6), numbered in the order
of nondecreasing of their magnitudes, and denote by {vk = (v1k, v2k, ..., vj0,k)}∞k=1 �
eigenvector-functions, corresponding to these eigenvalues λk. Approximate solution of the
problem (1)-(3) can be found in the form

u(n) =
n∑

k=1

akvk, (7)

where ak, with undetermined coe�cients and vector-functions vk = (v1k, v2k, ..., vj0,k), form
a countable basis in the space L2(G) with energy norm ∥vk∥T+P , induced by the energy
scalar product

(vk,vm)T+P =
(
(T + P )vk,vm

)
=

j0∑
j=1

dj

lj∫
0

(Tj + Pj)vjkvjmdx.

The space L2(G) with energy norm ∥vk∥T+P is denoted by HT+P .

Theorem 1. If T + P is a semibounded from below operator, acting in the Hilbert space

L2(G), then solutions of the problem (4)�(6) form a basis in the energy space HT+P .

Äîêàçàòåëüñòâî. The system {vk}∞k=1 is a basis in the Hilbert space HT+P in that case,
if it is closed in this space. Considering (4) and boundedness of operator P , we get

∥vk∥2T+P = (vk,vk)T+P =
(
(T + P )vk,vk

)
= (Tvk,vk) + (Pvk,vk) =

= (λkvk,vk) + (Pvk,vk) = λk∥vk∥2 + (Pvk,vk) ≤ λk∥vk∥2 + ∥Pvk∥ · ∥vk∥ ≤
≤ λk∥vk∥2 + ∥P∥ · ∥vk∥2 = (λk + ∥P∥) · ∥vk∥2.

(8)
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The operator T is positive de�ned in space L2(G). Denote byHT energy space, which is
a replenishment of space L2(G) by the norm ∥vk∥T , induced by the energy scalar product,
de�ned by the relation[2]:

(vk,vm)T = (Tvk,vm) =

j0∑
j=1

dj

lj∫
0

Tjvjkvjmdx.

Considering (4), we get, that ∥vk∥2T = (Tvk,vk) = λk∥vk∥2, from whence

∥vk∥2 =
∥vk∥2T
λk

. (9)

Let c be the lower bound of operator T + P . Then

∥vk∥2T+P =
(
(T + P )vk,vk

)
≥ c(vk,vk) =

c

λk

(Tvk,vk) =
c

λk

∥vk∥2T . (10)

Vector-functions vk are eigenfunctions of operator T and form a basis in L2(G) [1].
Therefore, the system of these functions is closed in L2(G), and hence, in HT . Considering
(8) � (10), we get

c

λk

∥vk∥2T ≤ ∥vk∥2T+P ≤ (1 +
∥P∥
λk

) · ∥vk∥2T .

Therefore, HT+P consists of the same element, that HT , so that, the system of functions
{vk}∞k=1 is closed in HT+P .

Corollary 1. Further, by the theorem 1, when solving the problem (1) � (3) in the form

(7), we will use the �rst n solutions of the problem (4) � (6) as coordinate functions vk,

(k = 1,∞). If necessary, the elements of the system {vk}nk=1 should be normalized.

In the articles of S.I. Kadchenko [3, 4] linear formulas for eigenvalues of perturbed
discrete operators were obtained. Analogously to these papers, we can prove the theorem.

Theorem 2. If T = (T1, T2, ..., Tj0) is a discrete semibounded operator, and P =
(P1, P2, ..., Pj0) � bounded operator, acting in a separable Hilbert space L2(G), and the

system of vector-functions {vk = (v1k, v2k, ..., vj0,k)}∞k=1 forms an orthonormal basis in

L2(G), then eigenvalues µm of operator T + P can be found from formulas:

µm = λm +

j0∑
j=1

dj

lj∫
0

Pjvjmvjmdx+ δ(m). (11)

Here δ(m) =
m−1∑
k=1

[µ̂k(m− 1)− µ̂k(m)], and µ̂k(m) � m-th Galerkin's approximation of k-th

eigenvalues.

Following the Galerkin method, coe�cients ak (k = 1, n), included in (7), are found
from the solution of a system of linear homogeneous equations

n∑
k=1

ak[(vk,vm)T+P − µ(vk,vm)] = 0. (12)
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Using the theorem 2, by the formulas (11) we �nd n eigenvalues µk (k = 1, n) of operator
T + P . We substitute some µm into the system (12) instead of parameter µ. Then the
determinant of this system is equal to zero, and the system (12) will have nontrivial
solutions. We denote the coe�cients ak, included in (7) and corresponding to this solutions,

via a
(m)
k (k = 1, n). We use the normalization condition (um(n),um(n)) = 1. Convert it,

taking into account the system orthonormality {vk}nk=1:(
um(n),um(n)

)
=

n∑
k=1

n∑
l=1

a
(m)
k a

(m)
l (vk,vl) =

n∑
l=1

(
a
(m)
l

)2

= 1. (13)

Having supplemented the system of equations (12) by equation (13), we �nd the coe�cients

a
(m)
k (k = 1, n).

2. Double-Edge Graph. As an example, consider a compact graph G, consisting of two
edges E1 and E2 on Figure.

Graph G

On each edge Ej (j = 1, 2) we introduce the real parameter xj, varying from 0 till lj.
On graph G de�ne a vector-function u = (u1, u2), which component uj is a function of
parameter xj ∈ [0, lj], i.e. corresponds to an edge Ej (j = 1, 2). On each edge Ej of the
graph G introduce an equation of the form:

−u′′
j + qj(xj)uj = µuj. (14)

We will assume, that the components of vector-function u are interconnected by
standard gluing conditions, including the condition (2), analogous to the Kirchho�'s
condition, and continuity condition (3). The continuity condition means, that, since the
vertex V2 is an incident to the edges E1 and E2, then the values of the components of the
vector-function u on these edges in the ends, corresponding to the vertex V2, are coincide:

u1(l1) = u2(0). (15)

Condition (2) means that the sum of normal derivatives of the components of the vector-
function u in the vertices Vj (j = 1, 3) is equal to zero, i.e. if Vj corresponding to xj = 0,
then the derivative of the component uj in the point, corresponds to the vertex Vj, is taken
with a sign "+", and with a sign "−", if Vj corresponds to xj = lj:

−du1

dx1

∣∣∣
x1=l1

+
du2

dx2

∣∣∣
x2=0

= 0. (16)

In the boundary vertices V1 and V3 the conditions (2) transform to the Neumann's
conditions:

du1

dx1

∣∣∣
x1=0

= 0, (17)
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du2

dx2

∣∣∣
x1=l2

= 0. (18)

We use the system of coordinate functions {vk}nk=1 to construct the solution of the
problem (7), (14) � (18) and while �nding the eigenvalues {µk}nk=1 by the formulas (11).
To �nd the system we solve the boundary value problem:

−v′′j = λvj, j = 1, 2,
v1(l1) = v2(0),

−dv1
dx1

∣∣∣
x1=l1

+
dv2
dx2

∣∣∣
x2=0

= 0,

dv1
dx1

∣∣∣
x1=0

= 0,

dv2
dx2

∣∣∣
x1=l2

= 0.

(19)

It can be shown that eigenvalues of the spectral problem (19) are

λk =
( πk

l1 + l2

)2

,

and eigenfunctions are

v1k(x1) = Ck cos
√
λkx1,

v2k(x2) = Ck

[
cos

√
λkl1 cos

√
λkx2 − sin

√
λkl1 sin

√
λkx2

]
.

The constants Ck are determined from the normalization condition.
Through vk = (v1k, v2k) denote the vector-functions corresponding to the eigenvalues

λk. To �nd eigenvalues µk and vector-functions uk of the boundary problem (14) � (18) a
computational experiment was conducted. Veri�cation of the spectral characteristics was
performed by substituting them into the equation (14). The Table shows the norms of the
left and right side of the equation (14) and the di�erence between them.

Conclusion. New algorithm for �nding eigenvalues of abstract discrete semibounded
operators on geometric graph is developed. Numerous computational experiments have
shown high computational e�ciency of the algorithm.
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Table

Values ||(T + P )uk|| and ||µkuk|| of the boundary problem (14) � (18) calculated with
parameters l1 = 1, l2 = 2, q1(x1) = sin(2x1 + 1) and q2(x2) = x2

2 + 3x2 + 2

k ||(T + P )uk|| ||µkuk|| ||(T + P )uk − µkuk||
1 10, 4227164 9, 1403925 1, 2823239
2 15, 5409132 14, 3518941 1, 1890191
3 23, 0321518 22, 0003709 1, 0317808
4 32, 7097768 31, 9689829 0, 7407939
5 44, 5560760 43, 9575040 0, 5985720
6 58, 7018393 58, 1884571 0, 5133822
7 75, 1222924 74, 7029771 0, 4193153
8 93, 6696164 93, 3045596 0, 3650569
... ... ... ...
18 400, 5064008 400, 3463671 0, 1600337
19 443, 2899290 443, 1407540 0, 1491750
20 488, 2289128 488, 0880478 0, 1408650
21 535, 3685999 535, 2323454 0, 1362546
22 584, 7313253 584, 6030267 0, 1282986
... ... ... ...
30 1058, 4182713 1058, 3240996 0, 0941718
31 1127, 5178582 1127, 4275559 0, 0903023
32 1198, 7865687 1198, 6994693 0, 0870994
33 1272, 2515155 1272, 1661447 0, 0853708
34 1347, 9301120 1347, 8479328 0, 0821793
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ÐÅØÅÍÈÅ ÑÏÅÊÒÐÀËÜÍÛÕ ÇÀÄÀ× ÍÀ ÊÎÌÏÀÊÒÍÛÕ ÃÐÀÔÀÕ

Ñ.È. Êàä÷åíêî1,2, Ñ.Í. Êàêóøêèí1, Ã.À. Çàêèðîâà2

1Ìàãíèòîãîðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èì. Ã.È. Íîñîâà,
ã. Ìàãíèòîãîðñê
2Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. ×åëÿáèíñê

Ðàçðàáîòàíà ìåòîäèêà íàõîæäåíèÿ ñîáñòâåííûõ ÷èñåë è ñîáñòâåííûõ ôóíêöèé àá-

ñòðàêòíûõ äèñêðåòíûõ ïîëóîãðàíè÷åííûõ îïåðàòîðîâ, çàäàííûõ íà êîìïàêòíûõ ãðà-

ôàõ. Ïîëó÷åíû ëèíåéíûå ôîðìóëû, ïîçâîëÿþùèå ñ âûñîêîé âû÷èñëèòåëüíîé ýôôåê-

òèâíîñòüþ âû÷èñëÿòü ñîáñòâåííûå çíà÷åíèÿ ýòèõ îïåðàòîðîâ, íà÷èíàÿ ñ ëþáîãî èõ

íîìåðà, íåçàâèñèìî îò òîãî, èçâåñòíû ëè ñîáñòâåííûå çíà÷åíèÿ ñ ïðåäûäóùèìè íîìå-

ðàìè. Äàííûå ôîðìóëû ðåøàþò ïðîáëåìó âû÷èñëåíèÿ âñåõ íåîáõîäèìûõ òî÷åê ñïåê-

òðà äèñêðåòíûõ ïîëóîãðàíè÷åííûõ îïåðàòîðîâ, çàäàííûõ íà ãåîìåòðè÷åñêèõ ãðàôàõ.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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Ñîáñòâåííûå ôóíêöèè íàõîäÿòñÿ íà îñíîâå ìåòîäà Ãàëåðêèíà. Ðàññìîòðåí âîïðîñ âû-

áîðà áàçèñíûõ ôóíêöèé, ëåæàùèõ â îñíîâå ïîñòðîåíèÿ ðåøåíèÿ ñïåêòðàëüíûõ çàäà÷,

ïîðîæäåííûõ äèñêðåòíûìè ïîëóîãðàíè÷åííûìè îïåðàòîðàìè, è ïðèâîäèòñÿ àëãîðèòì

èõ ïîñòðîåíèÿ. Ïðîâåäåí âû÷èñëèòåëüíûé ýêñïåðèìåíò ïî íàõîæäåíèþ ñîáñòâåííûõ

÷èñåë è ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Øòóðìà � Ëèóâèëëÿ, çàäàííîãî íà äâóõðå-

áåðíîì êîìïàêòíîì ãðàôå ñî ñòàíäàðòíûìè óñëîâèÿìè ñêëåéêè. Ðåçóëüòàòû âû÷èñëè-

òåëüíûõ ýêñïåðèìåíòîâ ïîêàçàëè âûñîêóþ ýôôåêòèâíîñòü ðàçðàáîòàííîé ìåòîäèêè.

Êëþ÷åâûå ñëîâà: âîçìóùåííûå îïåðàòîðû; ñîáñòâåííûå ÷èñëà; ñîáñòâåííûå

ôóíêöèè; êîìïàêòíûé ãðàô; óñëîâèÿ íåïðåðûâíîñòè; óñëîâèÿ Êèðõãîôà.
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