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SPECTRAL PROBLEMS ON COMPACT GRAPHS
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The method of finding the eigenvalues and eigenfunctions of abstract discrete semi-
bounded operators on compact graphs is developed. Linear formulas allowing to calculate
the eigenvalues of these operators are obtained. The eigenvalues can be calculates starting
from any of their numbers, regardless of whether the eigenvalues with previous numbers are
known. Formulas allow us to solve the problem of computing all the necessary points of the
spectrum of discrete semibounded operators defined on geometric graphs. The method for
finding the eigenfunctions is based on the Galerkin method. The problem of choosing the
basis functions underlying the construction of the solution of spectral problems generated by
discrete semibounded operators is considered. An algorithm to construct the basis functions
is developed. A computational experiment to find the eigenvalues and eigenfunctions of the
Sturm — Liouville operator defined on a two-ribbed compact graph with standard gluing
conditions is performed. The results of the computational experiment showed the high
efficiency of the developed methods.

Keywords: perturbed operators; eigenvalues; eigenfunctions; compact graph; continuity
conditions; Kirchhoff conditions.

1. Perturbed Operators on Compact Graphs. Recently, the methods of mathematical
modelling began to play an important role in the study of the frequency-resonance
characteristics of various technical devices described by linear dynamical systems and
computer diagnostics of technical systems based on frequencies of natural oscillations. In
this case, usually, mathematical model is direct or inverse spectral problem for Sturm —
Liouville’s operators on geometric graphs. The methods for finding eigenvalues and
eigenfunctions of abstract discrete semibounded operators defined on compact graphs are
developed in the article.

Let G = G(V,E) be a finite associated oriented compact graph. Here V = {ViYo, ~
set of vertices, E = {Ej};o:l — set of edges. Suppose, that each edge F; has the length of
[; > 0 and cross-sectional area d; > 0. On the edges E of the graph G we consider the
operator

T+P: <T1+P1,T2+P27""7}0+Pjo)

acting in the Hilbert space

H = LQ(G) - {g = (917927 "'7gj0)7 g; € LQ(Oyl])a ] = 17.j0}

with the scalar product [1]

j=1

. I
Jo
(g,h) = Zdj/gjhjdx, g, heH.
0
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Here T} are discrete semibounded operators, and P; are bounded operators, defined in
Ly(0,1;) (j =1, jo). We consider the boundary value problem

(T} + Pj)uy = puy, uj = uj(z;), z; € (0,1;), =1, jo, (1)
duy, du,,
a 2| b =0, 2
Z kdxk a:k,:O Z dajm x'm:l'm ( )
EreB(Vy) Em€E«(Vy)
1;(0) = ug(0) = U (ln) = un(lp), )
E;, By € E*(V,), Ep, Ey € E“(V,), Vs € N.

Let E*(V;) denote a set of edges with origin at the vertex V, and E“(V;) — set of edges
with an end at the vertex V5. Conditions (2) mean that the flow through each vertex must
be equal to zero, and (3) means that the solution u = (uy, ua, ..., u;,) at each vertex must
be continuous. Also consider the boundary value problem:

Tjvj = My, vj = vj(x;), @5 € (0,1), j =1, J, (4)
dvy, dv,,
s d,, 2om —0,
Z kdxk =0 Z ATy | 2 =lm (5)
EkeEa(Vs) EmGEW(Vg)
0(0) = i (0) = (1) = wn), 6
E;, Ep € E*(V,), Em, En € E“(V,), Vs € N.
We denote by {A;}32, eigenvalues of the problem (4) — (6), numbered in the order
of nondecreasing of their magnitudes, and denote by {vi = (vik, Vok, ..., Vjo.k) }ooy —

eigenvector-functions, corresponding to these eigenvalues Ax. Approximate solution of the
problem (1)-(3) can be found in the form

u(n) = Zakvk, (7)

where a, with undetermined coefficients and vector-functions vy = (vig, Vag, ..., Vj, k), form
a countable basis in the space Ls(G) with energy norm ||vg||rsp, induced by the energy
scalar product

J

Jo
(ViVlrer = (T4 Pyvicvn) = S0 dy [T+ Popsnde.
Jj=1 0

The space Ly(G) with energy norm ||vi||rsp is denoted by Hr, p.

Theorem 1. IfT + P is a semibounded from below operator, acting in the Hilbert space
Ly(G), then solutions of the problem (4)—(6) form a basis in the energy space Hryp.

Jloxasameavcmeo. The system {vy}72, is a basis in the Hilbert space Hr.p in that case,
if it is closed in this space. Considering (4) and boundedness of operator P, we get

HVkH%JrP = (VkaVk)T+P = ((T+ P)Vkavk> = (TVk,Vk) + (PVk,Vk) =
= (Vi Vi) + (P vi) = Mellvill2 + (Pvi, vi) < Mllvel? + [1Pvil - vl < ®)
< MllVellZ + I PI - I[vell2 = Qv + [1P]) - vl 2
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The operator T is positive defined in space Ly (G). Denote by Hr energy space, which is
a replenishment of space Ly(G) by the norm ||vg||r, induced by the energy scalar product,
defined by the relation|2]:

. I
Jo
(Vi V) = (Tiv) = S [ T
0

i=1
Considering (4), we get, that ||[vi||% = (T'v, vi) = A\||vi]|?; from whence
o _ Ivellz
= _ 9
A ©
Let ¢ be the lower bound of operator T'+ P. Then

C C
Villger = (T + Phviovi) = eviowi) = £-(Tviovi) = Tl (10)

Vector-functions vy are eigenfunctions of operator 7" and form a basis in Lo(G) [1].
Therefore, the system of these functions is closed in Ly(G), and hence, in Hy. Considering

(8) — (10), we get
c 1P|
—Ivellz < Hvellzp < (1+ 57) - [Ivallz-
Ak Ak
Therefore, Hp, p consists of the same element, that Hrp, so that, the system of functions

{vi}2, is closed in Hpyp. O

Corollary 1. Further, by the theorem 1, when solving the problem (1) — (3) in the form
(7), we will use the first n solutions of the problem (4) — (6) as coordinate functions vy,
(k =1,00). If necessary, the elements of the system {vg}i_, should be normalized.

In the articles of S.I. Kadchenko [3, 4] linear formulas for eigenvalues of perturbed
discrete operators were obtained. Analogously to these papers, we can prove the theorem.

Theorem 2. If T = (11,1s,..,T;,) is a discrete semibounded operator, and P =
(P1, Ps, ..., Pj,) — bounded operator, acting in a separable Hilbert space Lo(G), and the
system of vector-functions {vi = (Vik, Vag, .., Vjo k) Yooy forms an orthonormal basis in
Lo(G), then eigenvalues piy, of operator T + P can be found from formulas:

L

Jo
P = Am + Z d; /Pjvjmvjmd:t +(m). (11)
j=1

0
m—1

Here 6(m) = > [ug(m —1) — fig(m)], and pix.(m) — m-th Galerkin’s approximation of k-th
k=1

ergenvalues.

Following the Galerkin method, coefficients a; (k = 1,n), included in (7), are found
from the solution of a system of linear homogeneous equations

n

E ar[(Vi, Vi) P — (Vie, Vin)] = 0. (12)
k=1
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Using the theorem 2, by the formulas (11) we find n eigenvalues i (k = 1,n) of operator
T + P. We substitute some fi,,, into the system (12) instead of parameter p. Then the
determinant of this system is equal to zero, and the system (12) will have nontrivial
solutions. We denote the coefficients ay, included in (7) and corresponding to this solutions,
via a,(j”> (k = 1,n). We use the normalization condition (u,,(n),u,,(n)) = 1. Convert it,
taking into account the system orthonormality {vy}}_;:

n

(um(n), um(n)) = Z i a,gm)agm)(vk,vl) = i (al(m)>2 =1. (13)

k=1 I=1 =1

Having supplemented the system of equations (12) by equation (13), we find the coeflicients
(m) T
a,’ (k=1,n).

2. Double-Edge Graph. As an example, consider a compact graph G, consisting of two
edges E; and E, on Figure.

0 i 0 /5
& = - = >0
vl E I V » !-4?" Vg
Graph G

On each edge E; (j = 1,2) we introduce the real parameter z;, varying from 0 till /;.
On graph G define a vector-function u = (uy, u2), which component u; is a function of
parameter z; € [0,/;], i.e. corresponds to an edge E; (j = 1,2). On each edge E; of the
graph G introduce an equation of the form:

—uj + q;(x;)u; = puy. (14)

We will assume, that the components of vector-function u are interconnected by
standard gluing conditions, including the condition (2), analogous to the Kirchhoff’s
condition, and continuity condition (3). The continuity condition means, that, since the
vertex V5 is an incident to the edges E; and Fs, then the values of the components of the
vector-function u on these edges in the ends, corresponding to the vertex V5, are coincide:

uy(l) = uz(0). (15)

Condition (2) means that the sum of normal derivatives of the components of the vector-
function u in the vertices V; (j = 1, 3) is equal to zero, i.e. if V; corresponding to z; = 0,
then the derivative of the component u; in the point, corresponds to the vertex V}, is taken
with a sign "4", and with a sign "—", if V; corresponds to x; = ;:

dUQ

x1=l1 dl’g

duy

_ =0. 1
. (16)

x2=0

In the boundary vertices V; and V5 the conditions (2) transform to the Neumann’s

conditions:
du1

dl’l
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duz)  _ (18)

dl’g z1=lo

We use the system of coordinate functions {vy}}_; to construct the solution of the
problem (7), (14) — (18) and while finding the eigenvalues {ux}7_; by the formulas (11).
To find the system we solve the boundary value problem:

_U;', = >\Uj7 .] = 17_27

(%1 (ll) = ’UQ(O),

doy dv,

_dl’l

1=l dl'g
1

d[El

dl)g

dIL‘Q

=0,
220 (19)
= 0,

r1=0

= 0.

r1=l2

It can be shown that eigenvalues of the spectral problem (19) are

E \2
)\k = < d > )
L+ 1y
and eigenfunctions are

U1k(I1) = Cj cos \/)\_kxlv
vor(x9) = Ck [cos VRly cos vV Apxe — sin v/ Agly sin v/ Agpxs | .

The constants C), are determined from the normalization condition.

Through vy = (v1g, ver) denote the vector-functions corresponding to the eigenvalues
A To find eigenvalues u; and vector-functions uy of the boundary problem (14) — (18) a
computational experiment was conducted. Verification of the spectral characteristics was
performed by substituting them into the equation (14). The Table shows the norms of the
left and right side of the equation (14) and the difference between them.

Conclusion. New algorithm for finding eigenvalues of abstract discrete semibounded
operators on geometric graph is developed. Numerous computational experiments have
shown high computational efficiency of the algorithm.
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Table

Values ||(T 4+ P)uy|| and ||prug|| of the boundary problem (14) — (18) calculated with

parameters [ = 1, Iy = 2, q1(x;) = sin(2x; + 1) and ¢(z2) = 23 + 375 + 2

ETNT+Pwell | el [T+ Pyug — ]
1 10, 4227164 9, 1403925 1, 2823239
2 15, 5409132 14, 3518941 1,1890191
3 23,0321518 22,0003709 1,0317808
4 32,7097768 31,9689829 0,7407939
5 44, 5560760 43, 9575040 0, 5985720
6 58, 7018393 58, 1884571 0,5133822
7 75,1222924 74,7029771 0,4193153
8 93,6696164 93, 3045596 0, 3650569
18 | 400,5064008 | 400, 3463671 0, 1600337
19 | 443,2899290 | 443, 1407540 0, 1491750
20 | 488,2289128 | 488, 0880478 0, 1408650
21 | 535,3685999 | 53b,2323454 0, 1362546
22 | 584,7313253 | 584,6030267 0, 1282986
30 | 1058,4182713 | 1058, 3240996 0,0941718
31 | 1127,5178582 | 1127,4275559 0,0903023
32 | 1198, 7865687 | 1198,6994693 0, 0870994
33 | 1272,2515155 | 1272,1661447 0,0853708
34 | 1347,9301120 | 1347,8479328 0,0821793
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PEINTEHUNE CIIEKTPAJIbBHBIX 3AJAY HA KOMITAKTHBIX I'PA®AX

C.HU. Kaduenxo'?, C.H. Kaxywxun', I A. 3axuposa?

'MaranToropckuii rocynapcTBeHHbIH Texandecknii yausepenter uM. 1.1, Hocosa,

r. Maramroropck

2IOxn0- Y paabckuii ToCyIapCTBeHHbIT yEIBepenTeT, . Yeasbunck

Paspaborana MeTONMKa HAXOXK IEHNST COOCTBEHHBIX YUCEN W CODCTBEHHBIX (DYHKIWIA ab-

CTPAaKTHBIX JIMCKPETHBIX MOJIYOIDAHUYEHHBIX OIEPATOPOB, 33/IaHHBIX HA KOMIIAKTHBIX I'pa-

dax. Tomyuensr muHeiiHbIE (DOPMYIIBI, TO3BOJISIIONINE C BBICOKON BBIYMCIAUTENHHOMN 3hder-

TUBHOCTBHIO BBIUUCISITH COOCTBEHHBIE 3HAYUEHMS STHUX OIIEPaTOPOB, HaYHMHaA C JIFOBOro MX

HOMEPA, HE3aBUCHUMO OT TOT0, U3BECTHBI TN COOCTBEHHBIE 3HAUEHUSI C TTPEIBIIYITUMA HOME-

pamvu. Jamubie GopMyasl pemaioT 1pobieMy BBIUHCTEHAA BCEX HEODXOINMBIX TOYEK CIIEK-

Tpa JUCKPETHBIX MMOJYOTDAHUYEHHBIX ONMEPATOPOB, 33 TAHHBIX HA FEOMETPUIECKUX Tpadax.
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CobcrBernbie (DYHKIINN HAXOATCH HA OCHOBe MeToa [anepkuna. PaccMoTpen BOmpoc BbI-
6opa bazucHbIX (DyHKIMN, JEKAMUX B OCHOBE [OCTPOEHUS PEIICHUST CIHEKTPATbHBIX 3314,
MTOPOK JEHHBIX JTUCKPETHBIMU MOTYOTPAHUIEHHBIMEI OTIEPATOPAMHU, U MIPUBOIUTCS AJITOPUTM
ux mocTpoenusi. [IpoBeeH BHIYUCIUTEIBHBIN IKCIEPUMEHT TI0 HAXOXKIEHUIO COOCTBEHHBIX
qucen u cobcreenubix dyukimit oneparopa lrypma — Jluysumns, 3amanHoro HA IByXpe-
6epHOM KOMITAKTHOM Ipade €O CTaHIAPTHBIMHA YCIOBUIMU CKJICHKH. Pe3yibraThl BEIMHACITH-
TeJIbHBIX DKCIEPUMEHTOB MOKA3aJH BBICOKYIO M MEKTUBHOCTD pazpabOTAHHON METOIUKH.
Karoueevte €a06a: 603MyuLeHibie ONEPAmMOpsl; COOGCMBENHBIE “UCAL; CODCTNEEHIbLE

Pynryuy; Komnaxmuul 2pad; yciosus Henpepvenocmu; ycarosus Kupraogpa.
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