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ANALYSIS OF THE CLASS OF HYDRODYNAMIC SYSTEMS
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Abstract. The solvability of the Cauchy-Dirichlet problem for the
generalized homogeneous model of the dynamics of the high-order viscoelastic
incompressible Kelvin—Voigt fluid is considered. In the study, the theory of
semilinear equations of the Sobolev type was used. The indicated problem for the
system of differential equations in partial derivatives is reduced to the Cauchy
problem for the indicated type of the equation. The theorem on the existence of
the unique solution of this problem, which is a quasi-stationary trajectory, is
proved, and its phase space is described.
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1. Formulation of the problem
System of equations

r Np-1

(L-a&V2)V, =WV —(v-V)V+ > Y A, VA, -V,

m=1 s=0
0=V-v,
oW, — 1)

M0 =vVtaWne,  M=LT,
an,s _ -1 n _1
=Wyt Wyss S=LNg -1 agpeR_, A eR,,

describes the homogeneous generalized model of the dynamics of the high-order viscoelastic
incompressible Kelvin—Voigt fluid [1].

The functions v=(v,...,V,),V; =Vi(x,t), xeQ have the physical meaning of the fluid flow
velocity, the function p= p(x,t) describes the pressure. Here, QcR", n=2,3,4 is a bounded
domain with boundary oQ of the class C*. The parameters veR, and @&<R correspond to the
viscous and elastic properties of the liquid. The parameters A, ¢ define the pressure retardation time.

For the system (1), the Cauchy-Dirichlet problem is considered

V(X,0) =Vg(X), p(X,0) = po(X), Wy s(X,0) =W, (X) ¥Xe,
{v(x,t)zo, mes(x,t)zo V(x,t) e 0QxR, mzl,_r,s=(m

PazpemumocTs 3amaun (1), (2) paccmaTpuBaeTcs B paMKax TEOPHUH TONYIWHEHHBIX YpaBHEHUN
coboneBckoro tuma [2, 3].

The solvability of problem (1), (2) is considered within the framework of the theory of semilinear
Sobolev type equations [2, 3].

)

2. The solution of the problem

The proof of the existence theorem for the unique solution of the problem is that the Cauchy prob-
lem for the semi-linear Sobolev type equation [4] is first studied, and then the original problem is re-
duced to it.

Consider the Cauchy problem

u(0) =u, 3)

for the semi-linear Sobolev type equation
Lu=M(u). 4)
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Here U and F are Banach spaces, operators L e L(U;F) and MeC*(U;F).
Definition 1. The solution of the problem (3), (4) is the vector function
ueC”((-ty;t5);U), ty =ty (Ug) >0,
satisfying equation (4) and condition (3).
Problem (3), (4) is solvable not for all initial data from the Banach space U , and if the solution of
this problem exists, then it may be not unique.

Definition 2. A Banach CX — manifold B is called the phase space of equation (4), if Yu, € B
there is a unique solution u =u(t) of the problem (3), (4) on the interval (—t,,t;).

Definition 3. The solution u=u(t) of the problem (3), (4), for which Lu’=0Vvte (—ty;ty), where
u® =Pu, is called a quasi-stationary trajectory of the equation (4).
Here u=u® +ut, u® cU°, uteU?, U =U@U". P is the projection of the Banach space U onto
uo.
Let the operator L be bi-splitting, its kernel kerL and image im L be complemented in the spaces
U and F respectively. Denote by MfJO € L(U;F) the Fréchet derivative of the operator M at the point
U, €U and introduce into consideration the chains Mﬁo— associated vectors of the operator L, which

we will choose from some complement coim L to the kernel kerLin the Banach space U. Consider
the condition
(C1). Regardless of the choice coim L any chain Mﬁo— associated vectors of any vector

@ kerL\{0} contains exactly p elements.

Denote by L the restriction of the operator L to coim L. By virtue of the Banach closed graph
theorem the operator L:coim L —im L is a toplinear isomorphism. Let ug =ker L and construct sets
Ug=AUgl, g=1p, where A=0C'M| . Sets UJccoimL are linear spaces, the image
Fy =M [U}] is a linear space, and Fy mim L={0} (under condition (C1)).

Let us introduce one more condition

(C2). Fy®imL=F.

Equation (4) can be rewritten in the form

Lu =My, u+F(u), (5)
where F=M- M(JO e C*(U;F) by construction. Having influenced the equation (5) successively by the
projectors Q :F —F; (F =My, [U3],a=1 p) and | —-Q we obtain the equivalent system

Luf =M}, ug +Fy(u),

Lud =My, ud 4 +F,y(u), (6)

VTN
0=M,, up +F,(u),
Lu' = (1 -Q)M(u),
where ug eUg, F, =Q, F(u)+Q, M/ u*, g=1p, u'eU",
Lemma 1. Let the operators LeL(U;F), MeC”(U;F), and L be a bi-splitting operator, and

conditions (C1) and (C2) be satisfied. Then the equation (4) is equivalent to the system (6).
Remark 1. Under the conditions of Lemma 1 the operator Mf,o (L, p) is bounded at the point u,

[5, 6].
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Let us find solutions to the problem (3), (4). To obtain quasi-stationary trajectories from the set of
possible solutions to the problem (3), (4), we introduce one more condition.

Let us consider the set U ={ueU :ug =const, =L_p}. U is a complete affine manifold, modeled
by the subspace Ug ®U*. Let the point u, €U, by O, U we denote the neighborhood of the point
Uo-

(C3). Fy(u)=0 VueO,,q=Lp.

Theorem 1. Let

(i) the conditions of Lemma 1 are satisfied;

(ii) point u, € B, where B ={u €U :Q, M(u) =0};

(iii) condition (C3) is satisfied

Then there is a unique solution of the problem (3), (4), which is a quasi-stationary trajectory, and
u(t) e B Vvt e(—t,,tp).

As in [7], we pass from the system (1) to the system

r nm—l
(L-a&V2)V, =WV —(v-V)V+ > > AL VW, - P,
m=1 s=0
0=V(V-v),
ow _
M0 =V oW g, m=1,r, (7
at il
O = SW o g + W, P
o Mmsat@nWnss=Tn 1 g, eR., Ay eR,

We will be interested in the local unique solvability of the problem (7), (2).
Let us reduce problem (7), (2) to problem (3), (4). For this we set

U=V, F=@,F, K=n+n,+--+n, (8)
Where Up=H2ZxHZxH,, Fy=H, xH,xH; U =HZnH' = HZxHZ,
F=L2=H_xH_, i=1,K. Here HZ2 is the subspace of the solenoidal vectors of the space

H2AHY, HZ=W2(Q)", H'=W}(Q)"; H2 is orthogonal (in the sense L*(Q) = (L*(XQ))")

complement to H2; H_ and H_ — are the closures of the subspaces H2 and H2 in the norm L2

o

respectively, H, =H_ X:1°(Q)—H, is the orthoprojector along H,. Then TeL(H*~H"), and
imX = Hf,, kerx = Hﬁ. The element of space U is a vector t(x,t), it has the form
U(X’t):(uo-vu;r’up’Wl,O""vwr,Ov\N.l.,l’""\Nlllv""Wr,l’ ...,Wr|r),

where u, =3v, u,=(1-%)v, u,=p, I =n.—1, s=1,r and

SOy = 0 0 0 0 0 0
u(o)_(uoo'uﬁo’upo'W1,0'""Wr,O'Wl,lv""Wl,Il'""Wr,l""'WrIr)'
where
Ugy =2V, Uz =(1=E)Vg, Up =P, Wip =Wip(x,0), i=1,1; wy=wg(x,0),

i=1r, j=11; G(xt)=0 V(xt)eoQxR.

1 I

Operators L, M :U — F are defined by formulas
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ZAX 0 00 0
0 IMAIT 0 O 0
0 0 00 0
L= : )
0 0 0 1 0
0 0 00 - 1
where IT=1-%, A, =1—aV?. Note that L is the order matrix K +3.
M (U) = MU + M, (1), (10)
where M, is a matrix of the form
AR 0 Ak e Aok AR e AR e AR
AR Sl AR Ak AR e AR e AR
>C ITIC O o -~ 0 o - 0 - 0
I I 0 o - 0 0 - 0 - 0
I I 0 0 a, 0 0
0 0 O I 0 o 0
0 0 O 0 0 0 o 0
0 0 0 o - 0 o - 0 -«

Here A=3A, A=TIA; C(u, +u,)=V(V-(U, +U,)).
The operator M, has the form M, =(ZB(u, +u_ )+ f_,TIB(u, +u_ )+ f_,0,...,0)", where
B(u, +u,)=—((u, +u,)-V)(u, +u_).
Lemma 2. Let spaces U, F be defined by formulas (8), and let n=2,3,4, and operators
L,M :U — F bedefined by formulas (9), (10). Then: (i) operator L e L(U;F), andif & * ¢ o(~V?), then
kerL ={0}x{0}xH , x{0}.. {0}, imL=H, xH_ =x{0}xF x...xFc; (ii) operator M e C*(U;F).

K
The statement (i) of Lemma 1 is obvious, and the statement (ii) is checked directly.
M| =M; + Mg, (11)
B, 3B, O
where operator M, is defined above, and M;=|TIB, TIIB, 0|  Here B, (B,) is the Fréchet
0 0 0
partial derivative of the operator B at the point u,+u, mo u,(u,). Obviously,

vn>3 vueU M{"=0 [7].
We have reduced the problem (7), (2) to the problem (3), (4).
Next, we check the feasibility of conditions (C1)—(C3). Denote by A, the restriction of the

operator SA,Y to H2.

Lemma 3. Let the conditions of Lemma 2 be satisfied, and ker A, ={0}. Then each vector
@ ekerL\{0} has exactly one M, is associated vector, regardless of the point u eU.

Proof. Let the vector ¢=(0,0,¢,,0,...,0)ekerL, ¢, #0. Find the vector y eU such that
Ly = M/ @. From (9) and (10) we have
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A&ol//a =0, HA&VIH = ~Pp - (12)
We get v =0, v, =—HA;1¢p, the component y , of vector y is arbitrary, and the remaining K

components of the vector y are equal to zero. My ¢imL, since Cy, #0, if v, #0 [6]. @

The condition (C1) is satisfied for p=1. Now let's check condition (C2). Denote by A, the
restriction of the operator TTA;'TT to H .

Lemma 4. Under the conditions of Lemma 3, the operator A, :H_—>H?2 is a toplinear
isomorphism.

By virtue of Lemma 2, the operator L from (9) is bisplitting. Let ug =kerL,
coimL = H2 x HZ x{0}xU; x...xU,.

Let's describe lineals

Fy = M;O[ug] ={0}x H , x{0}x{0}x...x{0} = {0}x H . x{0}x{0}x...x{0} <imL,
K K

U7 = CHRe1=ZAZH g 1x Ag [H  1{03 < {0} x ... x{0} =
K
SAI AL [H21x HZ x{0}% {0} x...x{0} = coimL
K
by Lemma 4; R’ = M| [U7']=ZBoA;'TH 1 TIByAL'[H , 1x CAZ'[H 1< {0} x....x{0}.
K

Let C be the restriction of the operator C to H,f. Since there is an operator C! [6], then by

Lemma 4
R0 =3By Ag AnrC T H  IxTIByAZ A C T H J1x H |, x{0}x...x{0} & imL.
K

Here and above B, is the Fréchet derivative of the operator B at the point u_q +u_,, and the operator
L is defined from (9).

The operators P, and P, have the form of matrices
0 0 0

° 0 0 R* 00 0
0000 0 L '
LRI N PO ”
00 00 0l _ Y (13)
0000 - 0 0o 0 00 -0
where B = A_'ALIT; and the operators are Q, and Q, respectively
13
o o o0 o0 --0 00 123 0 0
R AL PO
0 0 0 0 - 0] , (14)
. . . .o . 00 0 O 0
6 0 0 0 . 0 S
00 o o0 -0

where Qi = XByA; Az C T, Q = TTByA, A, C 1L QF = —TTA, ALY, Qf° =-Q5°Q° - QP
The operators B e L(U) and Q. eL(F),k=0,1, defined in (13), (14) are projectors, and

imR, =U?, imQ,=F%,k=0,1 and PRR=RPR=0, QQ=QQ=0. kerQ =imL and
F% @im L =F, condition (C2) is satisfied.
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To check condition (C3) we construct the set
U={ueU: Ru =const}={ueU :u, =const}.
The condition (c3) consists of the only equality
QM () = (Q*C(u, +u,),Q¥C(u, +u,),C(u, +u,),0,...,0)" =0,
which is executed if u_=0. If U={ueU :u_ =0}, then the condition (C3) is implemented.
Let us construct the set B. According to Theorem 1, B={ueU:Q,M(u)=0}. For

u, =0 QM (U)=0< (QF'=+IT)B(u,)—u, =0, and

QT T +I1= ATIA'S + A TIATT = ALTIA (15)
then

1,K}. (16)

B={u U : A TIAN(B(U,)) =y, u, =0,u, e HZ u e H2 xHZ | i
Notice, that
AL A, S +TIATIAS = TIAN(ZA, +T1A,)2 =0,
TAZ AL S = — AL TIAE  ATIACIAL T = TIAS  AGTIACTE = TIA AL S = Q'S

Theorem 2. Let the conditions of Lemma 3 be satisfied Let u,eB (16). Then, for some
ty =ty(uy) , there exists the unique solution of the problem (7),(2), which is a quasistationary

trajectory, u=(u,,0, P, wlo,...,wro,vvll,...,vvlll,...,wrl,...,wﬂr) of classC”((—t;,t);U), and such
that ueB forall t e (—ty,t,).
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AHAINN3 OQHOIo KNACCA rngPOAUNHAMUYECKUX CUCTEM

ol Mameeesa', T.I'. Cykayesa'?
Hoeeopodckuli 2ocydapcmeeHHbIl yHUsepcumem um. Spocnasa Mydpozo, Benukuli Hoez2opod,
Poccutickas ®edepauusi
% KOxHO-YpanbcKuli e2ocyl@apcmeeHHbil yHugepcumem, 2. YensbuHck, Poccutickass ®edepayus
E-mail: oltan.72@mail.ru, tamara.sukacheva@novsu.ru

AnHoTtanus. PaccMmoTpena paspemmmocts 3anaun Komu—/{upuxie ayis 0000IeHHOW 0THOPOIHOM
MOJICNIN JUHAMHUKU BS3KOYNPYroi Hec:kumaeMmou skunkoctu KenbBuHa—@oirTa BBICOKOTO MOPSAKA.
[Ipu uccrienoBaHny UCIIOIF30BaHA TEOPHS MONYIHMHEHHBIX YpaBHEHUI COO0IEBCKOTO THITA. Y Ka3aHHAS
3agada 4Jisi CUCTEMBbI I[I/I(b(i)epeHHI/IaJIbHI)IX ypaBHeHI/II\/'I B YaCTHBIX MNPOU3BOAHBIX CBOAMTCA K 3aaadc
Komm JJI1 YKa3aHHOI'o0 THIla YpPaBHCHHA. I[OK&?)aHa TeoOpeMa O CYHIECTBOBAHUH CAWMHCTBCHHOI'O
pelieHnsT yKa3aHHOW 3afjadd, KOTOPOE €CTh KBa3WCTAllMOHApHAs TPAeKTOpHs, OMHCAaHO ee (pa3oBoe
MIPOCTPAHCTBO.

Kniouesvie cnosa: ypasnenue cobonesckoeo muna; @azoeoe NPOCMPAHCMBO; BA3KOYHPY2as
HecoHcuMaemas HCUuoKoCme.
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