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Ob AHAJIOIE 3AAAYYN TPUKOMU ANA YPABHEHUA TPETBEIO
NOPAAKA CMELUAHHOIO TUMNA
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Kak u3BecTHO, ypaBHEHHsIMM CMELIAHHOI0 THIA HA3bIBAIOTCS YPABHEHHUS B
YaCTHBIX NPOM3BOHBIX, KOTOPbIe MPHHALJIEKAT Pa3HBIM THIIAM B Pa3HbIX 4ac-
TAX paccmarpuBaeMoii obsacTu. Hanpumep, B ogHo# YacTu 00J1acTH ypaBHeHuUe
MO2KeT NPHHALIEKATh JJIMITHYECKOMY, a B IPYroil — runepdojuieckoMy TUILY;
3TH YaCTH pa3jieieHbl JHHHEH Nepexo/a, Ha KOTOPOii ypaBHeHHe BbIPOKAaeTcs B
napadosimyeckoe HJIN He ONpe/ieeHo.

B 1923 r. urtanbaHckuii Matematuk @. Tpukomu paccMoTpes KpaeBylo 3a-
Aa4y JUISl O{HOTO0 YPABHEHHUSl CMELIAHHOI0 3JIIHNTHKO-THINEPOOINYECKOr0 THIIA
(BIOCJIEACTBHY HA3BAHHOIO €ro MMeHeM) B 00J1acTH, OTPAHNYCHHON B BepxHeil
NMOJIYIIOCKOCTH JISIMYHOBCKON KPHMBON, a B HUJKHell — BBIXOASIIMMH U3 KOHIIOB
3TO#i KPHUBOIl XapaKTepUCTHKAMHU YpPaBHEHHs; KpaeBble YCJOBHUS MPH ITOM CTa-
BUHJIMCh HA KPMBOH M HA OJHOH M3 XapaKTepUCTHK. PemieHue 10/kHO ObL10 ObITH
HeNpepbIBHbIM B 3aMbIKAHUM 00/1aCTH, HenpepbiBHO Au(depeHIHPYyeMbIM
BHYTPHU Hee U ABaXIbl HellpepbIBHO 1u(depeHIUpPYeMbIM B BepxXHell (3JUIMITH-
YeCcKoil) M HHKHel (runep6o/u4eckoii) noao6/aacTAX; A1 NepBbIX NPOU3BOJAHbBIX
pelIeHus1 A0MYyCKAINCh 0CO0EHHOCTH MHTErPHPYeMOro Mmopsiika BOJIN3H KOHIIOB
KpuBoii. ®. TpukoMu 10Ka3ajl CylieCTBOBAHME M €AUHCTBEHHOCTh peLleHusl Mo-
CTABJICHHOM 3aauM B YKa3aHHOM KJjacce; NPH J0Ka3aTeJIbCTBe CyleCTBOBAHUS
OH CBeJI 32/1a4y K CHHIYJISIPHOMY HHTEeIrpPajbHOMY YPABHEHHUIO.

B nanHoii craThe HMccieAoBaH aHAJOr 3aaauyu TpUKOMH AJIs OJHOIO cMe-
LHIAHHOI0 THuNep00./10-NapadoIuyecKoro ypaBHeHHsl TPEeThero Mopsiika co Chek-
TPaJILHBIM NapaMeTpoM. /loka3aHbl eIUHCTBEHHOCTh M CylLIeCTBOBaHHE pelle-
HHMSl MOCTABJEHHON 3agauyd. ENMHCTBEHHOCTH pelIeHMsl 3aJa4M JOKa3bIBaeTCsl
MeTO0M MHTErPajioB JHEPIHH, 2 CYyLeCTBOBAHUE PelIeHUs] — METO0M peAyKIUHU
K MHTErpajbHOMYy ypaBHeHHI0 DpearojbpbmMa BTOPOro poAa, pa3peliuMocTh KO-
TOPOro0 BHITEKAET U3 eTHHCTBEHHOCTH pPellleHns 3a1a4H.

Kniouegvie cnoea: eunepbono-napabonuveckoe ypaenenue, sadaua Tpuxomu;
ypashenue CMEWanHo20 Mund;, Kpaesas 3a0a4a; UHMeZPaibHble YPAGHEHU.

B coBpeMeHHO! KOHIENIIMU ypaBHEHWH B 4acTHBIX Mpou3BoiHBIX (YpUIl) Gomblioe 3HaueHue
UMeeT U3yUeHUE YPaBHEHUH CMELIaHHOTO THIIA.
ITocraBum 3amauy. Mccnenyem ciemyroliee ypaBHEHHE:
U —Uy —4U=0,y>0, M
. 1
Uy —Uy, + AU =0,y <0,
rae 4,4, — 4HCIIOBBbIE TapaMeTpsl B HEKOTOPO KoHeuHoH obmactu D mmockoctu (X,Y), oOpa3oBaH-
HOM ciiefylomumMu JIMHuAMHE: 1) B momyrutockocth Y >0 orpeskamu AA,BB;, AB;, nexamumu Ha
npsimbeix X=0,x=1,y=h, A(0,0), A(0,h),B(1,0),B,(1 h); 2) B momymnockoctu y <0 aByms Xxapakre-

puctukamu ypaBHeHus (1): AL:X=-y, BL:x—y=1, wucxomimumu Hu3 ONpPEAEIEHHOW TOYKH

1 1

O6nacte D pasnenena na ase yactu: D, =D N (y>0) — 310 mapabonudeckast 4acTb CMEIIaHHON
obmactu D; aD, =D (y<0) — runepbonuueckas nogodiaacts obmactu D.

Bamaua 1. TpebGyercs oTbicKaTh QyHKIHIO U(X,Y) , 00JI1aI0IIYI0 YKA3aHHBIMH CBOWCTBAMH:

1) u(x,y) € C(D) NCHD U A4) NCEP (D) N CP(Dy);

2) u(X,y) siBisieTcst peryJsipHbIM JUis ypaBHeHus (1) pemenuem B oonactu D ;
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3) u(x,y) orBeyaeT TpeOOBAHUAM KPAaeBBIX YCIOBHUIL:

u@0,y)=a(y), ul,y) =g, (y), u,@Ly)=p5(y), 0<y<h, )
U(X,—X) =y (X), osxs%, 3)
rae  y(x)— GyHKOHA, HEMpephiBHAs COBMECTHO CO BTOPOH MPOW3BOAHOH, TIPU  ITOM

w(0)=31(0); (A (Y). 2(y), ¢3(y) — mammsie Henpepuiersie Gy [1].
Onmnpenenienue. B oomactu D st ypaBuenus (1) pecynsaproim pelieHueM BbIIeyKa3aHHON 3a/1aun
Ha3bIBACTCSI BCAKAS (DYHKITHSI

u(x,y) € C(D) NCH(D L A4) N CEP (D) N CP(D,),
YIOBJIETBOPSIONIAs KpaeBbIM TpeboBauusM (2) u (3).

HpeIlHOJ'IO)KI/IM, 4ToO:
3

W= ()2, &y 2 =23 +37%, 4 >0.
MO>HO BBECTH HOBYIO HEKOTOPYIO HEU3BECTHYIO (PYHKITHIO
V(X, y) =exp(=px)u(x, y), (4)
rae p =const>0.
VYpasuenue (1) B uTOTE CTAaHET TAKUM:

0=L,() Uyxx — Uy +3PVyy +3p20, +(p° = A)v,y >0,
= D)=
Uy — Uy + 20, +(p? +4,)v,y <0,

Teopema. Eciu U(X,Yy) ecmb pecyniaproe pewienue o0OHOpoOHOU 3adauu 1, mo npu cobuiooenuu

(5)

mpebosanuii 1) unu 2) pewenue U(X,Y) 6 obnacmu D moowcdecmeenno pasno nymo [1].

Joxka3zarenbcTBo. [loTpebyem Ha koHIax nHTepBana X =0 1 X =1 BBITOIHEHUS CIEIYIOMIETO J0-
HOJIHUTEIBHOTO YCIIOBUSL:

Iiry u(X, 0)[U,, (x,0) + pu, (x,0)] = "TOU(X’O) [U (X,0) + puy (x,0)]=0 (6)

ITepeiinem B obnactu D, k XapakTepucTuueckuM KoopauHaTaMm & =X+Y, 7=X—Y. Torga ypas-

Henue (5) npu Yy <0 craner

1

2
Lo(®) =0z, + 20 +0,)+ 2200, ¢

a obmacte D, Gyzer orobpaxeHa ¢ obnactero A={(&,7)|0<&E<n<}l.
PaccmoTpum ToXIECTBO
0=4vly(v) =(20v, + puz)Sg +(2vv; + ,01)2),7 +(p? + ﬂ,z)uz —4v:v, . (8)
Beipasum u3 ypasuenust (7) vy U B IPaBoi 4acTH (8) N3MCHNM MOCIIC/IHUI WICH:
Ptk o (PEAA)
2 4p2
ToxnectBo (8) mepemnuieM B BUje, yUUThIBas MOCIEIHEE PABEHCTBO:

4
—4v;v, = (; u,?)(: +(20, +

2 2 2(n 2
0=4vl,(v) =(2vv, + pU? + iu,?)é +(2uu; erz)z),7 + (20, + MU)Z + (07 +4,) (3’0 ) 0% .(9)
P 2p 4p
B3sB Touky (X,X) (0<x<1) Ha npsmoii 77 =<, poBeeM 4epe3 3Ty TOUKY XapaKTePHCTHKY 77 = X
ypaBueHus (7).
Yepes A, «oTMeTHM» 0051acTh, KOTOpasi OrpaHUueHa oTpe3kamu mpsambeix n=x, =&, £=0. Ilo

3TOM 00JacTH A, HNPOUHTErPUPYEM TOXKAECTBO (9):

2[u(t,0)v, (t,0)dt = 2[ (&, &) v (£,8) —v, (£,€) |d& =% [ viede+ (10)
0 0 0
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+| (21),7+Mu)2d§d77+p]<luz(§,x)d§+uz(x,x)+('02+/12)2(§p2_12)I v2déEdn >0,
A 2p 0 4p A

X
Paccmotpum B obnactu D; ToxzecTBO:

X

1 3
V(U =y +3pUs +30°0, + (0% = A)0) = (0, _505 +3pov, + EPZUZ)X _

—vv, — (Bpvy + (4 - p°)v*) =0,
Bnone A(e,h)B(L—¢,h) (h,&—xak yrogHo MajieHbKHE Yuciia, OONBIINE HYJS) MPOHHTETPHUPYEM

(11)

(11) mo X, a moToM TepeiineM B MmolydeHHOM paBeHcTBe K npeaeny h—>0 u & — 0. [puanmMas Bo
BHHUMaHUe ycIIoBus (6), B UTOTe IMEEM PaBEHCTBO

1 1

j v(x,0)v, (x,0)dx = —{%03 (1,0) + j [3p02(%,0) + (4 — p*)02(x,0)]d }x. (12)

0 0

13 nepasencts (10) u
b b_g)2®
Izz(x)dx < (—) J'z’z(x)dx ,
a 7 a
3 (12) umeeM

1
v20)+2[[3p +L2/’3)]u§(x,0)dx <0.
0 T

B (10) u (12) momoxum Temeps p = \/Z um p =—4, .Torga v(1,0) =0,0(x,0) =const. Otcrona
crnenyet, uto U(X,Y)=0. U3 Bepaxkenus (4) Toraa momyunm, uro u(x,y)=0.

N3yunm ToxkaecTBo B obnactu D, :
1 1
U(Uye —Uy = A4U) = (Ul _Eui)x _(Euz)y _;iluz =0.

D70 TOXKIECTBO HHTErpUpyeM 1o odmactu D; u ¢ yuerom Toro, uto ¢ (0) =¢,(0) =¢;(0)=0, no-
JTY4HM:

1
2 [ [(uuyy —%uf)x —(%uz)y —ﬂiuz]dxdyEg[uz(x,h)—uz(x,O)]dx+
. (13)
+_|.u§(1, y)dy + 2, j u?(x, y)dxdy =0.
0

&
U3-3a Toro, uro U(X,0)=0, u3 dpopmynsr (13) nmeem, uro u(x,h)=0 u u,(1,y) =0, oqHoponHas

u(x,y)=0, v(x,y) 651 . 3amaua JIapOy u(x,0) =0, u(x,—x)=0 B obmactu D, nus ypaBHenus (1) mpu
y <0 uMeeT TOaBKO TpuBHAIbHOE pemenne U(X,y) =0, V(X,y) e 52 . 3naunr, U(X,y)=08 D.

[locne 3TOTO MOKAXKEM CYIECTBOBaHME peleHus 3amaun 1. [Jig 3Toro Hy>KHO MEperTH K JIMMHTY
(npeneny) npu Y — 0+ B ypaBHeHuu (1) 1 IpUHATH K CBEJICHUIO KpaeBhie ycioBus (2), [1]:

7 ()= 4r(X) =V(X), (14)
7(0) =¢1(0),7(1) = 9, (0), 7 (0) = 3(0) , (15)
rae 7(X) =u(x,0),v(x) =uy(x,0).
[Ipumensist TpéxkpaTHoe HHTErpUpOBaHue K paBeHCTBY (14) n npuHuMas Bo BauManue (15), cocra-
BUM (yHKIIHOHAJILHOE COOTHOIICHUE Mexay 7(X)uv(x), npuHecenHoe u3 yactu D; Ha y=0:

(%) —%:[(X—t)zr(t)dt _ %i(x—t)zv(t)dt +%T" ()X + 03 (0)x + 1 (0), (16)

rIe
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1 1
7'(0) =—A4 [t r(t)dt - [(L-1)>V(t)dt - 205(0) — 202 (0) + 20, (0).
0 0

3apanee mpeamnonaras, 4To mpaBas CTOpOHA paBeHCTBa (16) M3BecTHa W paBHA BhIpakeHUIO ((X),

UMeeM MHTerpaibHOe ypaBHeHHe Bonbreppa Broporo pona mis 7(X) [1]:
X
() =q(x) + % j (x—t)%z(t)dt . (17)
0
Iocne obOpamenus ypasuenus (17) umeem:

7(X) :q(x)+lTR(x,t)q(t)dt, (18)
0

rae R(X,t) ects pesonbsenta sympa (X—t)%, 4 = % .
[Mpunumas B pacuet 3Hauenue ((X) B (18), momyqaem
7(X) = f M (x, t)v(t)dt + 7 (0)[)(—22 + %f R(x,t)t2dt] + ¢5(0) [x + Af R(x,t)tdt]+ ¢ (O)[1+ A.X[ R(x,t)dt] ,(19)
e 0 0 0 0

M) = %(x 2+ %}R(x,tl)(tl %] (20)
t

Tenepp npunecéM u3 runep6onnueckoil yactu D, Ha muHU0 Y =0 (yHKIHOHANIBHOE COOTHOILE-
aue Mexay 7(X) u V(X). UToOsl ero moay4nTh, MpoaHaau3upyeM s ypasaenus (1) mpu y <0 perre-
nue 3anaun Koum 7(X) =u(x,0),v(x) =u,(x,0) . Cnenyem [2]:

7(x— y)+r(x+y) AR yxfywﬂ? e )])r(f:)d(m
2 2, - (x-¢)? (21)

+—X+y o(\/ﬂz -8)? v,

u(x,y) =

rae 13(z) u 1,(z) — dbynxunu beccenss MEUMOTo apryMeHTa HyJICBOTO M IIEPBOTO MOPSIKOB.

Ecmu (21) ynoBneTBOpUT KpaeBoMy YCIOBUIO (3), TO MOIyYUTCS HWHTETPaIbHOE ypaBHEHHE THIIA
Bosbrepa

() =00~ [ r(@)é% lo(JAE(x—£)de, (22)
0
rae

p(x) = ZV/( j w(0)+ f lo(JRE(X=E)V(E)dE.

[Ipenmonaras ;(x) W3BECTHOM M nmpuMeHss GopMyiy oOpaiieHus Uist ypaBHeHue Tuma (22), Oyaem
umeTs [1]:

7(0) = [ 3o (5 (x~)u(t)dt + g (x), (23)
0
rac

90) =—| w(é)%[@/x(x—t)]dt. (24)
0

[Mpunumas Bo BHuManue 3HaueHue 7 (0), paBencTBo (19) nepesanuiiem Tax:
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X 1 1
7(X) = j M (x,)v(f)dt + j O(x,)(t)dt + j I(x, )v()dt + §(x), (25)
0 0 0
rac

Q(x,t) = 4 3(x,1); 3(x, 1) =—%(x2 +ATR(x,t)t2dt)(1—t)2;
0

G(X) = (5 (0) — 9,(0) — 3 (0))(X* + A j R(x, t)t2dt) + ¢, (0) (X + A j R(x, ttdt + ¢ (0)A+ A j R(x,t)dt).
0 0 0

U3 (23) u (25) «yctpanum» 7(X) . Torna momydum Juis HaxokIeHUs V(X) MHTErpajbHOE YpaBHCHUE
HEPBOTro poAa:

X X 1
j 3o (2o (X = t)v(t)dt = j M (x,6)v(t)dt + IQ(x,t)v(t)dt +h(x), (26)
0 0 0

1 1
Q0,1 =30, t) + [ QU t) Jo (22 (t ~t)dty; h(x) = [Q(x Hhg(t)elt + G(x) - g(x).
t 0

Tak KaKk B CMbICIIe [JIAAKOCTH pesonbBenta R(X,t) mocTymaer takxke, Kak sapo (X —t)%, To ydauTsI-
Bast CBOMCTBA 3alaHHBIX QYHKIMH ¢, (Y),i =13, w(X), by M (x,t),Q(X,t) HempepbIBHBI COBMECT-
HO C YaCTHBIMH IPOM3BOAHBIMH HEPBOTO MOpPSAIKA MO apryMeHTaM X ut; h(X) HempepsIBHa BMeCTe C
IPOU3BOIHOM B 00nacTsax cBoero onpeneneHus, npurom uro M(x,x) =0,J,(0) =1.

Haiins mpou3BogHYIO MO apryMeHTy X OT ypaBHEHHS (26), MPUXOAUM K CMEIIaHHOMY MHTETPallb-
HOMY ypaBHeHHI0. OOpaTHM €ro, Kak HHTerpajibHOe ypaBHeHre BoibTeppa BToporo pona:

1
V(x) = [ T )v(e)dt + Iy (x), (27)
0

rae sapo ['(x,t) m ero mpasas 4yacTh hy(X) BBIpaXKaroTcs B TEPMHHAX Pe30IbBEHTHI R(X,t) sapa
(X—t)? u naHHBIX QYHKIMA @ (V)i =ﬁy/(x) ,npu tom 1'(x,t) € C([O,l] X [0,1]), h(x)e C[O,l].

Kak Buano, Beipaxenue (27) ecTb HHTETpajJbHOE ypaBHeHHEe Ppearonbma BToporo poaa. M3 equn-
CTBEHHOCTH PEIIEHHs] HUCXOAHOW 3aJaud BBITEKAET Pa3peIiMMOCTb 3TOr0 ypaBHEHHs. Takum oOpazom,
yHKIMIO V(X) MOXXHO OmpenenuTh u3 ypaBHenus (27). lanee, Haiing ¢yHkmuio V(X), B obmactu D,

no Qopmyrne (21) onpenenum pemenue U(X,Y) 3amaum, a B D; kak pemenne ypasuenus (1) npu y >0
¢ KpaeBbIMH ycioBHAMH (2) n U(X,0) =7(X).

Pemrenne 3amaun (1) u (2), u(x,0)=7(X) yIOBIETBOPSET MHTETPATHHOMY yYPaBHEHHIO, COTJIACHO

[1]:

1 y
u(x,y) =t () - 2[4 G, yi&mee mydn (28)
0 0
y y
Uo(X, y) = i{j% (X, ¥;0,m) ¢ (m)dn — J.G.»; (X, y:0,m)¢ (17)dn —
0 0

y 1
~[Ge: (%, YL s (m)dn + [GL(x,¥;£,0)7(£)d ¢,
0 0

rae G(X, y&,n) ects dynkiust ['puna kpaeoii 3amauu (1), (2), u(x,0) =7(x) ypaBHeHus
Uy — Uy =0. (29)
Ora Beieynomsinytas pyakuus ['puna G(X, y&,7) onuceiBaeTcs OCPEICTBOM (YHIAMEHTATBHBIX
peurenuii (29):
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ux v = | t| 2T Ly vy = | — 1&((§:§)j,y>n,
(y-m3 ((y-n3 (y-n)3
0,y<n, 0,y<n,

3 3 3

N w

7Nzl 12 o, |2 _zNzl 12 o | 2,2
sf 1355 [T 357 || 935 13f 135"
3 3

roe 1,(z) - (byHKuI/m beccens. @ynkiuu f(z) u E)(Z) UMEHYIOTCS (DYHKIUAMEI DUPH U yIOBICTBOPSIOT

f()==%

ypasHenuio t (z) +zt(z)/3=0.

B [2] paccMoTpeHa oHO3HAYHAs pa3peIiuMocTh ypaBHeHUs (28), a mo ¢opmyne (21) MokHO pe-
muTh 3a1auy Komm.

[Ipn BbIIECKA3aHHBIX IPEINOJIOKEHUSIX OTHOCUTENBHO /4 H Ay, a UMEHHO IIpH

3

A > (=4)2, 4 > =23 +3,7°, A >0 HccieoBaHa 0IHO3HAUHAS PA3PEIUMOCTh TIOCTABICHHON 3a1aun
JUTSL CMEIIAHHOTO TUIepO0I0-MapadoIMuecKoro YpaBHEHUSI TPETHETO MOPSIIKA CO CIEKTPalbHBIM Mapa-
METPOM.
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ON ANALOGUE OF THE TRIKOMI PROBLEM FOR A THIRD-ORDER EQUATION
OF MIXED TYPE

A.M. Laipanova
Russian University of Transport, Moscow, Russian Federation
E-mail: aida7@list.ru

It is commonly known that equations of mixed type are partial differential equations that belong to
different types in different parts of the domain under consideration. For example, the equation may be-
long to the elliptic type in one part of the domain and to the hyperbolic type in another one; these parts
are separated by a transition line, at which the equation degenerates into parabolic or undefined.

In 1923, the Italian mathematician F. Tricomi considered a boundary value problem for one equa-
tion of mixed elliptic-hyperbolic type (later named after him) in a domain bounded in the upper half-
plane by the Lyapunov curve, and in the lower half-plane by the characteristics of the equation that
emerge from the ends of this curve; the boundary conditions were then set on the curve and on one of
the characteristics. The solution had to be continuous in the closure of the domain, continuously differ-
entiable within it, and twice continuously differentiable in the upper (elliptic) and lower (hyperbolic)
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subdomains; for the first derivatives of the solution, singularities of integrable order were allowed near
the ends of the curve. Tricomi proved the existence and uniqueness of the solution to the problem in the
specified class; when proving the existence, he reduced the problem to a singular integral equation.

The article studies an analogue of the Tricomi problem for a third-order hyperbolic-parabolic equa-
tion of mixed type with a spectral parameter. The uniqueness and existence of a solution to the problem
are proved. The uniqueness of the solution to the problem is proved by the method of energy integrals,
and the existence of the solution is proved by the method of reduction to the Fredholm integral equation
of the second kind, the solvability of which follows from the uniqueness of the solution to the problem.

Keywords: hyperbolic-parabolic equation; Tricomi problem; equation of mixed type; boundary
value problem; integral equations.
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