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PA3PELUMMOCTb OEPATHOWU HA‘-IA.I'IbH(?—KPAEBOVI 3AOAYU
C U3BECTHbIM 3HAYEHUEM HA MNMPAMOMU
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E-mail: mamytov1968@list.ru

Omnpenenenuss Jaubdo  siApa, Jaub0  WpaBBIX  vacTeii  HMHTerpo-
auddepeHIHAIBHBIX YPABHEHHH, WM 3HAYEHHS JH00 HAYAJIBHBIX, JIH0O Kpae-
BbIX YCJOBHUH VI HHTErpo-1u(pepeHIUATBHBIX YPABHEHUH, 1100 onpeaeleHUst
NPaBoi 4YacTH ISl HHTerpo-IuddepeHNNAILHOTO YPABHEHHUS ¢ IepeonpeseJie-
HHEM BO BHYTPEHHeil TO4YKe IO JONOJHUTEJAbHOH MH(pOPMAIUM 0 pelleHuH HC-
XO/IHOI 32/1a4¥ HA3BIBAIOT 00paTHBIMH 3aiayamMu. MaTreMaTH4ecKHe MOJeJIH CO-
BPeMEHHBIX NMP00JieM reo(pM3nKH, 0KeaHOJ0rnH, aTMochepbl, GU3NKH, TeXHUKHA
U APYTHX HAYK ONMHUCHIBAIOTCH ¢ MOMOIIBI0 MHTerpo-auddepeHnnaIbHbIX ypaB-
HEHHI1 C YACTHBIMH NPOU3BOJAHBIMH 4eTBepTOro nopsiaka. [pegiaraemas crarbs
NMOCBSIILICHA Pa3pelIMMOCTH 00PATHOM 3a4a4M, T. €. BOCCTAHOBJICHHIO f/Ipa B Ha-
YaJbHO-KpaeBoil 3ajgade Ui HHTerpo-Anud¢epeHUUAIBLHOI0 YPaBHEHHUSI C
YACTHBIMH NMPOM3BOJHBIMH YeTBEPTOI0 NMOPSAAKA C H3BECTHBIM 3HAYEHHUEM HCKO-
MOro pemeHHsi Ha MpsiMoii X = Xo, 0 <Xg <1, To ecTh ¢ mepeomnpeneleHneM BO
BHYTpeHHeill npsiMoii. HamMu BnepBble J0Ka3aHa CylleCTBOBAHHME M €JIHHCTBEH-
HOCTh pellieHUsl paccMaTpuBaeMoll oOpaTHoil 3agayu. i1 JoCTHKEeHUS IOCTaB-
JICHHOM LieJIM HAMM HCII0JIb30BAHbI M3BECTHBIC METO/ABI. METO/ CBeJCHHsA 00paT-
HOIi 3a1a4N K JHMHei{HOMY MHTErpajJbHOMY ypaBHeHH10 BoabTeppa BTOporo po-
aa, Meroa ¢ynkuuii I'puHa nns1 00bIKHOBeHHBIX AU depeHIHAILHBIX ypaBHe-
HHIl BTOPOro MoOpsiika ¢ OJHOPOAHBIMH KpaeBbIMH ycjoBusMu. Ilpu pemenun
NOCTABJICHHOH 00paTHOM 3aAayM HaiileHbl 10CTATOYHbIC YCJIOBHS CylIeCTBOBA-
HHUA U ¢JHHCTBCHHOCTH pelieHHs1 00paTHOI 3aJa4M 110 BOCCTAHOBJICHHMIO siAPa B
HHTerpo-auddepeHnalbLHOM YPABHEHHH B YACTHBIX IIPOM3BOJAHBIX YeTBEPTOI0
nopsiika. CHayasna ¢ noMoumbi0 npeodpazoBanuii u pynkuuu I'puna ucxonnas
3a/1a4a CBOJUTCH K JKBUBAJICHTHOM 3a/1a4e, 118 KOTOPOil J0Ka3bIBaeTCs TeopeMa
CYIeCTBOBAHMSI M ¢IMHCTBEHHOCTH pelieHus. Jlajee ¢ MOMOIIBLIO METOAOB Teo-
puM 00pPaTHBIX 32424 COCTABJISAIOTCS TPU HHTErpajabHbIX ypaBHeHus BoabTeppa
BTOPOr0 poAa M [0Ka3bIBAETCSl CyIIeCTBOBaAHMEe W €JIMHCTBEHHOCTb pelleHus
CHCTEeM MHTerpaJibHbIX ypaBHeHuii BosbTeppa BTOpOro poaa.

Knioueswvie cnosa: obpamnas 3a0aua; unmezpo-oug@epenyuanvrvie ypagHeHus ¢
YACMHBIMU NPOU3BOOHBIMU; A0pa; PyHKkyus I puna.

BBenenne. OObI4HO ompeneneHus Ju0o0 sAapa, MO0 NMpaBbIX YacTed MHTErpo-anuddepeHInaIbHbIX
YpaBHEHUH, WM 3HAYCHUS OO HAYANBHBIX, THOO KPaeBhIX YCIOBHH ISl HHTETPO-TU(PPepeHINATEHBIX
ypaBHEHHH, THOO ONpeIeNeH s IPaBOil YacTH VISl HHTETPO-Iu(pPEepeHIIMATEHOTO YPaBHEHHS C TIePeoTI-
pelleieHeM BO BHYTPEHHEH TOYKE IO JIOTIONHUTEIbHON MH(OPMAIMK O PEIICHHH HCXOJHOW 3a/1a4H
Ha3bIBAIOT OOpPATHBIMU 3a/1a49aMU.

[Toutn Bo Bcex cdepax HAYKH M TEXHUKH, IPU PEIICHUH NMPAKTHYECKUX 3a/a4, 0OpaTHbBIC 3a1a4n
3aHMMAIOT 0co00e MecTo. MaTemaTnueckue MOJEIN COBPEMEHHBIX MPpo0ieM reo(u3uKy, OKeaHOJIOT Y,
aTMocdepsl, GU3NKK TEXHUKH M JPYTHX HAYK OMHCHIBAIOTCS C IOMOIIbIO AuddepeHaIbHbIX ypaBHe-
HHUI C YaCTHBIMHU TPOM3BOAHBIMHU YETBEPTOTO Mopsiaka. Paznnunbie oOpaTHbIE 33/1a4i PaCCMOTPEHBI B
paborax [1-5].

Hama craThst mocBsilieHa pa3pemimMOCTH 00paTHOHM 3aJauu, T. €. BOCCTAHOBJICHUS spa B HAYaJlb-
HO-KpaeBOW 3a/aue Uil MHTErpo-Iu(PepeHInaIbHOI0 YpaBHEHUS! YETBEPTOro MOPSAKA C W3BECTHBIM
3HaYCHUEM HCKOMOTO PEIICHHs Ha IPsIMOI X = Xy, Xy €(0,1) .

Hamu nokasano cymecTBOBaHHE M €IMHCTBEHHOCTH PEIICHNUS TIOCTABICHHOM 00paTHOI 3a1a4.

st 1OCTMXKEHUS! TIOCTABICHHON LIeJM HAaMH MCIIOJIb30BaHbl: METOJ CBEJCHUSI OOpaTHOM 3a1auu K
TMHEHHOMY MHTETPalbHOMY ypaBHeHHIO BonbTeppa BTOporo poja, Meroj Gynkuuii ['puna anst oObIk-
HOBEHHBIX AU(PepeHTHaTFHBIX YPABHEHUH BTOPOTO MOPSAAKA C OJHOPOJIHBIMH KPAEBBIMU yCIOBHSIMH.
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[Ipu pemierny mocTaBIeHHON 00OPATHOM 3a/1a4M HAMJIEHBI JOCTATOYHBIC YCIOBHS CYIIIECTBOBAHHUS H
€MHCTBEHHOCTH PEIIeHHUs] 00PaTHOM 3a1a4l TI0 BOCCTAHOBIICHUIO sIIpa B UHTETPO-Iu( hepeHInaI-HOM
YpaBHEHHUH B YACTHBIX MIPOU3BOJHBIX YETBEPTOTO MOPSIIKA.

IocTranoBka 3amaum. Vccnenyem nmHeiiHOE HEOAHOPOAHOE MHTErpo-nupdepeHnuaibHOe ypaBs-
HEHHUE YETBEPTOTO MOPSAIKA B YACTHBIX MPOU3BOTHBIX:

t
Uge (£ X) =y (£ X)+ By (8, X)+ K (t = 5)ugs (5, X)s + F (£,%), (£,X) €, (1)
0
C HaYaJIbHBIMH YCIOBHSIMHU:
u(0,x) =¢(x), u{(0,x) =w(x), 0<x<1, 2
OTHOPOIHBIMH KPA€BBIMH YCIOBHSIMH:
ut,0)=u(t,)=0, O0<t<T, 3
a TakoKe C U3BECTHBIM 3HAYEHUEM UCKOMOTO pemieHus U(t, X) Ha mpsamoi X =Xy, X € (0,1)
u(t, %) =9(®), te[0.T], (4)

rne mocrosHuble [ <0,0<ea,0<T wusBectnsl, f(t,X) — wm3BectHas ¢ynkmmsa, K(t) n u(t,x) —
nemsBectHsle yukmn, Q={(X,1)|0<x<1, 0<t<T}.

CraBUTCsI BOMPOC: HPH KaKUX YCIOBHAX B obiactd ) CyHIECTBYET €AMHCTBEHHOE DEIICHHUE
{K(),u(t,x)} obpatHoit 3agauu (1)—(4)?

I[TycTh BBIONHSIOTCS CIACAYIOIINE YCIOBHSL:

U;. UssectHas  QyHKIUS f(t,X)  HenpepblBHA B 3aMKHYTOM  MPSMOYTOJBbHUKE

Q={(x,1)|0<x<1, 0<t<T}.

Uz 0(X), w(X) € C2[0,1], (0) = (1) =0, w(0) =y(1) =0..

Us. g eC’[0,T], 9(%)=9(0).

Jlemma 1. Tlycte y = —g >0, a,feR, Torma pesomsBenta R(t,s) smpa K(t,s)=y(t—3),
(t,s)eG= {(t, §):0<s<t< T} OTIPECIIACTCS OJTHO3HAYHO U B SBHOM BHJIE:

R(t,s):ﬁsh(\/;(t—s)), (t,5)eG. (5)

IIOKZBaTeJILCTBO. I[J'IH AO0Ka3aTeJIbCTBA JICMMbI JOCTATOYHO JOKA3aTh CICAYHOIICC PaABCHCTBO
t
R(t.s) = [K(t.D)R(z,s)dz +K(t,3), (t,5) €G.
S

Jns mpoBepKH STOr0 pPaBeHCTBA MbI BCTaBisieM BolpakeHus i sapa  K(t,S)=yp(t—s) wu

pe3osbBeHThl R(t,S) = \/;Sh (\/;(t — S)) :

t t
[K(t.D)R(,s)dz +K(t.s) =j7(t—r)ﬁsh(\/;(r—s))dr+y(t—s) =

=yt —s)ch(0)+\/;sh(\/;(r—s))[: +y(t—s) :\/;sh(\/;(t —s)) =R(t,s).

Jlemma 1 goxazana.
Jlemma 2. ITycts f(X) € C[0,1] u a >0, Torna penienue AByXTOUSUHOI KpaeBoi 3a1auu

2"(x) 1 z(x)=f(x), xe(0,), z(0)=z(1)=0
a
MOXHO 3amucarh ¢ momMolbso Gyakinuu ['puna [6]:
1
2() = [G(x,&) f(£)d¢,
0

rae
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Jzch S 9
eV sh— & x sh—— & x
—@ Z—J;—%e’ﬁ e */‘7+g 2‘/; —%e Yo e 0<x<E<t,
eV 1 el 1
G(x.&)= )
Jzep & 9
eve sh—= & x sh—= - | x
—g 5 \/EJF%eﬁ e ’EJFTQ Zﬁ +%e’5 eve | 0<é<x<1
eﬁ—l eﬁ -1
BBCHCM 0003HayeHue
v(t, X) = Uy (t, X). (6)

WnTterpupys (10) mo nepemeHHo# t, umeem:
t

U (t, X) :J'v(s,x)ds+C(x),
0

rae C(x) — mpousBosbHast GYHKIIHS.
VunteiBas HavanbHOe ycnoBue U/ (0,X)=w/(X), BeiOepeM C(x) Tak, 4TOOBI BBINOJHSIOCH 3TO

Ha4YaJIbHOC YCJIOBUE:

U (0,x) = Tv(s, X)ds+C(x) = C(X)=w(X).
Otcronia momydaeM: i
u; (t,Xx) =jv(s,x)ds+y/(x). @)
Hanee, uarerpupys (7) mo nmepeMeHHoi t , I/SMCQMI
u(t,x) = Hv(s, x)dsdz + Jt'://(x)dt +Ci(x),
00 0

rae Ci(x) — npou3BosbHAs QYHKITHS.
VunrsiBas HadanbHoe ycioBue U(0, X) = ¢(X) , Beioepem Cy(x):

07 0
u(0,x) = j j v(s, X)dsd 7 + j w(X)dt +C;(X) = Cy(X) = p(X) .
00 0

tr
st nBoifHOrO MHTErpana I I v(s, x)dsdz , ucione3ys popmysy Aupuxie, nomydaem:
00

tr tt t t t
j v(s, X)dsd 7 = j jv(s, x)d zds = j v(s, X)ds j dr= j (t —s)v(s,x)ds .
00 O0s 0 S 0

Otcronia moydaeM:

t
u(t, x) = j (t — s)V(s, X)ds + w (X)t + o(X) (8)
0
VYuutsiBas o603HaueHue (6) narerpo-auddepenuuansaoe ypasHenue (1) 3anumieM B BUIE:

t
V(t, X)=av,, (t,X)+ fu,, (t,x) + I K(t—s)v(s,x)ds+ f (t,x), 9)
0

t
a MHTerpan I K (t —s)v(s,x)dS MOHO 3amucath B BUJC
0
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j K(t—s)v(s,x)ds = j K(s)v(t —s,x)ds. (10)
Huddepenuupys coomome}fﬂe (8) mBaxkapI IO noepeMeHHoﬁ X, TOJIydaeM
Uyy (t,X) = j'(t —S)V,, (S, X)ds + 1y "(X)t + "(X) . (11)
IToxacrasmss Beipaskenus (10) u (11)0B ypaBHeHue (9), morydum:
V(t, X)=av,, (t,X) +ﬂj (t —S)Vy (s, X)ds + By "(X)t + Bo"(X)+ j K(s)v(t —s,x)ds+ f (t,x),
WITH i 0

VXX(t,X)—iv(t,x)———I(t SIVy (S, x)ds—ﬁ
o

t
00t -L 9700 -2 [K (it -5, 0ds —= 1 (t,%) (12)
(04 (04 0 [04

YauTeiBas nemMmy 1, nonquM

t
Vo (t, X) —iv(t, X) =y "(X)t + yp"(X) —EJ. K(s)v(t —s, x)ds 1 f(t,x)+
a o o
(13)
+J\/;sh( (t- s))(—v(s X) + 7 "(X)S + 70" (X)——jK(T)V(s TX)dT——f(S x)J

Ha ocHoBanuu 0603Ha4eHus (6) U3 OMHOPOIHBIX KPACBbIX YCI0BHi (3) nMeeM:
v(t,0)=v(t,) =0, O0<t<T. (14)
[Tpumensis nemmy 2 k 3amade (13), (14), nonyuaem UHTErpaibHOE ypaBHeHHE BosbTeppa BTOpro

poxa:

1 t
vt =] G(Xé)(w"(ﬁ)t 10" (E) - ST “Lio+
(04 (04

+ j sh(\r (t- s)){—v(s &+ 1 (©)s+rp' (é)——IK(T)V(S r@dr——f(s 5)}ds ]df (15)
HyCTL
i , ey TGE T ey ()
0 =[000)| @@ [ @50 -1 4D (-9 |z a9
0 0
Toraa unrerpansHoe ypaBuenue (15) mpumer Bu:

t1
v(t,x)=ljje(x,g)R(t,s)v(s,g)dgds—

17
t 1s
——”G(x EK(s)v(t —s, g)dgds——”jR(t $)G(X, &)K (2)v(s — 7, E)d rd £ds + F(t, X).
0 00
Hepr,Z[HO 3aMeTHTh, 4TO B paBeHcTBe (17) mpu t=0:
v(0,x) = F(0,x), x[0,1]. (18)

Hubdepennupys paBeHcTBo (17) mo nepeMeHHo# t 1 yuutsiBas cootHomenue (18), nmeem

1 tl t1
w(nx){i J G(X.§)F(0.§)d§}K(t)=l [0 R s dcts = [ [0 R oMt exicds—
(24 0 o (24

t sl
——”je(x ER, (t,5)K (2)V(s —7,&)d Edzds + F (¢, X). (19)
0 00
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Teneps B nomyueHHOM cooTHoleHn! (19) momaraem, uTo X = X,. Y4uTsiBasd ycnosue (4) U coOT-
HoreHue (8), MbI oIyJyaeM caeayomiee paBeHCTBO:

1 t1l tl
B [ G(XOaf)F(Oaf)df}K(t)=é”G(XO’f)Rt(t,S)V(S:Cf)dfds—é”G(Xva)K(S)Vt(t—S)dfde—
0 00 00

ptst
—;”jc;(xo,g)Rt (t,)K(2)v(s —7,&)dEdrds + R (t, %) — 9 " (1) (20)
000
Taxum obpasom, as onpeznenenus HemsBecTHbIX K(t),V(t, X),V, (t,X) MBI HOTyuHnIu CUCTEMY HEHU-

HEWHBIX MHTETPANIbHBIX ypaBHeHH BonbTeppa Broporo poaa (17), (19) u (20).
Hamu mokasana criemyromasi Teopema.

1
1
Teopema. Ilycts Bommonustorest ycioBus Uy, Uy, U; u HepaBeHCcTBO — _[ G(%y,6)F(0,6)dE #0. To-
a
0
raa Mpu JOCTaTOYHO MajoM 3HadeHur 1 >0 oOparHas 3amada (1)—(4) uMeeT eTUHCTBEHHOE peIcHUE

{ut,x), K(t)} Bxmacce C**([0,T]x[0,1])xC[0,T].
Tpuyem u(t,x) € C*?([0,T]x[0,1]) < Uy (t,X)  C([0,T]x[0,1]).
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SOLVABILITY OF THE INVERSE INITIAL-BOUNDARY VALUE PROBLEM
WITH A KNOWN VALUE ON THE LINE

A.O. Mamytov
Osh State University, Osh, Kyrgyz Republic
E-mail: mamytov1968@list.ru

The definitions of either the kernel or the right-hand sides of integro-differential equations, or the
values of either the initial or boundary conditions for integro-differential equations or the definition of
the right-hand side for an integro-differential equation with over determination at an interior point based
on additional information about the solution of the original problem is called inverse problems. Mathe-
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matical models of modern problems of geophysics, oceanology, atmosphere, physics, technology and
other sciences are described using integro-differential equations with partial derivatives of the fourth
order. The present article is devoted to the solvability of the inverse problem, that is, the recovery of the
kernel in the initial-boundary value problem for a fourth-order integro-differential equation with partial
derivatives with a known value of the desired solution on the straight line x = xo, 0 < X < 1, that is, with
a new definition in the inner line. The authors have proved for the first time the existence and unique-
ness of the solution of the inverse problem under consideration. Well-known methods are used to
achieve this goal: the method of reducing the inverse problem to a linear integral Volterra equation of
the second kind, the method of Green's functions for ordinary differential equations of the second order
with homogeneous boundary conditions. When solving the formulated inverse problem, sufficient con-
ditions for the existence and uniqueness of the solution of the inverse problem of recovering the kernel
in a fourth order partial integro-differential equation are found. First, using transformations and the
Green's function, the original problem is reduced to an equivalent problem, for which a theorem on the
existence and uniqueness of a solution is proved. Further, using the methods of the theory of inverse
problems, three Volterra integral equations of the second kind are compiled and the existence and
uniqueness of the solution of systems of Volterra integral equations of the second kind are proved.

Keywords: inverse problem; integro-differential equation with partial derivatives; kernels; Green's
function.
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