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OB OQHOW 3AOAYE ONPEAENEHUA MPABON YACTU
MHTEMPO-ANDPDPEPEHUUAIIBHOIO YPABHEHUA B YACTHbIX
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Kak HaM u3BecTHO, B 00paTHOH 3ajadye KpoMe HCKOMOIO «OCHOBHOI0»
peleHus 32124 (T. €. pelleHUs] MPAMOii 3aJa4i) HAM HeU3BEeCTHbI KaKue-I1ubo
BXOJsfIMe B NpsiMyIo 3aga4yy. Tpedyercst HAliTH U 3THX HEM3BECTHBLIX, IO3ITOMY
HX TOKe MBI 0y/ieM Ha3bIBATh pPelIeHHsIMH 00paTHoi 3aga4un. [jis1 onpenesieHust
ITHX HeM3BECTHBIX B 00pPaTHON 3ajave K 3a/JaHHbIM yYPaBHEHHSM 100aBisieTCs
Kakas-Jin00 NONMOJIHNTEeIbHAsi HHQOpPMAnusi O PpelleHMH TPSAMOil 3agavu.
Jonosnutensuyio uHpoOpManuio Ha3BIBAIOT JaHHBIMH o0paTHoil 3agaun. B
npeaJjaraemMoi cTaThbe paccMaTpuBaercsi KOHKpeTHoe HHTerpo-
auddepeHnnaNIBLHOE YPABHEHHE B YACTHBIX NPOU3BOIHBIX YeTBEPTOI0 MOPsIIKA ¢
U3BECTHBIMH HAYaJbHBIMH M KPaeBbIMH YCIOBHUAMH. JIIsi MIPOCTOTHI
HCCIe0BAJH OHOPOJHbIE KpaeBble YCJIOBHS, TAK KaK ¢ MOMOLIbIO JTHHEiHOro
npeo0pa3oBaHusl Bceraa HEOAHOPOJHbIC KpaeBble YCJIOBHSA MOXKHO NPHUBECTH K
OJHOpPOAHBIM. B mpaBoii 4yacTH ypaBHeHHSl NPUCYTCTBYIOT N HeM3BECTHBIX
dyuxumii: @i(t), i = 1,2,...,n. Jlasa onpenejeHuss 3TUX HEU3BECTHBIX (YHKIIHIi:
@i(t), 1 =1, 2,..., N B 06paTHOii 3a1a4ue UMeeTCH JONOTHUTEIbHAs HHopMaIU 0
pelieHny NpsAMoii 3a1a4M, T.e. HAM H3BEeCTHBI 3HAYEHHMS HCKOMOIr0 «OCHOBHOI0»
pelleHMss 3ala4Yd B BHYTPEHHHX OTpe3Kax HcciaeayeMoi o0maacTtu, T.e.
u(t,x;) = gi(t), te[0,T], x;€(0,1), i =1, 2,..., n. 3axaua uccjaenyercsi B NPpIMOYrojb-
HHMKe, Pacro/0KeHHOM B NepBOil YeTBepPTH 1eKAPTOBOil cHCTeMBbl KOOpAMHAT.
st pemieHusi oOpaTHOil 3a1auu pa3padoTaH aJITOPUTM, B pe3y/ibTaTe HailleHbl
AOCTATOYHBbIE YCJIOBHS CYIIECTBOBAHUS M eIUHCTBEHHOCTH pelleHUs o0paTHOIi
3aJa4d 0 BOCCTAHOBJICHHIO INPaBOii 4YacTH B MHTerpo-auddepeHIHAIBLHOM
YPaBHEHHH B YACTHBIX NMPOM3BOJHBIX YeTBepTOro nopsinka. Ilpm pemenun 06-
paTHO¥M 3aJa4yM HCHOJB30BAHBI MeTOAbI: Npeodpa3oBaHusi, pyHkumii I'puHa,
pellleHHs] CHCTeM JIMHEeHbIX HHTerpajJbHbIX ypaBHeHuii BoibTeppa. B urore 00-
pPaTHYI0 3agady Mbl NpUBOIUM K cucTeme (N + 1) JHHEHHBIX HHTErpajbHbIX
ypaBHeHuii BosibTeppa BTOpOro pona, pemenue koroporo npu majgom 0<T cy-
IIeCTBYeT W eIWHCTBeHHO. PaccmarpuBaemyio o0OpaTHYI0 3agady MOKHO
Ha3bIBaTh 00PAaTHOM 3a1a4eii 00 HCTOYHUKe.

Kniouegvie  cnosa:  obpammas  3a0awa 06  ucmouHuxe,  UHmMezpo-
oughpepernyuanvroe ypasHenue ¢ YACMHLIMU NPOUZBOOHBIMU YEMBepmo2o NopsaoKda,
cucmema unmezparbHuIx ypasuenuti Bonomeppa, gynxyus I'puna, pesonveenma.

BBenenue. OOpaTHBIE 3a7aydl  BIEPBHIE TMOSIBIIIMCh B MpaKTUKe, HAmpuMep, 3amada o0
ONPEJETICHUH CKOPOCTH PaCIPOCTPAaHEHUS CEHCMUYECKUX BOJIH BHYTPH HAlllEW IUIAHETHI 110 JBUXEHUIO
(pPOHTOB CEWCMHUYECKMX BOJH IO TOBEPXHOCTH 3eMid. HeTpysHO MOHSTH, HACKOJIBLKO MHTEpECHa U
BayKHA Takast nH(opMarus s GU3UKOB, Te0(U3NKOB, Bpadeil 1 BOOOIIIE UCCIIeIOBATENeH TAKUX 00bEK-
TOB M 00JIaCTeH, MPOHUKHOBEHHE BHYTPb KOTOPBIX JIMOO CIUIIKOM TPYIOEMKO, JIMOO OmacHo, MO0 BO-
o6mre HeBo3MOkHO [1-3]. Pasznuunbie 0OpaTHbIe 3a1aun uccienoBanbl B [4—15], a Takke B IUTHPYEMBIX
pabotax B HUX. MccnenoBanue TeOpuu U METOIbI OOPATHBIX 3a7]a4 UHTEHCUBHO ITPOJI0IKAETCSI.

B craTthe mpemmaraeTcsi KOHKPETHBIN alTOPUTM PEIISHUsT OJHONW 00paTHOW 3a1adn 00 MCTOYHHKE.
Halinens! noctatodHsle ycIOBHs, NPH BBITOJHEHUHN KOTOPBIX TapaHTHPYETCs CYIIECTBOBAaHUE U €IMH-
CTBEHHOCTh PEIICHHS PaccMaTpUBaeMOi 0OpaTHOM 3a1aqH.

I[MocTranoBKa 3axaun
UccnenyeMm pazpemmmMocTs 00paTHOM 3a1a9u 00 NCTOUYHUKE

t n
Uy (L, X) =atl i (L, X) = SU,, (8, X) + J. K(t —s)ug (s, x)ds +Z(p, Oht,x)+F(,x), t,x)eG, (1)
0 i=1
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u(0,x) = ¢(x), u; (0,x) =w(x), 0<x <1, 2

ut,0)=u(t,n)=0, 0<t<T, 3)

roe K(t), F (t, X), @(x), w(X), h(t,x), 1 =12,....,n —nu3Bectusle GpyHKIMH, T, o, [F— 3aaHHBIC NTOJOKH-
TeNbHBIC TIOCTOSHHBIC, a QYHKIHN U (t, X), @ (t),..., 9, (t) memsBectHoie, G ={(t,X) | 0<t<T,0<x<1}.

Kpome 3T0ro, Ham HM3BECTHBI 3HAYCHUS HEU3BeCTHOW (yHKimiA U(t,X) B BHYTPEHHHX OTpE3Kax

obmactu G, T. €.
ut,x)=0; (t),te[0,T], x, €(0,1), i=12,..,n. (4)
TpeOyeTcss HalWTH HEW3BeCTHbIC (YHKIUH u(t, x), @ (t),...,0,(t). TlomobOHyro 0OpaTHyIO0 3amady

Ha3bIBAIOT 00paTHOIT 3a1aueit 00 uctounuke [1].

Pemenne 3agaun
[TyCcTh BBIMOTHSIOTCS CAEAYIONINE YCIOBUS:

U;: FeC@G), ¢ weC?[01],g;eC?[0,T],

U,: 9(0)=0, 1) =0, g;(0)=¢(x), 95(0)=w(x) i=12...n.
BeeneM o003HaueHue, MycTh
V(t, X) =uy (t, x), (5)
HHTETpUpYs paBeHCTBO (5) Mo nepeMeHHOH t n yunThiBas yenosue U, (0, X) = w/(X), moayuum

t
U (t, %) = [V(s,)ds +p/(x), (6)
0

elie pa3 HMHTETpUpYs TOCICIHEE PAaBEHCTBO IO MEPEMEHHOH t M yunThIBas Ha4YajIbHOE YCIOBHE
u(0, x) = p(x), nmeem:

t
u(t,x) = [ (t=s)v(s,X)ds +y (X)t + p(x). )
0
IMoacrasmss (5), (6) u (7) B ypaBuenue (1) nmeem:

t t n
v(t,x):avxx(t,x)—/i’U(t—s)vXX(s,x)ds +t//"(x)t+(p"(x)]+jK(t—s)v(s,x)ds+2¢},(t)hi (t, )+ F(t, %),
0 0

i=1

niIn

t n
Ve =7 [ (E=8)V (8, )5 + 2V (t, X) + 17 (Xt + y"(¥) —%} K (s)v(t —s, x)ds -
0 0

n (®)
~23 A O -ZF(t, ).
i=1
B Hameit padote [18] nokazana
Jlemma 1. PesoneBenty R(t,S) sapa K(t,S)=y(t —S) MOXXHO peICTaBUTH B CICAYIONMIEM BHIE
R(t,s) =\/775h{\/77(t—s)}, t,5)eG,
rae 7=£, (t,s) eG ={(t,s)|0£s£t ST} .
a
Ha ocHoBaHuu 3701 JIeMMbI 1 paBeHCTBO (8) 3amuiieM B BUIE:
t n
Vi (,X) —lv(t, X) =R (t,x) —lj K(s)v(t—s,x)ds - 12@, (t)h; (t, x) +
a ay ai
y : n ©
+;j\/;sh(\/;(t - 5)){v(5, X) - [K(@W(s=7,x)d7r =Y g (s)hi (s, x)st,
0 0 i=1
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t
r1e RLX) = (00t + 79"~ = F(0 )~ [sh(7 = (9 + 79 09 + = F (..
0

U3 pasenctsa (5), mist pynkmu V(t,X) monydaeM rpaHHYHBIC YCIOBHS BH/IA:
v(t,0) =v(t,1) =0. (10)

Bamauy (9)—(10) mccnenyem mpu durcupoBanuoM t, 3aech V(1,X) — uckomas ¢yHknusa. OTHOPOAHOE
ypasrenne y"'(X)—k%(X) = 0 (B vamem ciyuae k? =1/¢ ) nMeer [Ba THHEHHO HE3ABUCHMBIX PCLICHHS:
y1(x) = sh(kx) u y,(x) = sh(kx—k), Bporckuan kotopsix paser W(y1, Y2) = ksh(k).

3ametnm, uto y1(0) = 0 11 y»(1) = 0 yuuThIBast 3TH COOTHOIICHHUS, JIETKO MOKHO ITOCTPOUTH PEIICHUE
CIIeIyToIel OJHOPOIHON KPaeBoi 3aauu ¢ MOMOIIbI0 QyHKInHU | prHa:

y"(x) — Ky(x) =f(x), 0 <x <1, y1(0) = 0 my,(1) = 0.

T. €. pelIeHue 3anuceiBaercs B Buze [16-18]:

1
y(9) = [G(x9)f(Hde,
0

sh(kx — k) sh(ks)

, 0<s<x,
ksh(k)
rae ¢ynkius puna G(x, &) = sh(kox) shiks —K)
, X<s<1.,
ksh(k)

[IpumMeHsist 3TOT pe3yiabTaT K HHTErpo-muddepenimansHoii 3amade (9)—(10), momydnm «4IucTo»
MHTETpaJbHOE ypaBHeHHe BonbTeppa:

1 t n
vit,x) = G(xf)(ﬂ(t,é)—i [KVt-5.9d5- = p(Oh (1.6 +
0 ) *ia

t S n
%j\/?sh(\/?(t —s)){v(s,ﬁ) ~[K@W(s-7.8)dr=> g () (s,§)st]d§ . (11)
0 0 i=1
Ypasnaenne (11) nepennmeM B BUJIC

V== j j GO ER(E SV, §)d§d3—— { [[eICHILT 5)d§}¢. -

ntt
éZH[G(X,f)R(t,S)hi (s.&)]dép, (s)ds - (12)
i=100
tls
__”G(x EK(s)v(t-s, §)d§ds——”jR(t $)G(x, E)K (r)v(s — 7, E)d rd &ds + Pt X),
000

rae P(t,X)= j G(x &R () dE
0

ITomaras X=X i j=1,2,...,n u yuursiBas nanHbic (4), a Takke paBeHCTBO (5), U3 COOTHOIICHHS

(12) umeem

n|l t1
12[} G(x;, M (t,é)dég}wi 0 == [60x;, R V(s. E)dds -
%=1 o 200

™=

e
af

tl tl
[{[6(. RN (5,8) dép, (s)ds—% [[e(x K Ev(t-s c)eds - (13)
00 00

IR

| [EN

tls
HjR(t,s)G(xj EK(@WV(s—7,8)drdéds +P(t,x;) - g7 (1), j=12,...n
OOO

BBenem 0003HaueHmE
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1
aji(t)=éIG(Xj,§)hi(t,§)d§, i j=12,..n. (14)
0
IIycTh
det A(t) =0 vt <[0,T], (15)
re A®)={ay (O} i, j =12,..n.

VYunteiBas obo3nauenue (14), cucremy (13) MOXKHO TIpeACTaBUTh

n t1l
2250, (t)=§ [[60x, &) (R(t,5) - K(t-3))v(s,£)d éds -
i=1 00

(G RN (5,£) |d i (s)ds - (16)

i=1

gZJ

ot—r

1 tls B )
—;IHR(LS)G(XI- K (s—7)v(r,&)dzdds + P(t,x;) - g7 (1), j=12,..n.
000
B wurore mbl npunum k cucreme u3 (N+1) ypapuenuit (12), (16). U3 oOieit Teoprn HHTErpaIbHBIX
ypaBHEHUI HaM M3BECTHO, 4TO perenne cucteMsl (12), (16) cyiiecTByeT U e THHCTBEHHO.
CrieoBaTeNIbHO CIIpaBeInBa

Teopema. Eciu Beimosnasitorest Uy U, 1 HepaBenctso (15), To B ipocTpaHcTBe CZ'Z(G) xC, [O,T],

pemenue 3anaun (1)—(4) cymecrByer u eauHcTBeHHo, C, [O,T] =(C[0,T]xC[0,T] x...x C[0,T].

n pas

Hpumep. Ilycte B 3amaue (1)—(4): a=p£=1, n=1, K{t)=t h{tx)=1L x =%, F(t,x) =0,
0, (t) =t?, o(X) =0, (x) =0 mns Bcex X €[0,1], T. e. paccMoTpuM 3a1auy

t
Uge (£ X) = U (£ X) = U (6, %) + [ (= 5)gs (5, )05 + 1 (1), (t,X) G
0

u(0,x) =0, u,(0,x)=0,0<x<1, u(t,0) =u(t,1) =0, u(t,1/2)=t? t[0,T].
Hiiem u(t,x) u @t).

t
ITycts V(t,X) =Ug (t,X), Torma u(t,x)= _[(t —S)V(s, X)ds u umeem:
0

t t
V(t, X) =Vig (1, )~ [ (= )V, (5, X)dIs + [ (L= 5)v(s, X)ls + g (1),
0 0
NN
t t
Vi = J'(t — S)V, (S, X)ds + V(t, X) —fsv(t —s,X)ds — g (t).
0 0

Pesonmsenta npumer Bua: R(t,s) =sh(t—s), (t,5) €G.
Otcro/1a mojty4aem CIIeIyONIyo 3a1a4y:

t t S
Vyy (t, X) —V(t, X) :—jsv(t —s,X)ds — g(t) +Ish (t —s)(v(s,x) —.[rv(s -7, X)dT—(p(S)JdS :
0 0 0

v(t,0) =v(t,1) =0.
OnpoHOIHYIO KPaeBYIO 3a/1auy 3aMEHSIEM HHTETPATbHBIM YPaBHEHUEM:
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tl 1 tl
v(t.x)=] [G(.HR(.5)v(s, £)d&ds — (B[ G(x £)d< - [ [[G(x HR(L,)]dép(s)ds -
00 0 00

tls

—ﬁe(x,g)sv(t—s,g)dgds— [[[Rt.5)G(x.&)rv(s —7,&)drd éds,
00

000
sh(x —1)sh(s)

sh@ e
rae G(x,¢) = sh)sh(s—1) 5«1
shy

omarass X =1/2 u yuntsiBas, aro U(t,1/2)=t* u v(t,x) = Uy (t, X) =2, umeem

tl t
2+p()a=[[GI2,&R(ts)u(s, £)d&ds —a[ R(t, s)p(s)ds -
00 0

tl tls
—j j G(L/2,&)(t —s)v(s,&)dEds — j j j R(t,5)G(1/2,&)(s — o)V(r, E)drd £ds,
00 000

1
3nech a=[G(L/2,§)dé =011
0
MBI NOTy4nIIu CUCTEMY U3 JIBYX YPaBHEHUI, pellieHUEe KOTOPOU CYIIECTBYET U €IMHCTBEHHO.
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As it is known, in the inverse problem, apart from the sought-for “basic” solution of the problem
(i. e., the solution of the direct problem), the components of the direct problem are unknown. It is re-
quired to find these unknown components, so they will be also included in the solution of the inverse
problem. To determine these components in the inverse problem, some additional information on the
solution of the direct problem is added to the given equations. The additional information is called the
inverse problem data. In the proposed article, the specific fourth-order partial integro-differential equa-
tion with the known initial and boundary conditions is considered. For simplicity, the homogeneous
boundary conditions have been examined, since with the help of a linear transformation, the always in-
homogeneous boundary conditions can be reduced to the homogeneous ones. The right-hand side of the
equation contains n unknown functions: ¢i(t), i = 1,2,...,n.. To determine these unknown functions: ¢;(t),
i =1,2,...,nin the inverse problem there is additional information on the solution of the direct problem,
i.e., the values of the sought-for “basic” solution to the problem in the inner segments of the investigated
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region are known, i. e., u(t,x) = gi(t), t€[0,T], xi€ (0,1), i =1,2,...,n. The problem is investigated in a
rectangle located in the first quarter of the Cartesian coordinate system. To solve the inverse problem, an
algorithm has been elaborated and sufficient conditions for the existence and the uniqueness of the solu-
tion of the inverse problem for the restoration of the right-hand side in a fourth-order partial integro-
differential equation have been found. When solving the inverse problem, the methods of transfor-
mations, Green's function, solutions of systems of linear Volterra integral equations have been used. As
a result, the inverse problem has been reduced to a system of (n + 1) linear Volterra integral equations of
the second kind, the solution of which for small 0 < T exists and is unique. The considered inverse prob-
lem can be called the inverse source problem.

Keywords: inverse source problem; fourth-order partial integro-differential equation; system of
Volterra integral equations; Green's function, resolvent.
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