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Â ðàáîòå ðàññìàòðèâàåòñÿ äóîïîëèÿ Áåðòðàíà íà ðûíêå äèôôåðåíöèðîâàííîãî òî-
âàðà ñ ó÷åòîì âîçìîæíîãî ïîÿâëåíèÿ èìïîðòà. Öåíà, íàçíà÷àåìàÿ èìïîðòåðîì ïðåä-
ñòàâëÿåò ñîáîé íåñòîõàñòè÷åñêóþ íåîïðåäåëåííîñòü. Ìîäåëü äóîïîëèè ôîðìàëèçóåòñÿ
êàê áåñêîàëèöèîííàÿ èãðà äâóõ ëèö ïðè íåîïðåäåëåííîñòè. Âûáèðàÿ ñâîè ñòðàòåãèè,
èãðîêè ñòðåìÿòñÿ óâåëè÷èòü ñâîé âûèãðûø, îäíîâðåìåííî ñ ýòèì îíè âûíóæäåíû îðè-
åíòèðîâàòüñÿ íà âîçìîæíîñòü ðåàëèçàöèè ëþáîãî, çàðàíåå íå ïðåäñêàçóåìîãî, çíà÷åíèÿ
íåîïðåäåëåííîñòè. Â êà÷åñòâå ðåøåíèÿ èãðû èñïîëüçóåòñÿ ïîíÿòèå ñèëüíî ãàðàíòè-
ðîâàííîãî ðàâíîâåñèÿ, ïîñòðîåíèå êîòîðîãî îñíîâàíî íà ïîíÿòèè àíàëîãà âåêòîðíîãî
ìàêñèìèíà è ñîñòîèò èç äâóõ ýòàïîâ. Íà ïåðâîì ýòàïå (àíàëîã âíóòðåííåãî ìèíèìóìà
â ìàêñèìèíå) äëÿ êàæäîãî èãðîêà êîíñòðóèðóåòñÿ íåïðåðûâíàÿ ôóíêöèÿ, ñîïîñòàâ-
ëÿþùàÿ êàæäîé ñòðàòåãèè èãðîêà ¾ñàìóþ ïëîõóþ¿ äëÿ íåãî íåîïðåäåëåííîñòü. Íà
âòîðîì ýòàïå (àíàëîã âíåøíåãî ìàêñèìóìà â ìàêñèìèíå) íàõîäèòñÿ ðàâíîâåñèå ïî Íý-
øó â ¾èãðå ãàðàíòèé¿, ïîëó÷åííîé ïðè ïîäñòàíîâêå â ôóíêöèè âûèãðûøà íàéäåííûõ
ðàíåå íåîïðåäåëåííîñòåé. Ñèëüíî ãàðàíòèðîâàííîå ðàâíîâåñèå ïîñòðîåíî â ÿâíîì âèäå,
îïðåäåëåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ óêàçàííîãî ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: ãàðàíòèðîâàííîå ðàâíîâåñèå; áåñêîàëèöèîííàÿ èãðà; èãðà ïðè

íåîïðåäåëåííîñòè; äóîïîëèÿ Áåðòðàíà.

Ââåäåíèå

Îäíà èç êëàññè÷åñêèõ ìîäåëåé öåíîîáðàçîâàíèÿ â óñëîâèÿõ îëèãîïîëèè áûëà ïðåäëîæå-
íà Äæîçåôîì Áåðòðàíîì â 1883 ã. â [1]. Îñíîâíàÿ èäåÿ ýòîé ðàáîòû â òîì, ÷òî ïðîèçâîäèòåëü
âîçäåéñòâóåò íà ðûíîê òîëüêî ïóòåì ôîðìèðîâàíèÿ öåíû ïîñòàâëÿåìîãî òîâàðà. Ñîâðåìåí-
íûå èññëåäîâàòåëè ìíîãîêðàòíî âîçðàùàëèñü ê èçó÷åíèþ ðàçëè÷íûõ âàðèàíòîâ îëèãîïîëèè
Áåðòðàíà, ðÿä ðåçóëüòàòîâ, íàïðèìåð â [2�4]. Òàê, â [5] ðàññìîòðåíà äóîïîëèÿ Áåðòðàíà
ñ ó÷åòîì âîçìîæíîãî ïîÿâëåíèÿ èìïîðòà, è îïðåäåëåíî ãàðàíòèðîâàííîå ïî Ïàðåòî ðàâ-
íîâåñèå. Â íàñòîÿùåé ðàáîòå äëÿ ìîäåëè, âïåðâûå ðàññìîòðåííîé â [5], ôîðìàëèçîâàíî è
ïîñòðîåíî ñèëüíî ãàðàíòèðîâàííîå ðàâíîâåñèå, îñíîâàííîå íà ïðåäëîæåííîì â [6] (àíàëîã
âåêòîðíîãî ìàêñèìèíà) ïîíÿòèè ñèëüíî ãàðàíòèðîâàííîãî ðåøåíèÿ.

1. Ìîäåëü Áåðòðàíà ñ ó÷åòîì èìïîðòà

Ðàññìàòðèâàåòñÿ ðûíîê, íà êîòîðîì êîíêóðèðóþò äâå ôèðìû I è II, ïðîèçâîäÿùèå òî-
âàð A è B ñîîòâåòñòâåííî. Ïðè ýòîì A è B âçàèìîçàìåíÿåìû (òàê íàçûâàìûå ¾òîâàðû �
çàìåíèòåëè¿, íàïðèìåð ÿáëî÷íûé ñîê äâóõ ðàçëè÷íûõ ìàðîê). Ñòðàòåãèÿìè ôèðì (èãðîêîâ
íà äàííîì ðûíêå) áóäåò öåíà, íàçíà÷àåìàÿ èìè íà ñâîé òîâàð. Ñ÷èòàåì, ÷òî ôèðìà I îáúÿâ-
ëÿåò öåíó çà åäèíèöó ñâîåãî òîâàðà p1, à ôèðìà II � öåíó p2. Ïîñëå îáúÿâëåíèÿ öåí íà ðûíêå
ñêëàäûâàåòñÿ ñïðîñ íà êàæäûé òîâàð, ïðåäïîëîæèì, ëèíåéíûé îòíîñèòåëüíî îáúÿâëåííûõ
öåí. Îäíîâðåìåííî ñ ýòèì ïðîèçâîäèòåëè óçíàþò î âûõîäå íà ðûíîê òðåòüåãî ïðîäàâöà
� èìïîðòåðà àíàëîãè÷íîãî òîâàðà C (íàïðèìåð, òðåòüÿ ìàðêà ñîêà âäîáàâîê ê äâóì óæå
èìåþùèìñÿ íà ðûíêå). Î öåíîâîé ïîëèòèêå èìïîðòåðà è öåëÿõ åãî âûõîäà íà ðûíîê ïðîèç-
âîäèòåëè íå èìåþò íèêàêîé èíôîðìàöèè. Âîçìîæíî, îí ïûòàåòñÿ çàõâàòèòü äîëþ ðûíêà, à
ìîæåò áûòü, æåëàåò ¾íàñîëèòü¿ èãðîêàì, ñíèæàÿ öåíû, èëè ïðåñëåäóåò åùå êàêèå-íèáóäü,
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èçâåñòíûå òîëüêî åìó öåëè. Öåíà òîâàðà y, êîòîðóþ óñòàíîâèò èìïîðòåð, ôîðìèðóþùèé
íåîïðåäåëåííîñòü èãðîêàì íåèçâåñòíà (ìîæíî óòâåðæäàòü òîëüêî òî, ÷òî îíà ïðèìåò íåêî-
òîðîå íåîòðèöàòåëüíîå çíà÷åíèå y > 0).

Âûáèðàÿ ñâîþ ñòðàòåãèþ (öåíó pi çà åäèíèöó ïðîèçâîäèìîãî òîâàðà) ïðîèçâîäèòåëü ïîä
íîìåðîì i (i = 1, 2) äîëæåí ó÷èòûâàòü íå òîëüêî äåéñòâèÿ êîíêóðåíòà, íî è âîçìîæíîñòü
ðåàëèçàöèè ëþáîãî, çàðàíåå íå ïðåäñêàçóåìîãî, çíà÷åíèÿ íåîïðåäåëåííîñòè y � öåíû, îáú-
ÿâëÿåìîé èìïîðòåðîì.

Ïóñòü ôèðìà I îáúÿâëÿåò öåíó çà åäèíèöó ñâîåãî òîâàðà p1, à ôèðìà II � öåíó p2. Â
ðåçóëüòàòå íàçíà÷åíèÿ ïðîèçâîäèòåëÿìè öåí íà ïðåäëàãàåìûå èìè òîâàðû íà ðûíêå ñêëà-
äûâàåòñÿ ñèòóàöèÿ (p1, p2) ∈ P = P1 × P2. Îäíîâðåìåííî ñ ýòèì, è íåçàâèñèìî îò ðåøåíèÿ
ïðîèçâîäèòåëåé, ðåàëèçóåòñÿ êîíêðåòíîå çíà÷åíèå íåîïðåäåëåííîñòè y � öåíà, íàçíà÷àåìàÿ
èìïîðòåðîì. Áóäåì ñ÷èòàòü, ÷òî ñïðîñ (ñêëàäûâàþùèéñÿ íà ðûíêå ïîñëå îáúÿâëåíèÿ öåí
ïðîèçâîäèòåëÿìè (p1, p2) è èìïîðòåðîì (y)) ëèíåéíî çàâèñèò îò öåí. Ïðè ýòîì êîýôôèöèåíò
ýëàñòè÷íîñòè ñïðîñà ïî öåíå ðàâåí l1, à ïî öåíå íà òîâàð � çàìåíèòåëü l2 (l1 > l2). Ñïðîñ íà
≪áåñïëàòíûé≫ òîâàð � q. Òîãäà ôóíêöèÿ ñïðîñà íà òîâàð ïåðâîãî ïðîèçâîäèòåëÿ áóäåò

Q1(p1, p2, y) = q − l1p1 + l2y + l2p2 = q − l1p1 + l2(p2 + y).

Ñîîòâåòñòâåííî ñïðîñ, ïðåäúÿâëÿåìûé íà òîâàð âòîðîãî ïðîèçâîäèòåëÿ, ïðèìåò âèä

Q2(p1, p2, y) = q − l1p2 + l2(p1 + y).

Ïîëàãàåì, ÷òî ñåáåñòîèìîñòü åäèíèöû òîâàðà îáåèõ ìàðîê îäèíàêîâà, è ñîñòàâëÿåò c.
Òîãäà ôóíêöèÿ � ïðèáûëü, ïîëó÷àåìàÿ ïåðâûì ïðîèçâîäèòåëåì, ñîñòàâèò

f1(p1, p2, y)= Q1(p1, p2, y)(p1−c)= [q − l1p1 + l2(p2 + y)] (p1−c), (1)

âòîðûì �
f2(p1, p2, y)= Q2(p1, p2, y)(p2−c)= [q − l1p2 + l2(p1 + y)] (p2−c). (2)

Ïðîèçâîäèòåëè ñàìîñòîÿòåëüíî, íå çàêëþ÷àÿ äîãîâîðåííîñòåé äðóã ñ äðóãîì, îïðåäåëÿ-
þò öåíó íà ñâîé òîâàð, ñòðåìÿñü ïðè ýòîì ê ïîëó÷åíèþ êàê ìîæíî áîëüøåé ïðèáûëè. Ïðè
ýòîì, ïðèíèìàÿ ðåøåíèå, îíè äîëæíû ó÷èòûâàòü âîçìîæíîñòü ðåàëèçàöèè ëþáîãî íåîòðè-
öàòåëüíîãî çíà÷åíèÿ íåîïðåäåëåííîñòè y � öåíû èìïîðòà.

Ìàòåìàòè÷åñêîé ìîäåëüþ ðàññìàòðèâàåìîé äóîïîëèè ìîæåò ñëóæèòü áåñêîàëèöèîííàÿ
èãðà ïðè íåîïðåäåëåííîñòè

⟨{1, 2}, {Pi}i=1,2,Y, {Φi(p1, p2, y)}i=1,2⟩. (3)

Çäåñü 1 è 2 � ïîðÿäêîâûå íîìåðà èãðîêîâ � ïðîèçâîäèòåëåé, ñòðàòåãèÿìè êîòîðûõ ÿâëÿåòñÿ
ôîðìèðîâàíèå öåíû pi ∈ Pi = [0,+∞) (i = 1, 2), ìíîæåñòâî Y = [0,+∞) íåîïðåäåëåííîñòåé
y, ôóíêöèÿ âûèãðûøà i-ãî èãðîêà Φi(p1, p2, y) (i = 1, 2), ñëåäóÿ ïðèíöèïó ãàðàíòèðîâàííîãî
ðåçóëüòàòà Þ.Á. Ãåðìåéåðà, ïðåäñòàâëÿåò ñîáîé ñóììó ïîëó÷àåìîé èì ïðèáûëè fi(p1, p2, y)

è ñëàãàåìîãî y2

2 , à èìåííî,

Φ1(p1, p2, y) = [q − l1p1 + l2(p2 + y)] (p1−c) + y2

2 ,

Φ2(p1, p2, y) = [q − l1p2 + l2(p1 + y)] (p2−c) + y2

2 .
(4)

Çàìå÷àíèå 1. Ïîÿâëåíèå ïîñëåäíåãî ñëàãàåìîãî â (4) ìîæíî îáúÿñíèòü è ñëåäóþùèì
îáðàçîì. Äëÿ êàæäîãî èãðîêà (i = 1, 2) ôàêòè÷åñêè ðàññìàòðèâàåòñÿ äâóõêðèòåðèàëüíàÿ
çàäà÷à: ïåðâûé êðèòåðèé � ýòî åãî ïðèáûëü fi(p1, p2, y), âòîðîé ñâÿçàí ñ èäåÿìè ïðèíöèïà
ãàðàíòèðîâàííîãî ðåçóëüòàòà: ïðèíèìàòü i-ìó èãðîêó ðåøåíèÿ ðåêîìåíäóåòñÿ â óñëîâèÿõ,

2013, òîì 6, � 4 49



À.À. Ìàíñóðîâà, È.Ñ. Ñòàáóëèò, Ñ.À. Øóíàéëîâà

êîãäà íåîïðåäåëåííîñòü ¾ñòðåìèòñÿ ìàêñèìàëüíî íàïîðòèòü æèçíü¿ ýòîìó èãðîêó, òî åñòü
ïðèíèìàåò ¾ñàìûå áîëüøèå¿ èç âîçìîæíûõ çíà÷åíèé. Ýòà ðåêîìåíäàöèÿ è ïðèâîäèò êî

âòîðîìó êðèòåðèþ y2

2 , êîòîðûé i-ûé èãðîê òàêæå ñòðåìèòñÿ óâåëè÷èòü. Èòàê, â äâóõêðèòå-
ðèàëüíîé çàäà÷å, âîçíèêàþùåé äëÿ êàæäîãî èãðîêà, ó íåãî 2 êðèòåðèÿ, êîòîðûå îí æåëàåò

óâåëè÷èòü � ïðèáûëü è y2

2 . Ëèíåéíàÿ èõ ñâåðòêà ñ ïîëîæèòåëüíûìè êîýôôèöèåíòàìè (çäåñü
åäèíèöû) è ïðèâîäèò ê (4), à ÷òîáû äëÿ îãîâàðèâàåìîé äâóõêðèòåðèàëüíîé çàäà÷è äîáèòüñÿ
ìàêñèìóìà ïî Ïàðåòî, òî äîñòàòî÷íî ýòó ëèíåéíóþ ñâåðòêó ìàêñèìèçèðîâàòü.

Èòàê, èãðà ïðîõîäèò ñëåäóþùèì îáðàçîì. Èãðîêè ñàìîñòîÿòåëüíî, íå âñòóïàÿ â êîà-
ëèöèþ, îïðåäåëÿþò ñâîè ñòðàòåãèè pi (i = 1, 2), â ðåçóëüòàòå ÷åãî ñêëàäûâàåòñÿ ñèòóàöèÿ
p = (p1, p2) ∈ P = P1 × P2. Îäíîâðåìåííî ñ ýòèì è íåçàâèñèìî îò äåéñòâèé èãðîêîâ ðåà-
ëèçóåòñÿ êîíêðåòíîå çíà÷åíèå íåîïðåäåëåííîñòè y. Â ðåçóëüòàòå îáðàçóåòñÿ ïàðà (p, y). Íà
ìíîæåñòâå âñåõ òàêèõ ïàð P× Y îïðåäåëåíà ôóíêöèÿ âûèãðûøà i-ãî èãðîêà (i = 1, 2), ââå-
äåííàÿ â (4). Çíà÷åíèå ôóíêöèé Φi(p1, p2, y) íà ðåàëèçîâàâøåéñÿ ïàðå (p, y) åñòü âûèãðûø
èãðîêà i, à çíà÷åíèå fi(p1, p2, y) ñîîòâåòñòâóþùàÿ åãî ïðèáûëü.

Îïðåäåëåíèå 1. Ñèëüíî ãàðàíòèðîâàííûì ðàâíîâåñèåì (ÑÃÐ) èãðû (3) ÿâëÿåòñÿ òðîéêà

(pe,Φe
1,Φ

e
2) ∈ P × R2, äëÿ êîòîðîé ñóùåñòâóþò äâå íåïðåðûâíûå íà P ñêàëÿðíûå ôóíêöèè

y(i)(p) : P → Y (i = 1, 2) òàêèå, ÷òî
âî-ïåðâûõ, äëÿ âñåõ p ∈ P

Φi(p, y
(i)(p)) = min

y∈Y
Φi(p, y) = Φi[p] (i = 1, 2); (5)

âî-âòîðûõ, ñèòóàöèÿ p e=(p e
1 , p

e
2 ) ðàâíîâåñíà ïî Íýøó â ¾èãðå ãàðàíòèé¿,

⟨{1, 2}, {Pi}i=1,2, {Φi(p1, p2, y
(i)(p1, p2))}i=1,2⟩, (6)

ïîëó÷åííîé ïðè ïîäñòàíîâêå â (3) âìåñòî íåîïðåäåëåííîñòè åå ðåàëèçàöèé y(i)(p) (i = 1, 2).
Ïðè ýòîì p e åñòü ñèëüíî ãàðàíòèðóþùàÿ ñèòóàöèÿ, à Φe

i = Φi(p
e, yP (p

e)) �

ñîîòâåòñòâóþùàÿ åé âåêòîðíàÿ ãàðàíòèÿ.

Çàìå÷àíèå 2. Ôîðìàëèçàöèÿ ðåøåíèÿ çäåñü îñíîâàíà íà ïîñòðîåíèè ¾àíàëîãà ìàêñèìèíà¿,
à èìåííî îïåðàöèÿ âíóòðåííåãî ìèíèìóìà â ìàêñèìèíå çàìåíåíà íà íàõîæäåíèå ôóíêöèé,
äîñòàâëÿþùèõ ìèíèìóìû â çàäà÷å (5), à îïåðàöèÿ âíåøíåãî ìàêñèìóìà � íà ïîñòðîåíèè
ñèòóàöèè ðàâíîâåñèÿ ïî Íýøó.

Îïðåäåëåíèå 2. Ñèëüíî ãàðàíòèðîâàííûì ðàâíîâåñèåì (ÑÃÐ) äóîïîëèè Áåðòðàíà ñ ó÷å-

òîì èìïîðòà íàçîâåì òðîéêó (p e, fe
1 , f

e
2 ), ãäå ñèëüíî ãàðàíòèðóþùàÿ ñèòóàöèÿ p e =

= (p e
1 , p

e
2 ) òà æå, ÷òî è â ÑÃÐ èãðû (3), à f e

i = fi(p
e, yP (p

e)) åñòü ñîîòâåòñòâóþùàÿ

ãàðàíòèðîâàííîàÿ ïðèáûëü i-é ôèðìû.

2. Ïîñòðîåíèå ñèëüíî ãàðàíòèðîâàííîãî ðàâíîâåñèÿ

Äàëåå, ïðè ïîñòðîåíèè ÑÃÐ äóîïîëèè Áåðòðàíà ñ ó÷åòîì èìïîðòà, âîñïîëüçóåìñÿ ñëå-
äóþùèì àëãîðèòìîì, äèêòóåìûì îïðåäåëåíèåì ñèëüíî ãàðàíòèðîâàííîãî ðàâíîâåñèÿ.

Ýòàï 1. Ïðèìåíèâ (5), ïîñòðîèòü äâå íåïðåðûâíûå ôóíêöèè y(1)(p) è y(2)(p). Çàòåì
ñêîíñòðóèðîâàòü ôóíêöèè Φi[p] = Φi(p, y

(i)(p)) (i = 1, 2).
Ýòàï 2. Íàéòè ñèòóàöèþ p e = (p e

1 , p
e
2 ), ðàâíîâåñíóþ ïî Íýøó â ¾èãðå ãàðàíòèé¿ (6).

Ýòàï 3. Ïîäñòàâèâ p e è y(i)(p e) (i = 1, 2) â (1) è (2) ñîîòâåòñòâåííî, âû÷èñëèòü ãàðàí-
òèðîâàííóþ ïðèáûëü i-ãî èãðîêà f e

i = fi(p
e, yP (p

e)) (i = 1, 2).
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2.1. Íàõîæäåíèå âíóòðåííåãî ìèíèìóìà

Èìååò ìåñòî ñëåäóþùåå
Óòâåðæäåíèå 1. Íåîïðåäåëåííîñòü

y(i)(p1, p2) = l2(c− pi) (i = 1, 2)

äîñòàâëÿåò ìèíèìóì â (5) ïðè êàæäîé ñèòóàöèè p = (p1, p2) ∈ [0,+∞)2.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ôóíêöèþ (3), à èìåííî

Φi(p, y) = fi(p, y) +
y2

2
= [q − l1pi + l2(pj + y)] (pi−c) +

y2

2
(i, j = 1, 2; i ̸= j).

Ìèíèìàëüíîå çíà÷åíèå ôóíêöèè äëÿ êàæäîãî ôèêñèðîâàííîãî p =(p1, p2)∈P äîñòèãàåòñÿ
ïðè y(i)(p) = c−pi

2 (i = 1, 2), ïîñêîëüêó

∂Φi

∂y

∣∣∣∣
y=y(i)(p)

= l2(pi − c) + y(i)(p) = 0

è
∂2Φi

∂y2

∣∣∣∣
y=y(i)(p)

= 1 > 0.

Èñïîëüçóÿ íàéäåííûå â óòâåðæäåíèè 1 íåîïðåäåëåííîñòè y(i)(p1, p2) = l2(c − pi) (i =
1, 2), çàïèøåì â ÿâíîì âèäå ¾ãàðàíòèè¿ Φi[p]:

Φi[p] = Φi(p, y
(i)(p)) = [q − l1pi + l2pj ] (pi−c)− l22

2
(pi − c)2 (i, j = 1, 2; i ̸= j). (7)

2.2. Ðàâíîâåñèå ïî Íýøó â ¾èãðå ãàðàíòèé¿

Äàëåå ðàññìîòðèì èãðó ãàðàíòèé (6), ôóíêöèè âûèãðûøà Φi[p] â êîòîðîé îïðåäåëåíû â
(7). Ñèòóàöèÿ pe = (pe1, p

e
2) áóäåò ðàâíîâåñíîé ïî Íýøó â ýòîé èãðå, åñëè äëÿ âñåõ p1 ∈ P1 è

p2 ∈ P2 âåðíà ñèñòåìà èç äâóõ íåðàâíñòâ

Φ1[p
e
1, p2] 6 Φ1[p

e
1, p

e
2],

Φ2[p1, p
e
2, y) 6 Φ2[p

e
1, p

e
2].

Óòâåðæäåíèå 2. Ïðè l1 > l2 > 0 ñèòóàöèÿ ðàâíîâåñèÿ ïî Íýøó â (6), (7) èìååò âèä

pe = (pe1, p
e
2) =

(
q + c(l1 + l22)

2l1 − l2 + l22
,
q + c(l1 + l22)

2l1 − l2 + l22

)
.

Äîêàçàòåëüñòâî. Äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ñèòóàöèè ðàâíîâåñèÿ ïî Íýøó p e=
= (p e

1 , p
e
2 ) â èãðå (6) ñ ôóíêöèÿìè âûèãðûøà (7) ìîæíî ñâåñòè ê âûïîëíåíèþ ÷åòûðåõ

òðåáîâàíèé
∂Φ1
∂p1

∣∣∣
p=pe

= −l1(p
e
1 − c) + q − l1p

e
1 + l2p

e
2 − l22(p

e
1 − c) = 0, (8)

∂2Φ1

∂p21

∣∣∣
p=pe

= −2l1 − l22 < 0, (9)

∂Φ2
∂p2

∣∣∣
p=pe

= −l1(p
e
21− c) + q − l1p

e
2 + l2p

e
1 − l22(p

e
2 − c) = 0, (10)
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∂2Φ2

∂p22

∣∣∣
p=pe

= −2l1 − l22 < 0. (11)

Óñëîâèÿ (9) è (11) èìåþò ìåñòî â ñèëó l1 > 0, à ðàâåíñòâà (8), (10) ïðåäñòàâëÿþò ñîáîé
ñèñòåìó èç äâóõ íåîäíîðîäíûõ ëèíåéíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè{ (

2l1 + l22
)
pe1 − l2p

e
2 = q + c(l1 + l22),

−l2p
e
1 +

(
2l1 + l22

)
pe2 = q + c(l1 + l22).

(12)

Îïðåäåëèòåëü ýòîé ñèñòåìû

∆ =

∣∣∣∣ 2l1 + l22 − l2
−l2 2l1 + l22

∣∣∣∣ = (
2l1 + l22

)2 − l22 = (2l1 + l2 + l22)(2l1 − l2 + l22),

ïðè ýòîì ∆ ̸= 0, ïîñêîëüêó l1 > l2 è l2 > 0.
Âû÷èñëèâ îïðåäåëèòåëè

∆1 =

∣∣∣∣ q + c(l1 + l22) − l2
q + c(l1 + l22) 2l1 + l22

∣∣∣∣ = [
q + c(l1 + l22)

] ∣∣∣∣ 1 − l2
1 2l1 + l22

∣∣∣∣ =
=
[
q + c(l1 + l22)

](
2l1 + l2 + l22

)
è

∆2 =

∣∣∣∣ 2l1 + l22 q + c(l1 + l22)
−l2 q + c(l1 + l22)

∣∣∣∣ = [
q + c(l1 + l22)

] ∣∣∣∣ 2l1 + l22 1
−l2 1

∣∣∣∣ =
=
[
q + c(l1 + l22)

](
2l1 + l2 + l22

)
,

ïîëó÷èì ðåøåíèå ñèñòåìû (12) â âèäå

pei =
∆i

∆
=

[
q + c(l1 + l22)

](
2l1 +l2 + l22

)
(2l1 − l2 + l22)

(
2l1 +l2 + l22

) =
q + c(l1 + l22)

2l1 − l2 + l22
(i = 1, 2).

2.3. Íàõîæäåíèå ãàðàíòèðîâàííûõ ïðèáûëåé

Âî-ïåðâûõ, íåïîñðåäñòâåííîé ïîäñòàíîâêîé p e = (p e
1 , p

e
2 ) â y(i)(p) = l2(c − pi) (i = 1, 2)

óáåäèìñÿ, ÷òî y(i)(p e
1 , p

e
2 ) = l2

cl1−cl2−q
2l1−l2+l22

.

Âî-âòîðûõ, ïîäñòàâèâ

p e = (p e
1 , p

e
2 ) =

(
q + c(l1 + l22)

2l1 − l2 + l22
,
q + c(l1 + l22)

2l1 − l2 + l22

)
è yP (p

e
1 , p

e
2 ) = l2

cl1−cl2−q
2l1−l2+l22

â (2.4.3) è (2.4.4), îïðåäåëèì ñîîòâåòñòâóþùèå ïðèáûëè èãðîêîâ

fe
1 = f1(p

e
1, p

e
2, yP (p

e
1, p

e
2)) =

= [q − l1p
e
1 + l2(p

e
2 + yP (p

e
1, p

e
2))] (p

e
1 − c) = l1

[q + c(l2 − l1)]
2

(2l1 − l2 + l22)
2
,

fe
2 = f2(p

e
1, p

e
2, yP (p

e
1, p

e
2)) =

= [q − l1p
e
2 + l2(p

e
1 + yP (p

e
1, p

e
2))] (p

e
2 − c) = l1

[q + c(l2 − l1)]
2

(2l1 − l2 + l22)
2
.
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Òàêèì îáðàçîì, èìååò ìåñòî ñëåäóþùåå
Óòâåðæäåíèå 3. Ñèëüíî ãàðàíòèðîâàííîå ðàâíîâåñèå â äóîïîëèè Áåðòðàíà ñ ó÷åòîì èì-

ïîðòà ïðè l1 > l2 > 0 åñòü òðîéêà (pe, f e
1 , f

e
2 ), ãäå

p e = (p e
1 , p

e
2 ) =

(
q + c(l1 + l22)

2l1 − l2 + l22
,
q + c(l1 + l22)

2l1 − l2 + l22

)
,

à ñîîòâåòñòâóþùàÿ ïðèáûëü i-é ôèðìû áóäåò

fe
i = l1

[q + c(l2 − l1)]
2

(2l1 − l2 + l22)
2

(i = 1, 2).

Çàìå÷àíèå 3. Ñëåäóåò çàìåòèòü, ÷òî, êàê ïðàâèëî, ñèëüíî ãàðàíòèðîâàííîå ðàâíîâåñèå
äàåò áîëåå íèçêèå ãàðàíòèè ïî ñðàâíåíèþ ñ ãàðàíòèðîâàííûì ïî Ïàðåòî ðàâíîâåñèåì. Ýòî
ñâÿçàíî ñ òåì, ÷òî ïðè ïîñòðîåíèè ÑÃÐ êàæäûé èãðîê îðèåíòèðóåòñÿ íà ¾ñàìóþ ïëîõóþ
äëÿ ñåáÿ¿ ðåàëèçàöèþ íåîïðåäåëåííûõ ôàêòîðîâ, à ïðè ïîñòðîåíèè Ïàðåòî ãàðàíòèðîâàí-
íîãî ðàâíîâåñèÿ � òîëüêî íà âåêòîðíûé ìèíèìóì. Îäíàêî äëÿ ðàññìîòðåííîé ìîäåëè ýòè
ðåøåíèÿ ñîâïàäàëè, îäíàêî ñóùåñòâåííûå ðàçëè÷èÿ ïðîÿâèëèñü â óñëîâèÿõ ñóùåñòâîâàíèÿ
óêàçàííûõ ðåøåíèé. À èìåííî, ïðè çíà÷åíèÿõ êîýôôèöèåíòà ýëàñòè÷íîñòè l1 6 1

8 ãàðàí-
òèðîâàííîãî ïî Ïàðåòî ðàâíîâåñèÿ (èç [5]) íå ñóùåñòâóåò, îäíàêî ïðè ýòèõ óñëîâèÿõ áûëî
ïîñòðîåíî ñèëüíî ãàðàíòèðîâàííîå ðàâíîâåñèå, äîñòàâëÿþùåå ïðè l1 > 1

8 ãàðàíòèè ïî èñõî-
äàì, ðàâíûå ãàðàíòèÿì â ãàðàíòèðîâàííîì ïî Ïàðåòî ðàâíîâåñèè.
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This paper considers Bertrand duopoly on a market of a di�erentiated product taking
into account possible import. The price which is assigned for importers is nonstochastic
uncertainty. The model of the duopoly is formalized as a non-cooperative two-person game
under uncertainty. When the players choose their strategies, they tend to increase the
price but they are guided by the value of uncertainty. The decision of the game is given as a
strongly guaranteed equilibrium. It is based on the concept of an analog of a vector maximin.
In the �rst stage (the analog of the interior minimum in the maximin) a continuous function
is constructed for each player. This function is connected with the worst uncertainty. In
the second stage (the analog of the exterior maximum in the maximin) Nash equilibrium is
seen in ¾Guarantees game¿. ¾Guarantees game¿ is obtained after substitution uncertainties
found earlier in the payo� functions. The strongly guaranteed equilibrium is built in an
explicit form. The su�cient conditions for the existence of such decision are de�ned.

Keywords: guaranteed equilibrium; non-cooperative game; game under uncertainty;

Bertrand duopoly.
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