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In this paper, we consider conformable equal width wave (EW) equation in
order to construct its exact solutions. This equation plays an important role in
physics and gives an interesting model to define change waves with weak nonline-
arity. The aim of this paper is to present new exact solutions to conformable EW
equation. For this purpose, we use an effective method called Improved Bernoulli
Sub-Equation Function Method (IBSEFM). Based on the values of the solutions,
the 2D and 3D graphs and contour surfaces are plotted with the aid of mathemat-
ics software. The obtained results confirm that IBSEFM is a powerful mathemat-
ical tool to solve nonlinear conformable partial equations arising in mathematical
physics.
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Introduction

Fractional differential equations are the generalization of classical differential equations with
integer order. So, in recent years, fractional differential equations become the field of physicists and
mathematicians who investigate the expediency of such non-integer order derivatives in different areas
of physics and mathematics. These equations became a useful tool for describing numerous nonlinear
phenomena of physics such as heat conduction systems, nonlinear chaotic systems, viscoelasticity,
plasma waves, acustic gravity waves, diffusion processes [1-3]. Many numerical and analytical methods
were developed and successfully employed to solve these equations such as modified Kudryashov
method [4], homotopy perturbation method [5], new extended direct algebraic method [6], fractional
Riccati expansion method [7], modified extended tanh method [8].

During the last few years, a straightforward definition of conformable derivative is given [9]. The
conformable derivative operator is compatible to many real-world problems and provides some
properties of classical calculus such as derivative of quotient or product of two functions, the chain
rule [10]. During the last few years, many of techniques applied to find exact solutions to conformable
nonlinear partial differential equations [11-16].

In this paper, we consider the following conformable EW equation:

Dfu+ pDgu® -ID3u =0, a<(0,1], (1)
where p,l are real parameters, u is a function of independent variables. The operator D" represents

conformal derivative operator defined only for positive region of t [10]. Before consideration of the
solution procedure, let us give some properties of conformable derivative.
The conformable derivative of order « with respect to the independent variable t is defined as [9]

02 (y(0) = tim XD 504 (0
T T

for a function y = y(t):[0,00) > R.

Theorem 1.1. Assume that the order of the derivative is« e(O,l] and suppose that u =u(t) and
v=V(t) are « —differentiable functions for all positive t. Then

i. DA (qu+c,v) =¢ D (u) +c,DE(v) for vV c,c, eRR,
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i. DAt =kt*? v keR,
iii. D (1) =0 for each constant function u(t) = 4,
iv. D¢ (uv) =uD¢(v) +VD{ (u),

v. D (Uj - vD{ (u) —uD{ (v)

V2

. _¢ du

vi. D2 (u)() =t T

Conformable differential operator satisfies some critical fundamental properties like the chain rule,
Taylor series expansion and Laplace transform.

Theorem 1.2. Let u=u(t) be an «—conformable differentiable function and assume that v is
a differentiable function. Then
D (uev)(t) =tV (Hu (v(1)).
The proofs of Theorems 1 and 2 are given in [17] and [9], respectively.
The rest part of the paper is organized as follows. In Section 1, descripton of the IBSEFM is given.
In Section 2, the application of IBSEFM is mentioned. Finally, this study is completed by providing
conclusions in the last section.

1. Description of the IBSEFM

In this section, we give the fundamental properties of the IBSEFM. This method is direct,
significant, advanced algebraic method to establish reliable exact solutions for both nonlinear and
nonlinear fractional partial differential equations [11,18-20].

Let us describe five main steps of the IBSEFM.

Step 1. Let us take into account the following conformable partial differantial equation of the form

P(v, D{*v,D®v, D&y, ..) =0, 2)
where Dt(“) is the conformable fractional derivate operator, v(x,t) is an unknown function, P is a

polynomial and its partial derivatives contain fractional derivatives. The aim is to convert conformable
nonlinear partial differential equation with a suitable fractional transformation into the ordinary
differantial equation. The wave transformation is

V(D) =V (&), &=¢(xt"). (3)
Using the properties of conformable fractional derivate, we convert (2) into an ODE of the form
N,V ,V',.)=0. (4)

If we integrate (4) term to term, we acquire integration constant(s), which can be determined later.
Step 2. We hypothesize that the solution to (4) can be represented as follows:

F!
V(E) = %a' ) :aO+a1F(§)+a2F2(§)+...+anF“(§), )
ibij(f) by +BiF (&) +b,F? (&) +... 4B, F™ (&)
j=0

where ay,&,...,a, and by,b;,...b, are coefficients which will be determined later. The
numbersm=0,n=0 are chosen arbitrary constants to balance principle. Consider the Bernoulli
differential equation of the form

F (&) =oF(&)+dFM(&),d 0,0 20,M €R/{0,1,2}, (6)
where F (&) is the solution to (6).

Step 3. The positive nonzero integers m,n,M are found by balance principle that is both nonlinear
term and the highest order derivative term of (4).

Substituting (5), (6) in (2) gives the following equation of the polynomial ®(F) of F:
O(F(£) = pF (&)’ +...+ pF (&) + pp =0,
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where p;,i=0,...,s are coefficients and will be determined later.
Step 4. Equating all the coefficients of ®(F(&)) yields us an algebraic equation system
£ =0,i=0,.s.

Step 5. When we solve (4), we get the following two cases with respectto o and d:
1

—d o(e-1) 1-e
F(&)= {ﬁ} L d#o, (7)
(6 -1)+ (e +1)tanh (G(l— £) éj
F(&) = 2) | d=cceR ®)

2
Using a complete discrimination system of F(&), we obtain the analytical solutions to (4) via

mathematics software and categorize the exact solutions to (4). To achieve better results, we can plot
two and three dimensional figures of analytical solutions by considering proper values of parameters.

1-tanh (0'(1—8) éj

2. Application of the IBSEFM
Take the travelling wave transformation

a (24

u(x,t)=U(n), nqu;+mt;, ©)

where q and m are nonzero constants to be determined. Then Equation (1) turns into the following
ordinary differential equation:
mU + pqu2 —gml2U" =0. (10)
When we apply the balance principle for the terms u® and u", the result for m,n and M is
M+m=n+1.

By balancing the order between the nonlinear term and highest order derivative in Equation (10),
we obtain M =3,n=3 and m=1, then we get

8 +asF (7) +a,F* (1) + 8 F (1) _ Y ()

o= by +byF (7) ()
U ()= Y (77)‘1’(77)2— Y () 1)
Yo (n)
0" = X ¥ ) Y)Y ) (Y)Y (n)] W2 () - 20 (L @F ) )
W2 () ()
Substituting (3)—(11) in (10), we get the algeabraic equation system accordingto F:
F°: 2pgadh, + magh? =0,
F : 4 pgayayhy, + mab? —Img®cab? +2pgadh; + 2maghbyb, +Img?c2agbyb, =0,
F2:2pgalb, + 4 pgagasb, + ma,b? —4lmg?o2ab? + 4 paagab, + 2mayhyb; +Img®o2abyb, +
+magh? —Img®cagb? =0,
F3 : 4 pga,a,b, + 4 paagazh, —4dimg®oabd + masb? —9lmg2c®asb? + 2 pgalhy + 4 pgaga,h; +
+4dimq2oaghyb, + 2ma,hyb, —3Img?o2a,byh, +mab? =0,
F9 : 2pga’b, + 4 poasash, — 24d%Img2a,bé + 4 pgasa,b; + 4 pga,ash, — 21d ’Img2azhyb; —
—96dImg®cashyb, —3d?Img?a,b? — 24dimg®ca,b? =0,
F'0: 4 pga,ash, —35d2Img®ash? + 2 paaZb, + 4 paasash, —37d?Img?a,hbyb, —8d2Img2agh? —
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—40dImg®casb? =0,

F:2pgalh, + 4 pga,ash, —57d%Img?ashyb, —15dImg?a,b? =0,

F*2:2pgalb, — 24d%lmg?asb? = 0.

Then we solve the system of equations of F and, in each case, substitute the obtained coefficients
to get the new solution(s) u(x,t) . Solving the system by Wolfram Mathematica software, we obtain the
coefficients as follows.

Case 1. For o =#d,

2 2 ?
O %= B, = Ty = T = B PO R Ly

6d2 " 6a? 2 d a, 3d%, = 4%
where d,l,q,0,a,,b, #0.
Putting (13) along with (3)—(11) in (7), we acquire the exponential function solution to the EW
equation as follows:
o 1
d2

aO:

6

a 2
Zpg(wpwfﬂ

o + a,

d?b,
3a o

U (x,t) =

Fig. 1. The contourplot, 3D and 2D graphs of u,(x,t) by considering the values « =0,1; ¢=0,2; ¢=0,1; d=0,3;
p=05 q=06; by=1; a,=1;, -13<x<13, -2<t<2 for 3D surface, 0<x <3, 0<t <3 for contourplot and
-1<x<1; t=0,2 for 2D

Case 2. For o =d,
a4y iq — a5 - ia4 a — _|a5 .bl:aSbO.p__lzdzlmqu.o_:_ i (14)

—,a i ,a - 1a - !
24d29?’ " 24d3q?’ 7 2d\1g’ ° 2diq a, a, 21q
where d,l,q,a,,b, = 0. Substituting (14) along with (3)—(11) in (7), we obtain solution to (1)

8 =—

i(qt“+mx“)
12ide V192 Jge

- .

it® imx%

LigeN1a Jg+ e*ﬁqag

U2 (1) = 24d°19%,
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Fig. 2. The contourplot, 3D and 2D graphs of imaginary part of u,(x,t) by considering the values ¢ =0,4; £=0,1,
c=0,2;, d=0,51; 1=0,5 m=0,3; q=0,73; by=0,6; a,=0,2; —17<x<17, —7<t<7 for 3D surface, -5<x<5,
-5 <t <5 for contourplot and —10< x<10; t=0,2 for 2D

Fig. 3. The contourplot, 3D and 2D graphs of real part of u,(x,t) by considering the values ¢ =0,4; ¢=0,1; 0=0,2;
d=0,51; 1=0,5 m=0,3; 9=0,73; b, =0,6; a,=0,2; —-17<x<17, —7<t<7 for 3D surface, -5<x<5, -5<t<5
for contourplot and —10<x<10; t=0,2 for 2D

Case 3. For o =#d,

oy mady WEE e st
2pa’" 2paa, Joda 7 Jedaya T A
g Al i
2y, © 2dlg’
where |, m, p,q,0,8,,by #0. When we put (15) along with (3)—(11) in (7), and obtain the complex
solution to (1) as follows:

it i(qt“+mx“) -

am| V1 pga, +4ivBe 1o i[5\ fGe s by ~3eV19% |ma7h,

(15)

Us(x,t) = 5
itY 2imx*
2p0| ivae\1 [ Jq Ja; + 319 e oy
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Fig. 4. The contourplot, 3D and 2D graphs of imaginary part of us(X,t) by considering the values ¢ =0,1; £=0,2;
=03 d=0,62; 1=0,6; m=0,2;, q=0,47; b,=0,8; a,=0,5; p=0,3; -17<x<17, —7<t<7 for 3D surface,
—-5<x<5, -5<t<5 for contourplot and -10<x<10; t=0,3 for 2D

Fig. 5. The contourplot, 3D and 2D graphs of real part of uz(x,t) by considering the values «=0,1; £=0,2; 0=0,3;
d=0,62; 1=0,6; m=0,2; 9=0,47; b, =0,8; a,=0,5 p=0,3; -17<x<17, -7<t<7 for 3D surface, -5<x <5,
-5<t<5 for contourplot and —-10<x<10; t=0,3 for 2D

Conclusion

In this paper, the IBSEFM method is applied for the conformable EW equation. Using a wave
transformation, we convert the conformable differential equation into the ordinary differential equation,
which can be solved according to the IBSEFM. By means of this method, exact solutions are obtained.
The contourplot, 3D and 2D surfaces of all solutions obtained by IBSEFM under the suitable values of
parameters are plotted to show the main characteristic physical properties of the solutions with the help
of mathematics software. According to the results, one can see that the formats of travelling wave
solutions in two and three dimensional surfaces are similar to the physical meaning of results.

The solutions are also solitary wave solutions. Also, it is clear that more steps are developed and
better approximations are obtained. The conclusions show that the IBSEFM is simple, effective and
powerful. Thus, in mathematical physics, it is applicable to solve other conformable partial differential
equations. We claim that the IBSEFM method is practically well suited, since it can be adopted to a
wide range of nonlinear differential equations. Eventually, this method is influential and suitable for
solving other types of nonlinear differential equations in which the balance principle is satisfied.
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O TOYHOM PELWUEHWUN COIMNMACOBAHHOIO PABHOMOLLIHOIO
BOJIHOBOI'O YPABHEHUSA C MOMOLLBIO
YCOBEPLWLEHCTBOBAHHOIO ®YHKLUMOHAJIBHOIO METOOA
noa-yPABHEHUA BEPHYIIA

B. Ana, KO. emup6unek, K.P. Mamedoe
MepcuHckuti yHugepcumem, MepcuH, Typuyus
E-mail: volkanala@mersin.edu.tr

B nacrosimei pabote paccMaTpUBaeTCsl COINIACOBAHHOE PAaBHOMOIIHOE BOJHOBOE YpPaBHEHUE C lie-
JIbI0 HAXOKICHUS €ro TOYHOTO pelieHus. JJaHHoe ypaBHEHHE UrpaeT BKHYIO POJib B GU3UKE U 3a/1aeT
MHTEPECHYIO MOJIEJNIb ONPEIETICHUS N3MEHSIOIMXCS BOJIH CO C1a00i HeIMHEHHOCThI0. Llenbio paboTsl
SBIIIETCS MIPENCTABICHNE HOBOTO TOYHOIO PEIICHHs COINIACOBAHHOTO PABHOMOIIHOTO BOJHOBOIO YPaB-
HeHus. {7 3TOro aBTOpBI MCMONB3yeM 3(PQGEKTHBHBIH METO, HA3bIBAEMBIH YCOBEPIICHCTBOBAHHBIM
(yHKIIMOHANBHEIM MeToZoM moAa-ypaBHeHus bepuymm (IBSEFM). Ha ocHOBe 3HaueHWid peleHHH,
JBYMEpPHBIC U TPEXMEpHbIe Tpa(UKN U KOHTYPHBIE IIOBEPXHOCTH CTPOATCS C MPUBJICUEHUEM MaTeMaTu-
YeCKOro mporpaMMHoro odecriedeHus. [logydeHHble pe3ynbTaTsl MOATBEpkAaoT, 4To IBSEFM siBms-
€TCsl MOUTHBIM MaTeMaTH4eCKUM alllapaToM JUIs pelleHus] HeJIMHEHHBIX COTJIacOBaHHBIX YpaBHEHHMH B
YaCTHBIX MIPOU3BOJHBIX, BOSHUKAIOIINX B MaTeMaTH4IecKoi (pusuke.

Kniouegvie cnosa: ycosepuiencmeosanubviii hyHKYUOHANbHBIL MemOoO noo-ypasHuenus Bepuyanu, co-
2N1ACO8AHHOE PABHOMOUHOE BOJIHOBOE YPABHEHUE, B0IHOB0E NPpeodpa3osaHue.
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