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ON ONE EQUATION OF INTERNAL WAVES
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The Cauchy-Dirichlet problem is considered for the equation of internal
waves. This equation has various applications in hydrodynamics, for example, in
the study of waves in the ocean. The article provides an analytical study of one
equation of internal waves. This equation characterizes propagation of waves in a
homogeneous incompressible stratified fluid. The equation of internal waves is
reduced to an abstract semilinear Sobolev type equation of the second order. The
study of the equation is carried out within the framework of the theory of
polynomially bounded operator pencils. In this work, we construct propagators
for the equation of internal waves. Also, we present two model examples, where
the domain D is represented in the form of a cylinder and a parallelepiped. The
result of the work is an analytical solution to the considered cases for the equa-
tion of internal waves.

Keywords: internal wave equation; polynomially bounded pencils of operators;
Sobolev-type equation; propagators.

1. Introduction
Equation of internal waves in a homogeneous incompressible non-rotating fluid is described
by the Poincare equation

Aty +N? (U +y, ) =0, 1)

where N? is buoyancy frequency. Earlier, the equation was considered in the works of
S.A. Gabov and P.A. Krutitsky [1] when working with the excitation of nonstationary internal
waves in a two-layer model of a stratified fluid, the behavior of the solution at a large time was stud-
ied. Yu.D. Pletner [2] studied some initial-boundary value problems and the fundamental solution to
the equation of internal waves in the case of an incompressible exponentially stratified fluid.
L.V. Perova and A.G. Sveshnikov [3] generalized the works of the authors devoted to the propaga-
tion of small perturbations in stratified and rotating fluids. The equation of internal waves can be
written in another form, for example, given in [4]. Interest in the study of problems with the equation
of internal waves is still topical. This problem is quite interesting from a mathematical point of view,
since the solution to the Cauchy-Dirichlet problem is obtained within the framework of the theory of
polynomially bounded operator pencils.

Let D be a bounded domain from R® with a smooth boundary 6D . Consider the Dirichlet condi-
tion
u(x,y,z,t)=0,(xy,z,t)edDxR (2)
and the Cauchy condition
u(x,¥,2,0)=ug,u; (x,y,2,0)=. A3)
The solution to problem (1)—(3) is found in the framework of the theory of Sobolev-type equations.
In this paper, we use methods based on the theory of semigroups (groups) of operators [5, 6]. The mon-
ographs [6, 7] present the results of studying Sobolev-type equations and equations that are not solved
with respect to the high-order derivative. In the paper [7] different classes of Sobolev-type equations are
introduced and, by structure, equation (1) is considered to be a simple Sobolev-type equation.
2. (A, p)-bounded Operators
Let U,F be Banach spaces and the operators A By, B,,...,B,; L(F;U ) Denote by B a pencil

formed by the operators By, By, By - The sets
P (§) ={ueC: (y”A—y“’an_l —— B - 80)71 eL(F;U)} and o* (E) = C\pA(E) are called an

A-resolvent set and an A-spectrum of the pencil B, respectively. The operator-function of a complex
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— -1 —
variable le(B) = (,u”A— u"B, . — B — BO) with the domain p* (B) is called an A-resolvent of

the pencil B.
Definition 1. [9] The operator pencil B is called polynomially bounded with respect to
an operator A (or polynomially A-bounded) if JaeR, VyeC(|,u|>a):>(R:‘(§)eL(F;U)).
Remark 1. [9] If there exists an operator A e L(F;U)) then the pencil B is polynomially A-

bounded.
To decompose the spaces U,F into a direct sum of subspaces, it is necessary to construct projec-
tors. Condition (4) is necessary for the existence of projectors [8].

[#R}(B)=0,k=0,1,...,n-2, 4)
4

where the circuit y ={ueC:|y|=r>a}.

Lemma 1. [9] Let the operator pencil B be polynomially A-bounded and condition (4) be fulfilled.
Then the operators

_ 1 Al(p),,n-1 _ 1 n-1 Alp
P—z—ﬁipr(B)y Ady,Q—z—”iJ;:,u ARH(B)dy
are projectors in the spaces U and F respectively.
Denote U° =kerP,F% =kerQ,U'=imP,F!=imQ. According  to Lemma 1,

U=U@U'F=F°@F!. Denote by Ak(B,") a restriction of the operator A(B;) on
U (F¥),k=0%1=01..,n-1.

Theorem 1. [9] Let the operator pencil B be polynomially A-bounded and condition (4) be ful-
filled. Then

(i) AeL(UNF*) k=01
(ii) B e L(Uk,Fk),k =011=01..,n-1
-1
(iii) the operator (Al) € L(Ul,Fl) exists;
-1
(iv) the operator (Bg) e L(UO, FO) exists.
. ) 0\t A0 0
Using Theorem 1, construct the operators: Hoz(Bo) A eL(U )
-1 -1
Hy=(87) B eL(U°),...H,1=(B7) BlyeL(V°) and
-1 -1 -1
So=(A) BielL(U').8,=(A") BleL(U'),..Spu=(A") BryeL(UY).
Definition 2. [9] Define the family of operators {Kg K¢,..Kg} as follows:
K =0,s=n,Kg =1,
Ki =Hg,KZ =—Hy,.. K ==Hg 4,..K' =H, ,,
Kg =KiiHo K =Ki =Ko Hy, K =K =Ko H . KS =K - K H, 5,0=1,2,...

The A-resolvent of the pencil B can be represented by the Laurent series

(4"A= "By g~ - By - Bo)_l =—i#qK3 (BS)_l(H—Q)+
g=0
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+3 (1784t 18+ 5,) Q.
g=1

Definition 3. [9] The point oo is called
(i) a removable singularity of an A-resolvent of the pencil B, if K’ =0,5=12,..,n;

(ii) a pole of the order p € N of an A-resolvent of the pencil B, if Jp: KS Z0,5s=12,...,n, but
Kf)+1 =0,5s=12,..,n;
(iii) an essential singularity of an A-resolvent of the pencil B, if KQ ZOVgeN.

Further, for brevity, a removable singularity of an A-resolvent of the pencil B is called a pole of the
order 0. If the operator pencil B is polynomially A-bounded and the point « is a pole of the order
pe{0}UN of an A-resolvent of the pencil B, then the operator pencil B is called polynomially
(A,p)-bounded.

3. Abstract Problem
Consider the Cauchy problem

u(0)=uo,u (0)=1y )
for the second-order Sobolev-type equation
Au, = Byu, +Byu. (6)
Operator-functions Uﬁ , k=0, 1, of the form
1
Ub == [RA(B) (A~ By)e"du, U
27l 2
1
U =—[R2(B)Ae*d 8
1 27 _}‘: 1% ( ) H ( )

are propagators. Here the circuit y € C bounds a domain containing the A-spectrum of the operator pen-
cil B. The solution to problem (5), (6) in terms of the theory of degenerate groups was obtained in [8],
under the condition that the operator pencil B is polynomially bounded with respect to the operator A.

Theorem 2. [10] Let the operator pencil B be polynomially A-bounded, condition (4) be fulfilled,
and o« be a pole of the order pe{0}uUN of the A-resolvent of B. There exists a unique solu-
tionueC”(R,U) to problem (5), (6) of the form

u(t) =U,u; +Ugug , 9

where u, eimU;. =imU§,k =0,1,imU; and imU] is a subspace in U .

4. Internal Wave Equation
Consider the cases when the domain D is a parallelepiped or a cylinder. Let the domain

D =[0,a]x[0,b]x[0,c]= R® be the parallelepiped. Problem (1)—(3) can be reduced to Cauchy problem
(5) for equation (6).
Introduce the spaces U =W, " (D),F =W, (D) and define the operators in the given spaces

2 2 2 2 2
A=l v O B—0By =N L |
ox° oy* oz ox~ oy
For any le{O}UN, the operators A B, ByeL(U,F). Define
~H :—(7rk/a)2 —(7rm/b)2 —(7rn/c)2 to be the eigenvalues of the Dirichlet problem for the Laplace

operator. Denote by ¢, ,, , =sin(zkx/a)sin(zmy/b)sin(znz/c) the orthogonal eigenfunctions that cor-

respond to { -4, , }in the sense of the scalar product in L?(D).
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Since {p n,}=C” (D), then

IUZA_IUBl -By = Z I:_:uzﬂ*kz,m,n +N 221<2,m:| <@¢mns > P

k,m,n=1
where Bygy iy =—ﬂ,f’mgq<’myn,and <> is the inner product in LZ(D). Construct the equation to deter-
mine the A-spectrum:

NA o
_ﬂ'kz,m,n/u2 + Nzﬂkz,m =0, ﬂ%,%n,n —+x——
\lﬂ'k m,n
The A-spectrum aA(B)— . 2 .o} is bounded, because ‘,uk n n‘ <N . Since the operator A is con-

tinuously invertible in the given spaces, then condition (4) is satisfied. As a result, the conditions of
Lemma 1 hold.
Construct propagators by formulas (7), (8) as follows:

o0 Nﬁk
t ,
Ugp= . cos ) =t |<@mniUo > Pmns
k,m,n=1 *Mk,m,n

© N N
Ultul Z ﬂkm sin ka t <¢kmn’u1>(ﬂ<mn
kmn—l\/ﬂkmn \/ﬂkmn
By Theorem 2, the solution to problem (1)—(3) has the form
» N
(x,y,z,t)= > cos Am t [<@cmniUo > Pemn +
k,m,n=1 1Mk2,m,n
© N N
+ > /11”" sin ﬂkmt <Ocmnith > O mn-
k,m,n=1 \/ﬂk,m,n \/ﬂk m,n

Now consider the case when the domain D is a cylinder. Similarly, as in the case of the parallelepi-
ped, problem (1)—(3) can be reduced to Cauchy problem (5) for equation (6). Use the operators A, B, B,

of the form

= —+—= = +
or? r o r? o¢p° az o’ ror r? op?
Write down the equation to determine points of the A-spectrum:

2
12 ()2 + (zm/1)? ) + N2 (v§”>) _0,
where Bydy o = V,En>¢k’m’n and (-, is the scalar product in L?(D). We get the A-spectrum of the form
w2 == (NP Py + my? )i

Let us construct propagators according to formulas (7), (8) as follows:
N (n)

2 2 2 2 2
P 12,12 &8 o (a L10 16}

X v
Uglp= > cos k t <@ mnUo > Pkmn
et ) + (zm/1)> e e
()2 +(7rm/|) N (")
Ultulz Z \/ X () : t <¢k,m,n’u1>¢k,m,n'
ke N \/(V“‘)) + (zm/1)?

By Theorem 2, the solution to problem (1)—(3) has the form
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w (n)
u(x,y,z,t)= > cos Nvi

O™+ (am/1)?
X i JOE2 4 (zm/1)? G Ny
k,m,n=1 Nvlgn) \/(Vlgn))z + (zm/1)?

As a result of the work, we obtain solutions to initial-boundary value problem (2)—(3) in a closed
form on the considered domains for equation of internal waves (1).

ti< (Pk,m,n1u0 > (pk,m,n +

ti< (Dk,m,n'ul > ¢k,m,n'
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YOK 517.958 DOI: 10.14529/mmph210202
Oob O4HOM YPABHEHUUN BHYTPEHHUX BOJTH

K.FO. KomnoeaHos
IOxHo- Yparnbckuli 2ocydapcmeeHHbil yHugepcumem, e. YenssbuHck, Poccutickas ®edepayusi
E-mail: kotlovanovki@susu.ru

B craThe mpuBOANTCS aHATUTHYECKOE MCCIEJOBAHNE OJHOTO ypaBHEHUS BHYTPEHHHX BOJH, B He-
KOTOPBIX MCTOYHHKAaX MMEHyeMoe ypaBHeHHeM llyaHkape, BbIBEIEHHOE W3 OCHOBHOW CHCTEMBI THAPO-
JUHAMMKH. JlaHHOE ypaBHEHHE XapaKTEpHU3YyeT PacIpOCTpaHEHHUE BOJH B TOJIIE OJHOPOJHOW HECHKU-
MaeMoll cTpaTH(QHUIMPOBAHHOW W, B OTIIMYMU OT ypaBHeHHs CoOoleBa, HEBpaIArOIIEHCs KHKOCTH.
Paccmotpen ciyuaii, Korja 4acToTa IIaBy4eCTH €CTh BEIMYMHA MOCTOsHHAs. [l ypaBHEHUS BHYTpEH-
HUX BOJIH paccMaTpuBaercs 3anava Komu—/lupuxie. JlanHOe ypaBHEHNE UMEET pa3iMuHbIe IPUIIOAKE-
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HUS B THAPOAMHAMIEKE, HAPUMEp, [IPHU MCCICAOBAaHUM BOJH B OKeaHe. MccnenoBanue ypaBHEHUs MPo-
BOJIUTCSA B paMKaX TEOPHH IMOJIMHOMHUAIBLHO OIPAaHUYCHHBIX MYYKOB OMEPaTOPOB. YpaBHEHHE BHYTPECH-
HUX BOJH penyuupyercs K 3agade Komu aOcTpakTHOMY MOJIyJTMHEHHOMY YpPaBHEHHIO COOOJIEBCKOIO
THUIIa BTOPOT'O MOPsAKA. 3aTeM IOKA3bIBAETCS, YTO PELICHUE [IOCTaBJICHHOHN 3aJayy yIOBICTBOPSET a0-
CTpakTHOH TeopuH. Jlanee paccMOTpeHsI 1Ba IpuMepa. B mepBoM nmprumepe 001acTb orpaHuyueHa napas-
JIeNICTIMIIEIOM, @ BO BTOPOM — LMJIMHAPOM. [l KaXaoro ciaydast 001acTH MOKa3aHO, YTO OTHOCUTENb-
HBII CHEKTp IIy4Ka OIepaToOpOB OIpaHHYEH, YacTOTOM Iu1aBydecTH. Ilocie crposites mponaraTtopsl, pas-
peraromue onepatop-QyHKINM, U YpaBHEHHUs BHYTPEHHHUX BOJH Ul KaKAod u3 obnacreit. [loacra-
BUB HayaJlbHbIE JaHHBIC B MPOIATaTOPbl, MOJYYUM aHAINTHYECKOE pelieHue 3anaun Komm 11 ypaBHe-
HUSI BHYTPEHHUX BOJIH.

Kniouesvie cnosa: ypasnenue eHympenHux 60.H;, NOAUHOMUATILHO OZPAHUYEHHDI NYYOK Onepamo-
o8, ypasHeHue c0601e6CK020 MUNA; NPOnazamopbl.
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