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USING THE SINE-COSINE METHOD
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Nonlinear partial differential equations of mathematical physics are consid-
ered to be major subjects in physics. The study of exact solutions for nonlinear
partial differential equations plays an important role in many phenomena in
physics. Many effective and viable methods for finding accurate solutions have
been established.

In this work, the Hirota equation is examined. This equation is a nonlinear
partial differential equation and is a combination of the nonlinear Schrodinger
equation and the complex modified Korteweg—de Vries equation. The nonlinear
Schrodinger equation is the physical model and occurs in various areas of phys-
ics, including nonlinear optics, plasma physics, superconductivity, and quantum
mechanics. The complex modified Korteweg—de Vries equation has been applied
as a model for the nonlinear evolution of plasma waves and represents the physi-
cal model that incorporates the propagation of transverse waves in a molecular
chain model and in a generalized elastic solid.

To find exact solutions of the Hirota equation, the sine-cosine method is ap-
plied. This method is an effective tool for searching exact solutions of nonlinear
partial differential equations in mathematical physics. The obtained solutions can
be applied when explaining some of the practical problems of physics.

Keywords: Hirota equation; sine-cosine method; solution; ordinary differential
equation; partial differential equation; nonlinearity.

Introduction

Nonlinear partial differential equations (PDEs) are widely used as models to describe physical phe-
nomena in various fields of sciences such as biology, solid state physics, fluid mechanics, plasma phys-
ics, plasma wave, condensed matter physics, chemical physics, optical fibers, and chemical physics [1].
Various powerful methods such as, Darboux transformation method [2], Hirota’s method [3] and sine-
cosine method [1, 4-6], modification of the truncated expansion method [7], have been developed to
obtain exact solutions of these equations.

In this work, we study the Hirota equation

. 2 . .2
0 + Oy + 2|0 q+icyy, +6ic|q|” g, =0, (1)
where q(x,t) is a complex valued function of the spatial coordinate x and the time t, a is a real con-

stant, i is imaginary unit. The equation was introduced in [8] and studied in [9-11]. It is a combination
of the nonlinear Schrédinger equation and the complex modified Korteveg—de Vrise equation. When
a =0 the Hirota equation (1) can be reduced to the nonlinear Schrédinger equation.

1. Review of the sine-cosine method
In this section, we describe the sine-cosine method [1, 4-6]. According to the sine-cosine method by
using a wave transformation

u(xt)=u(¢).&=(x—cr), @)
the partial differential equation (PDE)
E (Ug, Uy, Uy, Uy .) =0, (3)
can be converted to ordinary differential equation (ODE)
E,(u,u’,u”u”,..)=0 (4)

Then the equation (4) is integrated as long as all terms contain derivatives where integration
constants are considered zeros. The solutions of ODE (4) can be expressed in the form [1, 4-6]
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B z
a(xt)=) A0 () K< 7, -
0, otherwise,
or
in” z
u(xt) = Asin (ﬂé),|§|ﬁzuv ©®)
0, otherwise,

where & = x —ct, the parameters x and S will be determined, and x is wave number and c is wave speed
respectively [1]. The derivatives of (5) become

(u" (1)) =—nBua” cos™ ™ (u)sin(ug), (7)
(5" (1€)) = uB22" cos™ () + nia” A" B(nfp ~Dycos™ (), ®)
and the derivatives of (6) have next forms
(u" () =npua”sin™ (ug)cos(us), ©)
(4" (1)) = 22" sin" () + 2" B p~Dysin™ 2 ), (10

and so on for the other derivatives. Applying (5)—(10) into the reduced ordinary differential equation (4)
we obtain a trigonometric equation of cos’ (x&)or sin” (u&) terms. Then, we determine the parameters
by first balancing the exponents of each pair of cosine or sine to determine . Next, we collect all
coefficients of the same power in cos" (&) or sin' (&), where these coefficients have to vanish. The

system of algebraic equations among the unknown S and u will be given and from that, we can
determine coefficients.

2. Implementation of the sine-cosine method
We consider the Hirota equation (1). By transformation

q=e@y(xt), (11)
where a,d are real constants, the equation (1) can be converted to
—du +iu, + 2iau, +u,, —a’u+2u® —3a%iau, —3aau,, +a’au +iau,,, —6aau® +6icu®u, =0. (12)
By separating real and imaginary parts in the equation (12) we obtain the system of equations

—du +u,, —a’u+2u® —3aau,, +a’au—6aau® =0, (13)
u, +2au, —3a’au, +au,y,, +6au’u, =0. (14)
Substituting the wave transformation
u(x,t)= u(§)=u(x—ct), (15)
into system of equations (13)—(14) we get the following two ordinary differential equations:
(a%a—a®—d)u+(1-3aa)u"+2(1-3az)u’ =0, (16)
(—c+2a—3a2a)u‘+ au™+ 2a(u3)’ =0. (17)

Integrate equation (17) once, with respect to &, yields
(—c+2a—3a2a)u +au"+2au® = L, (18)
where L is constant of integration.

As the same function u(f) satisfies both equations (16) and (18), we obtain the following con-
straint condition:
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3 2
a’a—a“—d 1-3ax
—= ( ) ,  L=o. (19)
—Cc+2a—-3a°«x a
By using condition (19), we have

(a3a2 —da—aza)

c=2a-3a’a— 20
(1-3aa) (20)
We can rewrite second order ordinary differential equation (16) as
3, A2
u"2u® + [Mju -0. (1)
1-3ax
In next subsection, we solve the equation (21) by the sine-cosine method.
2.1. The sine solution
According to method the solution of the (21) can be found by transformation
u(ug) = sin” (pg). (22)
To find sine solution we use (22) and its derivative
U'(u&) == PAsin? (ué) + 1 AP (B -1)sin” 2 (ug). (23)

Substitute (22) and (23) into (21) we get
3 2
M)ﬂsinﬁ (,uf) =0. (24)

— 12 BPAsInG (ué)+ 1P 2B (B —~1)sin? 2 (ué) +223sin® (ug) +( e
Using the balance method, by equating the exponents of sin’ ,(24) we determine S :
pB-1+0,
B—-2=3p = p=-1. (25)
Substitute (25) in (24) we obtain next equation
3, a2
g2 asin(uE) + 202 Asin~3 () + 243 sin3 (ye;)+(%)zsin-l(ﬂg) —0. (26)
—odd

Equating the coefficients of each pair of the sine functions, we find the following system of algebra-
ic equations:

3 2
- ~a?—d
sin? : S PN il iy 27
(4£) HAH (o) 27)
sin? (ug): 2202 +22° =0. (28)

From (27)—(28) we have

3 2 2 2
a’a—a“ —d a“+d-A
=+ , o= , 29
H \f( 1-3ax ) a®—3a12 (29)
where a,d,A are real numbers.

Substituting (25), (29) into (22) and then obtained expression into (11) we have the sine solution of

the Hirota equation
0 (x, 1) = 268 1 gjn 1L 1/M(x —ct) (30)
pm 1-3aa ’

(a3a2 —da—aza) _ a?+d—22

(1-3aa) 7 &-3ai?

where ¢ =2a—3a°a -

2.2. The cosine solution
To find cosine solution we use

u(ué) = Acos” (ué), (31)
and its second order derivative
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U(u&) = —p1 p2acos” (u&)+ 1 2p( S ~1)cos” (us). (32)
Substitute (31) and (32) into (21) we get
ala—a’ -

_ d

—pP BPAcos” (ué)+ pP B (B —1)cos” 2 (ug)+22% cos® (&) +( ™ )Acos? (uE)=0. (33)

Using the balance method, by equating the exponents of cos/, (33) we find g :

L-1+0,
p-2=3p = p=-1. (34)
Substituting (34) in (33) we obtain next equation
2
— P2 cosH(uE)+ 24P Acos (ug) +24°% cos () %_d)/l cos H(u&)=0.  (35)
—3aa

From (35) equating the coefficients of each pair of the cosine functions, we find the following sys-
tem of algebraic equations:

3
aa
+(

ala—a%-d

-1 . 2
cos : —UA+(———)1=0, 36
(ue): At () (36)
cos 3 (ué): 2247 +22° =0. (37)
Solving system (36)—(37) leads to the results,

3 2 2 2

a’a—a“—d a“+d-4
=+ (=7, =2z 38
H==%( 130 G=—5 g (38)

where a,d,A are real numbers.
Substituting (34), (38) into (31) and then obtained expression into (11) we have the cosine solution

- 3 J— 2 —
0y (x,t) = 26/ (@) 4 cos‘l{ % (x— ct)}, (39)
(a3a2 —da—aza) 2 2
where ¢ =2a-3a’a - =2 td-4 .
(1-3aa) a®-3a1’

Conclusion

The sine-cosine method was effectively used for the analytic treatment of the Hirota equation. Exact
solutions were derived. The obtained solutions can have an application to some practical physical prob-
lems. As the Hirota equation is a combination of the nonlinear Schrédinger equation and the complex
modified Korteveg-de Vries equation in case oo =0 we can get exact solutions for the nonlinear Schro-
dinger equation. The applied method can be used in further works to establish more entirely new solu-
tions for other kinds of nonlinear evolution partial differential equations.

The research work was prepared with the financial support of the Committee of Science of the Min-
istry of Education and Science of the Republic of Kazakhstan, IRN project AP08956932.
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TOYHbIE PELUEHUA YPABHEHUA XUPOTA
C NMOMOLLLIO METOOA CUHYC-KOCUHYC

I".H. laiixoea, bl.C. Kanbik6al
Espasutickuli HayuoHanbHbil yHugepcumem umeHu J1.H. l'ymunesa, 2. Hyp-CynmaH, KasaxcmaH
E-mail: g.shaikhova@gmail.com

Henuneiinsle nuddepeHuranbHble YpaBHEHNUS B YACTHBIX MPOU3BOAHBIX MAaTEMaTHUECKOW (PU3HKH
SIBIISIIOTCS. BXKHBIM 00BeKTOM B (u3uke. Tak, u3ydyeHHe TOYHBIX PELICHUH HEIMHEHHBIX ypaBHEHUH B
YaCTHBIX MMPOU3BOJIHBIX MIPAET BAYKHYIO POJIb BO MHOTHUX sIBIICHHAX B Pu3uke. CyniecTByeT MHOXKECTBO
3¢ GEKTUBHBIX U JEHCTBEHHBIX METOAO0B HAXOXKICHHUS TOYHBIX PEIICHHH.

B nmanHOl paboTre uWcciaenoBaHO ypaBHEHHE XHUPOTHl. OTO ypaBHEHHUE SBISETCS HEJIMHEHHBIM
YpaBHEHHEM B YacCTHBIX MPOU3BOIHBIX M MPEJCTABISAECT COOOH KOMOMHAIIUIO HEJTMHEHHOTO YpaBHEHHUS
penunarepa u KomIuiekcHoro MojuduimpoBanHoro ypaBHeHus Kopresera—ine ®puza. Henmuneiinoe
ypaBHenue llpenunrepa siBusercss (GU3NYECKOM MOAETBI0 M BCTPEYAETCsl B Pa3IMUHBIX 001acTIX
¢u3uKy, BKIIOYas HETMHEHHYI0 ONTHKY, (U3WKY ID1a3Mbl, CBEPXIPOBOJUMOCTh W KBAHTOBYIO
MexaHuky. KowmmexcHoe wmomudumnmpoBanHoe ypaBHeHune KopteBera—nme ®puza npumeHsieTcss B
KayecTBE MOJEIH HETMHEHHON S5BOJIOLUM IUIa3MEHHBIX BOJH W INPEACTABISET COOO0H (QHU3MUYECKYIO
MOJIE€Tb, KOTOpasi BKJIIOYAET PacIpOCTPaHEHHE MONEPEUHBIX BOIH B MOJEIN MOJIEKYJISIPHOW IIETIOYKH U
B 0000IIEHHOM yIIPyrOM TBEPAOM TeJIe.
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J1st HaxOKIEHUST TOUHBIX PEIICHUN ypaBHEHUST XUPOTHl MPUMEHEH METOJl CUHYC-KOCHUHYC. DTOT
METOJ SIBJIsIETCS AP(PEKTUBHBIM HHCTPYMEHTOM JUIS [IOUCKA TOYHBIX PEIICHUI HEIMHEHHBIX YpaBHCHUI
B YACTHBIX IIPOM3BOJHBIX MaTeMaTHdeckoil (m3uku. [lomydeHHbIe pereHnst MOTYyT UMETh MPHIIOKEHHE
JUTSE OOBSICHEHUS] HEKOTOPBIX MPAKTUYECKUX 331249 (PU3UKH.

Knioueswie cnosa: ypasuenue Xupomovi, memoo cunyc-kocumyC, peuienue, 00bikHogeHHOe Ougpge-
peHyuanbHoe ypasHenue, ouppepenyuanvroe ypasHeHue 8 YacmHuIX NPOU3BOOHbIX, HETUHEUHOCb.
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