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The Oskolkov equation is obtained from the Oskolkov system of equations
describing the dynamics of a viscoelastic fluid, after stopping one of the spatial
variables and introducing a stream function. The article considers a stochastic
analogue of the linear Oskolkov equation for plane-parallel flows in spaces of dif-
ferential forms defined on a smooth compact oriented manifold without bounda-
ry. In these Hilbert spaces, spaces of random K-variables and K-“noises” are
constructed, and the question of the stability of solutions of the Oskolkov linear
equation in the constructed spaces is solved in terms of stable and unstable invar-
iant spaces and exponential dichotomies of solutions. Oskolkov stochastic linear
equation is considered as a special case of a stochastic linear Sobolev-type equa-
tion, where the Nelson—Glicklich derivative is taken as the derivative, and a ran-
dom process acts as the unknown. The existence of stable and unstable invariant
spaces is shown for different values of the parameters entering into the Oskolkov
equation.

Keywords: Sobolev-type equations; differential forms; Nelson-Glicklich deriva-
tive; invariant spaces.

Introduction
Consider the Oskolkov equation

(ﬂ—A)At/}:vAzw—M. (1)
(%4, %)

Equation (1) is a model of the flow of a viscous and elastic incompressible fluid [1], in which the
parameter v is responsible for the viscous properties of the fluid. The parameter A that determines the
elastic properties of a fluid can take positive and negative values [2]. In [3-5], the solvability of the
Cauchy-Dirichlet problem for the Oskolkov equation (1) was considered, and in [6] for the linear
Oskolkov equation

(A=A)Ay =A%y . (2)

In [7], the problem of stability of solutions to equation (2) was solved in terms of exponential di-
chotomies, and in paper [8], the problem of stability of solutions in a neighborhood of the zero point of
equation (1) was solved in terms of invariant manifolds.

This article discusses the stability of the stochastic linear Oskolkov equation on manifold that has
no boundary. To solve this issue, we use equation (2) as an equation of the following form:

LZ=I\/I77, 3

where 7 derivative in the sense [9] of the sought-for random process 77 =n(t). The number of works

devoted to the study of equations of the form (3) is quite large at the present time (see, for example, [10-
13]), in which this equation was considered in various aspects. The present work is closest to [14] and
[15], in which we study the solvability and stability of the Barenblatt—Zheltov—Kochina stochastic equa-
tion on a manifold.

The article contains four parts. The first section is the introduction, the fourth section is the bibliog-
raphy. The second point is dedicated to deals with spaces of g-forms defined on a manifold that has no
boundary, recalls the notions of a random variable, stochastic process, Nelson—Gliklikh derivative, con-
structs spaces of random K -variables and K -“noises”. The third point contains a description of the in-
variant spaces of the Oskolkov stochastic equation.
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1. Spaces of “noises” on a manifold
Consider n-dimensional manifold Q that has no boundary. Let it have the properties of connected-

ness, compactness and smoothness. Consider spaces of smooth shapes E9=E9(M),0<q<n on Q,
where the scalar products are defined by the following formulas:
(ab), = [aA=b, (ab),=(Aa,Ab) +(Aa,b); +(a,b);,
Q

A=do+4od is the Laplace—Beltrami operator, 5:(—1)”(q+1)+1*d *, where * is the Hodge operator

associating a differential form EY with a differential form E"9, d is the outer differentiation opera-
tor. The spectrum o(A) ={ak} of the operator A is positive discrete, and +oo is the point of its con-

densation. Denote by Hg' and H; the completions of the lineal EY with respect to the norms |||, and
|-|Il,- The basis in Hilbert spaces H' is the sequence of eigenfunctions {¢, | of the operator A
orthonormalized by the norms ||||I ,1=0,2.

Next, we turn to the construction of spaces of random K - variables and K -“noises” in HJ . Let
Q=(Q, 4,P) be a full probability space. We define a random variable as a mapping £:Q—R and
stochastic process as mapping 7:3xQ-—>R (where 3 is a certain interval from R, a function

n=n(-,®) is a trajectory of the stochastic process). If almost all trajectories of a random process are

continuous then such a process is called continuous.
L, is the set of random variables ¢ for which the variance D is finite and the mathematical expec-

tation E is zero, and CL, is the set of continuous stochastic processesn. We fix te3J, let

E'= E(| Ntﬂ), th the o -algebra generated by the random variable 7. By the derivative in the sense

[9] 7 of the stochastic process 7 CL, B te 3 we mean a limit (if it exists)
;:1(|m]Eﬁ(ﬂ0+AL)—n¢)j+|M1EF(U¢J—UG—ALJ))
2| At—0+ n At—0+ n

Denote by ClL2 the space of stochastic processes whose trajectories are almost sure differentiable

in the sense [9] on . The spaces ClL2 are called spaces of differentiable “noises”.
Let us introduce into consideration the space H,1=0, 2 whose elements are random K -variables

n=2 A&
ka1

The norm in this space is defined by the following formula:
lilya= Y 4204
k=1

where {&,} is a sequence of random variables with bounded variance, {¢,} are the eigenfunctions of
the operator A, orthonormalized by (-,-),, 1=0,2, and K={4 | is a monotone sequence such that

o0

D A <+ Let C(J;H[') be the set of continuous stochastic K -processes
k=1

10 = A O . e CL 4)
k=1

and C'(3; H\') be the set of continuously Nelson-Gliklikh differentiable K -processes

i =3 Ak i eC'L, ©)
k=1
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if series (4) and (5) converge uniformly on SR (3 is compact setin R).

2. Stable and unstable invariant spaces
Let us define the operators

L=—(1+A)A, M =A?
and the equation (2) in the space Hg can be considered in the form

L= My . (6)
The operators L, M :Hg — Hj have the properties of linearity and continuity, and the operator M is
(L,0) -bounded operator.

By a solution to equation (6) we mean a stochastic K -process 77 € C1(3; H{) if, after substituting it
into equation (6), we obtain the identity.

Definition 1. Aset PeHg such that the following conditions are satisfied:

(i) almost sure each trajectory of the solution 7 =#(t) to equation (6) belongsto P;

(i) for almost all 7, € P, there exists a solution to equation (6) satisfying the condition

7(0) =11 @)

is called a phase space of equation (6).

It was shown (see, for example, [14]) that the phase space of equation (3) is the image of the resolv-

ing group U' = %I(uL —M) Le**d . Therefore, the following theorem is true.
7
4

Theorem 1. The set of the following form:
P:{Hg,le{ak}, (8)

neHg :(7.0,)0 =0 A=a,
is the phase space of equation (6)
If the solution to problem (6), (7) is 7 € C*(3;1) for any npel, | cP,thentheset | calledain-
variant space of equation (6).
Definition 2. A set |, such that the following conditions are satisfied

(i) 1, isan invariant space;
(i) |
is called a stable invariant space of equation (6). A set I_ such that the following conditions are satis-
fied
(i) 1, isan invariant space;
(ii)
teR
is called an unstable invariant space of equation (6).
Due to the fact that the relative spectrum of the operator M o (M)=c"(M)+c"(M), where
L —Vay L —Vox
o, (M)= A>—a ¢, 0-(M)= A<=y ¢,
+( ) {/1+ak k} ( ) {/%Lak k}
and the results presented in [15] we obtain
Theorem 2. (i) The stable invariant space is set of the form (8) for v >0 and 1<0.
(i) The stable invariant space is set of the form
I, ={neHd (.00 =0, 2>
and the unstable invariant space is the set of the form

771(t)HHq < Nle_”h(s_t) Hnl(s)HHq ,s>t, where positive constants N;,m;, 7t €1, forall teR
0 0

772(t)HHq SNze‘mZ(t_S) ”nl(s)HHq ,t>s,where positive constants N,,m,, n*el_ for all
0 0

BecTtHuk OYplY. Cepusa «MatemaTtuka. MexaHuka. Pusuka» 7
2021, Tom 13, Ne 2, C. 5-10



MaTtemaTtuka

I_={neHd :(n.000 =0, 2 <—a
for v>0 and A <0.

Remark 1. For v >0 and A <0 there is an exponentially dichotomous behavior of solutions to the
equation (6).

Conclusion

In the future, we intend to study the question on the solvability and stability of the stochastic ana-
logue of semilinear equation (1). In addition, we intend to transfer all results for equation (1) to spaces
of g-forms defined on a manifold with border.
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WHBAPUAHTHBIE MPOCTPAHCTBA CTOXACTUYECKOIO JINMHEMHOIO
YPABHEHUA OCKOJIKOBA HA MHOIOOBPA3UA

O.l". Kumaeesa
FOxHO-Ypanbckuli 2ocydapcmeeHHbIl yHusepcumem, 2. HenabuHck, Pocculickas ®edepayus
E-mail: kitaevaog@susu.ru

VYpasHenne OCKOJIKOBA MOTy4aeTCsl U3 CUCTEMBI ypaBHeHUH OCKOJIKOBA, OMUCHIBAIONIEN JUHAMUKY
BA3KOYIPYTOHM KUAKOCTH, NIOCIE KYIUPOBAHMs OJHOW M3 MPOCTPAHCTBEHHBIX TEPEMEHHBIX H BBEACHHUS
(¢hyHKIIMHE TOKA. B cTaThe paccMaTpuBaeTCs CTOXaCTUYECKHUH aHAJIOT JTMHEWHOTO ypaBHeHHS OCKOJIKOBa
TUIOCKOTIapaJJIebHBIX TEUCHUH B MPOCTpaHCTBax AuddepeHInansHbIX GopM, ONPEAeICHHBIX Ha TIaj-
KOM KOMIAaKTHOM OPHUEHTUPOBAHHOM MHOTroo0paszuu 0e3 kpas. B JaHHBIX THIBOEPTOBBIX MPOCTPAHCT-
Bax CTPOSTCS MPOCTpaHCTBa ciydaHbix K-Bemmuna 1 K-«myMoB» 1 pemaercst BOIpoc 00 yCTOWIUBO-
CTH pelIeHui JUHEeHHOro ypaBHeHHs OCKOJIKOBa B MIOCTPOEHHBIX MPOCTPAHCTBAX B TEPMUHAX YCTOWYH-
BOTO U HEYCTOMUMBOI0 MHBAPUAHTHBIX MPOCTPAHCTB M 3KCIIOHEHIMATBHBIX AMXOTOMUM perieHuit. Cro-
XaCTUYECKOE JIMHEWHOEe ypaBHEHUE OCKOJIKOBA pacCMaTPUBAETCS KaK YACTHBIM Cilydail CTOXaCTUYECKO-
ro JIMHEHHOr0 ypaBHEHMs COOOJIEBCKOI'O THIIA, IJI€ B KaueCTBE NMPOM3BOAHONW OepeTcs MpOM3BOIHAS
Henbscona—Inmknmxa, a B Ka4ecTBE HEU3BECTHOI'O BBICTYIAET CiydaiHblid npouecc. 1Ipu pasmnyHbix
3HAYECHMsI TapaMeTPOB, BXOIALINX B ypaBHeHHE OCKOIKOBA, OKA3aHO CYIIECTBOBaHME YCTONYNBOTO H
HEYCTONYMBOr0 HHBAPHUAHTHBIX IIPOCTPAHCTB.

Kniouesvie cnosea: ypasmenus coboneeckoeo muna; ouggepenyuanvivie Gopmel;, npouzsoonas
Henvcona—I nuxnuxa; uneapuanmmvie npocmparcmea.
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