YOK 536.2.001.24 DOI: 10.14529/mmph220204

TENNONPOBOAHOCTb B OQHOPOOHOM NOJIOCE C IUHENHbLIM
U3MEHEHUEM TOJIWWWHbI NMPU TFPAHUYHbIX YCJITOBUAX
NMEPBOIO POOA

A.B. Psixxckux
BopoHesxckul eocydapcmeeHHbil mexHu4eckul yHusepcumem, 2. BopoHex, Pocculickas ®edepayusi
E-mail: ryazhskihav@bk.ru

AnHoranusa. ITonydeHo To4HOe aHAJMTHYECKOe pelllecHHE B KBaApaTypax
HAYaJIbHO-KPaeBoil 3aJa4M JJIsl HECTAMOHAPHOI0 OJJHOMEPHOI0 YPpABHEHHS Te-
ILUIONPOBOJHOCTH € I'PAHUYHBIMH YCJIOBHAMH IEPBOro pojaa s 0eCKOHEYHOI
M0JIOCHI, IPUYEM OJHA M3 €€ I'PAHMI] ABUKETCH C MOCTOSIHHOH 3aJaHHON CKOPO-
CThbI0, YMEHbIAs TOJIUMHY noaockl. IIpenBapuTebHO HCXOAHAA CHCTEMA ypaB-
HEHHUH IyTeM MCIOJIb30BAHMS ABTOMOJE/IbHON 3aMeHbl NPOCTPAHCTBEHHON Iie-
PeMeHHOM CBeleHa K CUCTeMe ¢ HelOJABMKHOM rpaHuueil, K KOTOPbIi NIPpUMeHeH
METOJ pa3ie/ieHUs 3aBHCHMBbIX NepeMeHHbIX. TpeGoBaHue paBeHCTBA HYJII0 KO-
3¢ ¢uuMeHToB nepex NPOU3BOAHOI NMEPBOro NOPSAKAa M0 ABTOMOJeIbHOI Npoun3-
BOJHOH M OTAEJBbHO BXoAsieil pyHkuued B MOAN(PHUIMPOBAHHOM YPABHCHUH B
YACTHBIX NPOU3BOJHBIX NapadoJH4YecKOro TN MO3BOJIMIIO ONpedeaUTh 00LLYI0
CTPYKTYPY pellleHus, COAep:KAallero HeHM3BeCTHYH (YHKIMIO. JTa (yHKIMA
NpeACTaBJECHA CyNepno3uuMeil AByX NMOTEHIHAJIOB, KOTOPbIe CBSI3aHbI MPOIIOP-
HHOHAJIBHO € MOMOLILI0O ABTOMO/C/IbLHON NMEPEMEHHOM, YTO 1aJI0 BO3MOMKHOCTH
YHPOCTHTL MOAU(DHIUPOBAHHOE YPAaBHCHHE M NPHMCHUTH JUISA €r0 pelleHus
KJIacCHYeCcKoe MHTerpajibHoe cCuHyc-npeoOpa3zoBanue ®ypbe. Pe3yabrarsl pac-
4eTOB NPOJAECMOHCTPHPOBAIH JTHUHAMHKY JIOKAJIBHOT0 NPOQUJIsi TeMIIEPATYPHI 110
M3MCHSAIOLICHCS TOJIIHHE I0JI0ChI ¢ IIOCTOAHHOH CKOPOCTHIO, IPHYeM KHHETHKA
CpPeIHEHHTErpaJIbHOM TeMIIEPATypPhbl MOKA3BIBACT, B OTJMYHE OT CIy4as OTCYT-
CTBHUS IBUKEHUS] TPAHUIBI, HAJTHYHE MAKCUMYMA, CMELIA0IIerocs ¢ pocTOM OT-
HOLICHHUSI CKOPOCTH INepeMelleHUs] TPAHUIbl K CKOPOCTH MepeHoca TemloThl Te-
IJIONPOBO/IHOCTBLIO K HEeNOABMKHOM rpanuue. B npeamnoJioxkeHnu, 4To TOJIHHA
N0JI0CHI SIBJsAETCS MapaMeTpoM, 3aAa4ya B HCXOAHOIi ¢opMyJMpPOBKe pelieHa Me-
TOA0M OJJHOCTOPOHHEr0 MHTerpaJbLHOro npeodpasosanus Jlamjiaca no BpeMeHH.

Knouesvie cnosa: ananumuueckoe pewienue; noioca; napaboauveckoe ypasHe-
HUe; NOOBUIICHAA 2PAHUYA, SPAHUYHbBLE YCII0BUS NEPBO2O POOd.

Beeoenue. 1lpoueccol B reOMETpHUYECKUX 00JACTAX C M3MEHSIOMIMMUCS BO BPEMEHH I'pPaHHLIAMH
peanu3yloTCa B Pa3jMYHBIX MPUIIOKEHUSAX. B pakeTHO-KOCMHUYECKON M aBUAIIMOHHOM TEXHUKE — 3TO
yrpasiieHre (GPOHTOM TOPEHHS B TBEPIOTOILIMBHBIX JIBUTATENSX W MOBbBIICHUE 3PPEeKTUBHOCTH absi-
[IMOHHOM 3aIIUTHI 00TEKATENeH JIETaTeIbHBIX allapaToB B ITIOTHBIX ciosix atMocdepsr [1]. B [2] oTme-
YaeTcsl HEOOXOJUMOCTh Y4eTa TeIIONepeHoca P POCTe KPUCTAIIIOB B (DOPMOBKE 3arOTOBOK MX JKH]I-
KOro Meramia. B XuMHuecKkoil M MUIIEeBON MPOMBIIUIEHHOCTH C MOMOIIBI0 TaKHUX 3aj7ad OIEHUBAETCS
ycymka marepuanos [3]. CoBpeMeHHOE IPUMEHEHHE MOA00HBIX TOCTAHOBOK OTMEYAeTCsl B KpHOMEIU-
ruHe [4]. KpoMe Toro, yuuThIBass MaTeMaTHUECKYIO aHAIOTHIO MeXy 3akoHamu Dypee n duka, 6011b-
1I0¥ MaccHB 3ajiay ¢ MOJBIKHBIMY I'paHHUIIAMH BCTpeYaeTcsl pu IepeHoce Macchl auddysueii [5].

CuctemaTtnzauus 1 GopManu3anys MaTeMaTHYECKUX 3a1ad C JIBIKYIIUMUCS TPAaHULAMU ATl pas-
JIMYHBIX TUIIOB ypaBHEHUH MaTeMaTH4eCKO (hU3MKK ObUIN BBHITIOJIHEHHI B [6], i€ OAHOBPEMEHHO OBLIH
0003Ha4YeHBI OCHOBHBIE TIOAXO/BI K PEIICHHUIO TaKMX 3a/a4. B [7] ObUIH MpeacTaBieHbl OPUTHHAIBHBIC
METO/Ibl aHATUTHYECKOTO PEIICHHs IMPOKOT0 Kilacca mapaboInuecKuX ypaBHEHHUH ¢ pa3iinYHbIMU Ha-
YaJIbHBIMA W T'PaHUYHBIMHM YCJIOBUSIMH C ABIXKYIIMMUCS TpaHulamu. [lanpHeiliee pasBUTHE TaKOro
MOJIX0J1a MPEICTABICHO B [8, 9] B KOHTEKCTE MOTyOrpaHMYEHHBIX 00IacTei.

X B nannoii paboTte, nCnonb3ys U0 Iepexoia K HOBBIM KOOpUHA-
TaM ¢ SJlkoOMaHOM OTJIMYHBIM OT HYJIS, B KOTOPBIX HMCXOJHAs 3ajada

l NUEN bopmyupyercst B 061acTi ¢ QUKCHPOBAHHBIMU I'PAHHUIIAMH, PACCMOT-
AN \
| Y

ho PEHO pellleHHe HEeCTALMOHAPHOI'O YPaBHEHWs TEILIONPOBOJHOCTH C
TPaHUYHBIMH YCJIOBUSIMU NEPBOTO poja Ha HEMOJBMKHOW U JBHXKY-
0 HIercs K Hell o HopMai rpaHuie OECKOHEYHON TOIOCH.

Puc. 1. PacuyeTtHas cxema
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ITocmanoska 3ad0auu. PaccmaTpuBaeTcs OeCKOHEUHAs TOPU3OHTaNbHAs IOJIOCAa BBICOTOH h, u3
OJTHOPOJIHOTO MaTepHalia ¢ M30TPOIMTHONW TeMIIepaTypOIpoOBOTHOCTRI0 d. Hawamo xoopawHat pacroro-
’KEHO Ha HWKHEH nokosieiicsa rpanuie (puc. 1), mogaep:xupaeMoit mpu tremneparype t, . B HadanbHbli
MOMEHT BpEMEHH (TeMIIEPATypa IO BBICOTE MOJIOCHI IOCTOSIHHA U TAKKE paBHA ;) HAYMHAET ABUTATHCS
BEPXHsA TPAHULA, UMEIOLIAs OCTOSHHYIO TEMIEpaTypy 1, 10 HOpMaIK B HANPABICHUH HETOBUKHON

TPaHUIBI CO CKOPOCTHIO L =CONSt. B BEIOpaHHOI CUCTEME KOOPIMHAT MaTeMaTHuecKast (hOpMyTUPOBKa
3aJla4uM TaKOBa:

6t(X,7:) 3 th(x,r) _

o ad .
t(x,0)=t,; 2
t(0,7)=ty; 3
t{h(z),z]=1; 4)
(I71s1 OIpeIeNIeHHOCTH MyCTh t) > 1)
h(z’)zho—ur, 5)

rjie 7 — Bpems; X — KOOpAUHATa; t(X, r) — JIOKaJIbHas TeMmrepaTypa B nojoce. [locne BBeneHus 6e3pas-
MEPHBIX 3aBUCUMBIX W HE3aBUCHMBIX IEPEMEHHBIX
0=ra/tg, X =x/hy, T(X,0)=[t(x1)—1, /(4 —15), H(8)=h(z)/hy =1-a0, A=vhy/a
cucrema (1)—(5) mpumet BUI
aT(X,0) 0°T(X,6)

00 X2 ©
T(X,0)=0; ()
T(0,0)=0; ©)

T[H(0).0]=1; ©
H(0)=1-A9. (10)

Pewenue. Cyienan nepexo oT cucteMsl koopzuHar ( X,60) K HOBOIi aBTOMOJEIBHOI CHCTEME KO-
opauHar (&,7) 10 IpaBmIiy
E=1-A9, n=0. (11)
3TOT mepexo]i B3aMMOOTHO3HAYEH BBUJY HEPABEHCTBA HYIIO SlkoOuaHa, mpuyeM 3aBUCHMAsi UCKOMAs
¢dbyHKIIS Oy et

Q&n)=T[X(&m).0(¢m)], (12)

OTHOCHTEIHLHO KOTOpo# cuctema (6)—(10) 3amumiercs ciieyomnmm oopazom:

2 0Q(S.1) Q&) 9°Q(Sm)
(1= ) = A (1 ) = 2 = S (13)
Q(£,0)=0; (14)
Q(0,7)=0; (15)
Q(l,n) =1. (16)
[IpencraBuM (GYHKIIHIO B BUJIE MPOU3BEACHUS ABYX (DYHKIIHUH
Q(&m)=a(&mW (&.7). (7)
ITocne noncranosku (17) B (13) umeem
2
o PEDEHEI ) iz, oo
rue
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2 aa(&.m)
M (&,7) = —AE(1- 19
(&) =—As (= An)+ s o (19)
1 oq(&m) d%a(&m) oq(&.m)
N(&,nm)= —AL(1- —(1- — . 20
&) Q(é,n){ MUA) e e UM )
Bribepem q(§,77) Tak, 4To061 M (§ ,77) =0. DToMy ycIOBHUIO YAOBIETBOPSET QYyHKIUS
a(&n)= C(n)eXpEAéz (1—A77)} , (21)
rae C (77) — HeusBecTHas (PyHKIUs, KoTopas onpezaeneHa u3 (20) takum oO6pazom, 4todsr N (5,77) =0,
TOTaa
C(n)=Y1-4n. (22)
Takum obpazom, u3 (17) u (21), (22) cnenyer
_W (5,77) 1,20, }
Q(i,n)——\/l_:AneXpL Az (- ) |,
otkyaa nocie noacranoBkn Q(&,7) B (13)~(16) ona panchopmupyercs B cucremy wist W (£,77)
_ 2 oW (5’17) _ 62W(§,77) . 23
R @)
W(rf,O):O; (24)
W (0,7)=0; (25)
W (Ly)=I=A7 Anexp{—%A(l— An)} . (26)
Hanee BBeZieM BCIIOMOTaTeNbHYIO (DYHKINIO
V(&n)=W(&n)-U(&n), (27)
YTO TIO3BOJISIET MPEACTABUTH (23) Kak
e[ v(En) aU(En)] oV (&n) dU(En)
(1= 4] { on  on | a2 | a2 (28)
a cTpyKTypa ycioBuii (24)—(26) onpenenser CBsi3b
U(&m)=EW (L), (29)
noaromy u3 (24)—(26) u (28), (29) cnenyer cucrema ans onpeeneHus V (éj , 77)
e V(En) V(&)
=My =5, == 2
1 2 1 A A .
_EgA(l—Aq) (— 7 +E 1—A77Jexp{—z(l—Ai7)] (30)
V(£,0)= —gexp(—ZAj ; (31)
V(0,7)=0; (32)
V(L7)=0. (33)

K cucreme (30)—(33) npumeneHno uHTerpasibHoe cunyc-Oypbe npeodpazosanue [10] mo nepemen-
HOH &
1

O(2.m)= [V (£.7)sin(4,E)dE,

0
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rae A, =zn, n =1,00, koTopoe cucremy (30)—(33) nmepeBout B 3agauy Kormmu:

d , 2
(ij’;" ’7)+(1_ﬂ“;\77)2c1>(1n,77)=l=(f7); (34)
Cos A,
®(4,,0)= 7 ex p(—zj (35)

TIe

F ()= Acosin{ 1 2 AnJexp{—ZA(l—An)}.

Pemrenne (34)—(35) ecth
o
O (/. 17) =eXp| ————— |

A(1- Ay)
cosk, [ A AT A2
1T exp( 7 2]+JF exp[—A(l_An)z}dn . (36)
Opurunain (36)
=2> ®(4,,17)sin(4,€). 37)
n=1

s (12), (17), (26), (27), (37) cneayer okon4atenbHoe pemerue 3aaaqn (6)—(10)

T(X,0) {ﬁw (L6)+ 22@(/1,1,9)x sin(iﬂigﬂ \/1_1=A6exp|:% A(li(—;)} . (38)

KOTOpOE KOppekTHO mpu & <1/A.

Ananus3. Pacuersl mokas3pBaloT, uto npu A=0 (rpaHuLa HE ABMXKETCS) U3MEHEHUE PO(UIS TeM-
nepaTypsl (puc. 2) COOTBETCTBYET U3BECTHHIM pe3ynbraram [11]. B cimygae A>0 (puc. 3) momyueHHbIE
pe3yIbTaThl OTPAKAIOT (U3NIECKYI0 KapTHHY Pa3IHYHBIX IMPOLECCOB [6], mpudeM TpH HU3MEHEHUH
CpeAHEUHTErpAIbHON TeMIIepaTyphl B IMOJI0ce HAOMI01aeTCsi MAaKCUMYM, KOTOPBIH C pocToM A cMeliaeT-
Csl K HETIOJIBIKHOM Tpanwuiie (puc. 4).

B mpenmonoxeHuM, 9TO TONIIMHA TIOJOCHI SBISIETCS MApaMeTpPOM, pelleHUe 3aJa4d B MCXOJHOU
(hOpMyJIMPOBKE C MOMOIIBI0 METO/Ia OJHOCTOPOHHETO peoOpa3opanus Jlarmiaca no € [12] npeacrasie-
Ha B BUJIE:

X 2
- T(X’Q)ZH(0)+H(0)X
S eel-4i0).

H(6)=1-A0; ,un—ﬁn/H(Q) n=10,
" X <H(0).

IIpaBoMepHOCTH Takoro npuema rnokaszana B [13].
3aknwyenue. CBeneHue 3aaud MEPEHOCA Tell-
JIOTHI TEIUIONPOBOIHOCTBHIO B OECKOHEUHOH IoJIoce ¢
nepeMeIeHHeM TI0 HOPMaJld OJIHOW W3 TPaHHMIl K Jpy-
TOH € MOCTOSIHHOW CKOPOCTBIO K 3a7iaye C HEeTOABHXK-
1 HBIMHU I'PaHHLIAMH C TOMOIIBIO aBTOMOJIEJIEHOTO TIpe-
0 ; , \ assassanll 00pa3oBaHMs KOOPAMHAT TIO3BOJISAET IOJIYYUTH e€e

0 02 0.4 0.6 0.8 1
X TOYHOC aHAIIMTHYCCKOC PCIICHUC B KBaApaTypax.

0.4+

Puc. 2. U3meHeHne nokanbHOM TemnepaTyphbl NO Bbl-
cote nonocki npu A=0 AnA pasnuuHbIx 6 :
1-10°2-0,2,3-0,4, 4-0,6;5-0,8
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0 01 02 03 04 03 06
8
Puc. 3. U3ameHeHMe npochuna Temnepatypbl No BbicoTe Puc. 4. U3ameHeHue cpegHenHTerpanbLHOW TemnepaTtypbl B
nonockl npu A=1 npu pasnuuneix 6 :1-10>;2-0,2; 3 - nonoce npu pasnuuibix A:1-0;2-0,5;3-1,0;4-1,5
0,4;,4-06;5-0,8
® — NpUbNMXKeHHoe NapameTpuyecKkoe pelieHue
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THERMAL CONDUCTIVITY IN A HOMOGENEOUS STRIP WITH A LINEAR
CHANGE IN THICKNESS UNDER BOUNDARY CONDITIONS OF THE FIRST KIND

A.V. Ryazhskikh
Voronezh State Technical University, Voronezh, Russian Federation
E-mail: ryazhskihav@bk.ru

Abstract. An accurate analytical solution has been obtained in quadratures of the initial boundary
value problem for one-dimensional unsteady-state heat-transfer equation with boundary conditions of
the first kind for an endless strip, while one of its boundaries is moving at a constant preset speed de-
creasing the strip thickness. Preliminarily, through the self-similar change of the spatial variable, the
initial system of equations has been reduced to a fixed boundary system, to which the method of parti-
tioning of dependent variables has been applied. The requirement that the coefficients before the first-
order derivative must be equal to zero for the self-similar derivative and separately included function in
a modified equation in partial derivative of parabolic type has allowed to determine the general structure
of the solution containing an unknown function. This function is presented as a superposition of two po-
tentials, which are proportionally connected using the self-similar derivative, what has made it possible
to simplify the modified equation and to apply the classical Fourier sine integral transformation for its
solution. The computation results has shown the dynamics of the local temperature profile along the
changing strip thickness at a constant speed, while the kinetics of the average integral temperature shows
(unlike with the case of absence of boundary movement) the presence of the maximum that shifts with
the growth of the ratio of the boundary movement speed to the heat transfer speed by the conductivity to
the fixed boundary. This is explained by the intensive heating up of the strip material in the conditions
of the decreasing of its thickness; meanwhile, with the increase in the boundary movement speed (or
with the use of material with reduced thermal conductivity), it approaches the fixed boundary. By as-
suming that the strip thickness is a parameter, the problem in the initial wording is solved using the
method of the one-sided Laplace integral time transformation. This solution, when using the linear de-
pendence of parameter on time, correlates with the obtained accurate solution, and therefore it can be
used for the preliminary evaluation of the required characteristics of a process under consideration.

Keywords: analytical solution; strip; parabolic equation; movable boundary; boundary conditions
of the first kind.
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