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CAUCHY FRACTIONAL DERIVATIVE
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In this paper, we introduce a new sort of fractional derivative. For this, we
consider the Cauchy's integral formula for derivatives and modify it by using
Laplace transform. So, we obtain the fractional derivative formula F“(s) = L{(-
1)L YF(s)}}. Also, we find a relation between Weyl's fractional derivative and
the formula above. Finally, we give some examples for fractional derivative of
some elementary functions.
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Introduction
Cauchy's integral formula for derivatives is given by the following relation

F(")(s)zljw, seint(C), neN.
27l c (W— S)
It calculates the derivative of order n of an analytic function when n is a nonnegative integer.
Also, it seems to calculate the derivative of fractional order when we write « >0 instead of n:

F(a) s :F(a+1) F(W)dW’
( ) I(W—S)a+l

2 seint(C). (1)

However, it is not as simple as it looks. Because the contour integral in the formula (1) is so
complicated. Moreover, the function (w—s)“+1 is multi-varied. Hence, the value of the contour integral

in (1) is not independent of the choice of closed curve C . Formula (1) is an unpractical one to calculate
the fractional derivative of a function. Therefore, it needs a modification. Here, we modify the formula
(1). By making some calculations, we return it to the formula

F (s)= L{(=) L {FY], @
where L is the Laplace transform.
Weyl's fractional derivative is given by the following formula
-1)% d" % F(t)dt
WIF(s)= ) d—j y -, (3)
T(n—a)ds" { (t—s)*™™
where s>0, n—-1<a<n, neN, a>0 [1]. Raina and Koul [1] proved in 1979 that the Laplace
transform of the function (—x)” f (x) is equal to o™ derivative, in the sense of Weyl, of the Laplace

transform of f . This means that the fractional derivative of a function F with the inverse Laplace
transform can be calculated by the following formula

WIF (s)= L{(—x)“ L‘l{F}}. 4)

In this work, we move the contour integral in the formula (1) to an infinite vertical line, and then we
prove the relation (2). Finally, we give some examples.

Laplace Transform and Cauchy's Integral Formula for Derivatives
Let f be a continuous function from [0,+w) to C and satisfy the inequality |f (x)|sMeaX for

some a,M . Then, its Laplace transform is defined by the following
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L{f}:Tf(x)e‘Sde,

where Re(s)>a and aeR. We denote the Laplace transform of a function f by F(s), i.e.

F(s)= jf (x)e™>dx. (5)
0
For example, the Laplace transform of the function f (x)=(-x)“e" is
I(a+1)

F(s)=- (6)

where o >0, Re(s)>Re(w) and T is the gamma function given by
r(z)= J.xz‘le‘xdx.
0

Laplace transform forms an invertible linear operator. Mellin's inverse formula for Laplace operator
is given by the line integral:
1 C+ioo
f(x)=—— [ F(w)e"dw, 7
(x)=2~ C Im (W) )
where ¢ is a suitable real constant [2].
Now, we recall Cauchy's integral formula for derivative. Assume that D is a region in the Complex

plane C, F is an analytic functionin D, se D, C is a curve satisfying the condition seint(C) and
neN; then the n™ derivative of F is given by the following formula [3]
I ¢ F(w)d

2721 & (W_S)n+1 '

Cauchy's Integral Formula for Derivatives on an Infinite Vertical Line
Lemma 1. Assume that F and f are two functions satisfying the condition (5). Then, F is an

analytic function in the region Re(s)>a and it is bounded in the region Re(s)>c for each c>a.
Besides, the improper integral in (5) is uniformly convergent on the region Re(s)>c [2].

Definition 1. If a function F is the Laplace transform of a function, then we state that it is a
Laplace type function.
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Fig. 1. Infinite vertical line Fig. 2. Half circle
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Lemma 2. Let F be a Laplace type function and neN. Then, Cauchy's integral formula for
derivatives (see (8)) can be written as follows:
| C—ioo W dW
F(5)= T Flwyw,
7l C+ico (W_ S)
where a<c< Re(s). Note that the integral above is taken on the infinite vertical line L shown in
Figure 1.
Proof. By Cauchy's integral formula for derivatives (8) and by the structure of the curve C shown
in the Figure 2, we obtain
1 - F(w)dw ! w)dw ! F (w)dw
F(n)(s):LIL:L j L_FL J L

c(w-s)™ 27 (w-s)™ 27 (w-s)"h

By Lemma 1, there exists a positive number M such that |F (W)| <M . Then, we have

|n! dw| ot |F(w)law] Mn!
‘27” J. (W S n+1 J _Sn+1 _2 Rn+1 ,“ ﬁ

The last relation shows that the value of the mtegral on the half C|rcle Cg vanishes when R — +o.
This ends the proof.

Cauchy Fractional Derivative
Definition 2. Let F be a Laplace type function and « be a positive real number. We denote

Cauchy fractional derivative of order « by (CZF ( ) and define as the following relation
[(a+1)"F F(w)dw
)OH-]. !

sCoF(s)= 9)

27 C+ioo(W_s
where a<c<Re(s) (see Fig. 1).

Remark. Since the function F in the formula (9) is a Laplace type function, then there exists at
least one real number a such that F is analytic in the region Re(w)> a. Furthermore, the function
(w—s)*"" has

inf {k e N|ka e N}
analytic branches in the region
C\{w=&+ilm(s)| £ > Re(s)}.

So, there are inf {k e N|ka € N} values of Cauchy fractional derivative for any function F . And
also, one can simply see that these values are independent of the choice of the real number ¢ in the
interval (a,Re(s)).

Theorem 1. Let F be a Laplace type function and o be a positive real number. Then the Cauchy
fractional derivative (C5F (s) holds the following relation

(CEF ()= L{(—x)" L {F}} = WEF (s).

Proof. We begin by writing the definition of the Cauchy fractional derivative:

Cc—io
CIF(s)= = | F(W)de.
27i 5, o (wes)
By the formula (6), we obtain
caF(s):_iC'wF(w)L{(_x)a | dw = LT R )| (o007 et P |aw
s 27 . 27 2
C+ioo c—ioo 0
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By using the uniform convergence of the Laplace's improper integral and the boundedness of the
function F (see Lemma 1), we can change the order of integration, i.e.

. 1 0C+ioo o (w-s)x _oo " 1 C+ioo
SCOOF(S)_Z_M'LLF(W)(_X) e dwax —!(—x) e ™ %Ciin(w)eWde dx.

By the inverse Laplace formula (7), the fractional derivative C2F (s) can be written as
(CEF(s)= [(—x)" e LM {Fyax = L{(—x)" LT {F}}. (10)
0
The formulas (4) and (10) completes the proof.
Example 1. By using well-known formula
I'(r
L{Xr—l}: ( ), r>O,

r

S
we have
scgi — {(_x)a L_l{i}} — 1 L{(—X)a Xr—l} — (_1) L{Xa+r—1} — (_1) F(a+ I")'
s s"J) T(r) r(r) r(r)s
In a similar way, we can obtain the following
co_ 1 _()T(axr)
T (s—a)" T(r)(s—a)"
where aeC.
th
A table of some functions' % derivatives is given in the following:
1t
— derivative of some functions
. 1t 1
Function, F(s) > derivative, (C2F(s)
1 \/;(\/S+i—\/5—i)
arctan = +
s 25 11
\3 \3
1 +ﬁ(\/(s+|) —\/(S—I) j
5 +
s+l 4,(s* +1)3
S +iﬁ(\/(s+i)3+\/(s—i)3j
5 +
s+l 4,)(s* +1)3
Ins ii\/;(lns+2ln2—2)
S 233/2
- (s x/;erfc(«/g)
_ | —+W
S S 2s
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Example 2. We can use the Dirac Delta function, which is a generalized function denoted by 5(x)
and defined by the equality f 5(x—b) f(x)=f(b), to calculate the Cauchy fractional derivative. Let

F(s)= e b>0. Then, the inverse Laplace transform of it is 5(x—b) and we have

W™ = L{(—x)“ L’l{e’bs}} = L{(—x)“ 5(x—b)} =(-b)“e™.

To illustrate,
1
—S — 13ia-S
W2e™ =+ie ™.
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BBomuTcst HOBBIN BHIl IpoOHOW mpown3BoHON. PaccMaTpuBas unTerpansHyto dhopmyny Komm mms
NPOM3BOAHBIX, U MoAu(UIMPYs €€ ¢ moMolIblo npeodpasoBanus Jlamtaca, aBTop moiaydaer GopMmyny
1pobHoi mpomssoxroii B Bixe F(s) = L{(-1)“)L *{F(s)}}. YcranoBiena cBsi3p Mex Iy ApoGHOIL mpo-
nu3BoAHON Being m mpuBenenHoil Beime (opmynoil. B 3aBeprinenne paboOTHl MPHUBENCHBI MPUMEPHI
JPOOHBIX MTPOU3BOJHBIX HEKOTOPBIX 3JIEMEHTapHBIX (DYHKLHUI.

Kniouegvie cnosa: opobnas npouzeoonas Beiins;, opobnoe ucuucnenue; npeobopasosanue Jlannaca,
unmezpanvnas opmyna Kowwu 0nis npouzeoonvix.
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