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MATPUYHAA 3AO0AYA AMNMNPOKCUMALIUK NAQE
KAK KPAEBAA 3AAYA PUMAHA

B.M. Adykoe
B pa6ore naercsi HOBOe onpeae/eHne annpoxcumanuu Hane ans marpudHoro cre-
NEHHOro Psiia, OCHOBAHHOE HA AHAJIOTHU C NIPOLIEAYPOil ITOCTPOECHUS KAHOHHYECKOH
GyHKUHM KpaeBoi 3agaveit Pumana ansa sektopa. IlokaszaHo, 4TO 3aaava anmpok-
cumanuu Ilajge cTaHOBUTBLCSE Moce 3Toro 3apadeil paxkropusauun Bunepa — Xonda
AJis 6J109HO-TPeyroJibHOH MATPHIUEI-PYHKIHM CIIEHHA/ILHOIO BHAA,
1. Beenenne

Matpuynele annpokcumauuu Ilane npencrapsisior 00AbHIOR HHTEPEC B CBA3HM C MHOTOUHCICHHBIMH
IPUMEHCHUAMU. 3TH NPUMEHEHHA B OCHOBHOM OTHOCATCS K TeopeTuueckoh dusuke [1], ocobenno k
SAepHOH (uU3HKe U (U3HKE TTEeMEHTApHbIX 9acTHL [2]; B MaTEMAaTHYECKOH TEOPHH CHCTEM 3aJavya MH-
HUMaJIbHOH YaCTHYHOW peayn3auMy SKBHUBAJICHTHA 3afade MOCTPOCHHS MaTPHU4HBIX ATNPOKCHMALMA
[Tane B GeckoHeuHo ypaiteHHOW Touke [3]; B UMCIEHHOM aHalM3e MaTpHuHble anrnpokcumaunu [lage
HCIIONIB3YIOTCH A/ YCKOPEHHS MEIJIEHHO CXOASLIMXCH BEKTOPHBEIX M MATPHUHBIX IOCIEOBATENbHO-
creit [4-6].

QopmanbHbIH MEpeHoC KIACCHYECKOro onpegenenus anmpokcumauuit [ane no ®pobenuycy u on-
penenenys belikepa Ha MaTpPHYHBIH cmyval He npeAcTaBadeT Tpyaa ¥ Obll npojenaH B psiae pador [2],
[7-10]. HexoMMyTaTHBHOCTD YMHOKEHHS 0COOBIX MpolieM HE AOCTaBJIAET W MPHUBOMWUT JIHb K HEOO-
XOJUMOCTH pa3nuvaTh Npasble U Jersle annpokcumanuu [laje.

Kunaccuueckoe onpepnenenue (nparoi) MaTpuuHol anmnpoxkcuManyiy [age asnsercs xanbkol onpe-
AeneHua ckanspHoil annpokcumaty [lane no @pobeHuycy M BBIMISANT CIIeyIOMMM 00pa3oMm.

0
[ycrs a(z) = Z az', a € C’™, - (popManbHBIi) CTENICHHOH P C MATPHUYHBIMH KO3bdHLHEH-
1=0
tamu. 3aece C7™ — MHOXKECTBO BeeX KOMITIEKCHBIX MaTpULL pasMepoM pXq . [lpasas mampuunas
annpoxcumayus  Ilaoe tanma  (n,m) pns a(z)  ecTb  pauMoHatbHAd  MATPUUA-(YHKUHA
-1
m, . (2) =P, (2)0,, ()" Takas, uro marpuunsle Muorounenst £, (z), O,,(z) pasmepom pxq u
¢ X , COOTBETCTBEHHO, YAOBICTBOPSAIOT CIICIYIOLIAM YCJIOBHSM:
R R
I degPl , (z)sn, degQ, (z)<m;

n,m

2. detQ' (2)#0;

n,m

3. a(2)Q, . (2)- P/, (z) = oz, z—-0.
Ec/v 10TONHUTENBHO BEINONHAETCA yenosue beitkepa
4. detQ" (0)#0,

n,m

TO ycI0BHe 3 MOXKeT GbITh IEPEenicano B cireayiomeit SKBUBaIEHTHOR dopme:
* R _ n+m+1
3* a(z)-nm, ,(2)=0(E"""), z—>0.

L
n,m

Jlerast aninpokcumauwst [lane 7z, (z) onpenenserca aHanornaHsiM o6pasom.

[TpuHUUIIMATIBHEIM OTIIMYHMEM OT CKalISpPHOrO Ciiy4as SBJSIETCS TO, UTO AN p # ¢ KjlaccHyeckas
arpokcumMaris Ilane (B emoicie GpobeHnyca) He BCerja CyUleCTBYET, OCKOJIBKY COOTBETCTBYIOIIAS
OJHOPOJHAS CHCTeMa Jisl onpeseneHus koddrupenTos 3Hamenarens O, , (z) MOXKeT He UMeTh HeHy-

nesoro peulenyis. Eciu npasas u esas annpoxcumauyu [lage Tuna (#,m) cyuecTByioT, T0, XOTs MHO-
rounenst P* (z), QF (z) Haxonsrcs, Boo6luie roBops, HEGIMHCTBEHHBIM 00pa3oM, CAMH PallAOHAb-
n,m 4 i A ? B p ’ 2\ p ? p 1

Hble MaTpuLisl-pyHKuun 77, , (2), 7, ,(Z) eAMHCTBEHHBI U COBMAAAIOT.
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Kak Kpaesast 3adava PumaHa

Marpuunas annpokcumauus ITage 8 cMelcnie befikepa MOXeT He CYLIECTBOBATL H B ClIydae p =¢ .

Heobxoamumble 1 ocTaTOYHbIE YCIOBHA €€ CYLIECTBOBAHUA M €IMHCTBEHHOCTH MoIy4eHsl B paboTte [9]
Ans ksaapatHoro u B [10, 11] ans npamoyronsHoro ciry4daces.
B BeimenpuseneHHex paborax Mpu onpefenedud annpokcuManuy Iange ncnons3osanace ToNeko

0/lHA CTETICHD: CTENEHb MATPUYHOIO MHOTOWIEHA. DTO 03HAYAET, YTO BCe dneMenTr! yncsmrens P, (2)

¥ 3HameHarens O, (z) paccMaTpHBaNINCh Kak CKaNAPHBIE MHOTOWIEHBI OJHOM U TOM e (opMabHOM

CTENEHH N WIH M, COOTBETCTBEHHO. [Ipyron kpaiHuM CiIy4all, KOraa BCE€ 3JIEMEHTBI 3TUX MATpPHI
HMEIOT MHAWBHAYANBHYIO CTEMEHb, OCYIECTBIACTCA B OMpPene]eHHH COBMECTHBIX annpoKkcHmarnui Ila-
ae (cMm., Hanpumep, [12]) U B onpeneNicHUH COBMECTHBIX NPHONMDKEHHH HECKOIBKHX JIMHEMHBIX
dopm [13].

PazymHbIfi KOMIIpOMUCC MEXAY 3TUMH ABYMS KpalHHUMH cilydadMu ObLT rmpeanoskeH B pabote A.
Byarxuna w M. Ban bapena [14], B koTopoit npeanaranock QUKCHPOBATL CTENEHH CTPOK (M cTonb-

LOB) MaTpUyHbIX MHOrouneHoB P, (z) u Q,, (z). B Heil noapoGHO M3yUeH MATPHUHBIA alrOPHTM

EBkinaa ag nomyueHus anmpokcumanuii Tlage, pacronomeHHbIX Ha aHTUAHaroHasax tabnuuet Tlane.
Pauee stor anropurm Obut nipemnosked A. Anronacom [15]. Unes A. Byntxwna n M. san Bapena uc-

MoNb30BaTh cTerneHu croibuos wiu crpok O, , (z), mpuueM BHIOMpaTE MX [0 BO3MOXKHOCTH MHHH-

ManbHBIM, 6YAeT NpUMEHeHa 1 B 5ToH paboTe.
Yenosue MuauManbHocTH crenedn (), () B CKanspHOM ciTyuae MCTIOIB30BATIOCh aBTOPOM B pa-

6ore [16]. Ilpu aTOM OKa3anock, YTo 3aja4a ckajuspHoH annpokcuMauuu Ilane apnsercs vacTHeIM ciy-
uaeM KpaeBoil 3agauu PyMana 1715 BeKTOpa ¢ TpeyrojsHOH MaTpULEH BTOPOro nopsiika.
OTMeTuMm elie OlMH HeManoBaxHbli dakT. i cxandpHeix annpoxcumaumi [age nobasnenue

KITaCCUYECKOMY OIPEACACHHUIO YCJI0BHA MHHHUMANBHOCTH CTEINCHH 3HAaMEHATeIa Qn m(Z) [NpUuBOAUT K

Haubosee rpuemMiIeMOMY OTIpeJeNIeHHUI0, ITOCKOJIBKY Tenepb annpokcimanus [lane Beersa cyiectsyer,
eJMHCTBEHHA, €€ 3HAMEHAaTeNb ONpeACNsercs ¢AHMHCTBEHHBIM 06pa3oM ¢ TOMHOCTBIO JIO MOCTOAHHOTO
MHOXHUTENs. SIcHO, uTo anmpoxcumanus [Tage B cMbIciie HOBOrO ONpPEAEEeHHs ABISETCS W KilaccHue-
ckoit. Kpome Toro, oHa aBromMaTtudecku yJOBIETBOPAET yCJIOBHIO belikepa, ecnu TONBKO AJISl ampoK-
camupyemMoit GyHKUMM cylecTByeT ampokcumanus [lage B cMeiciie befikepa. Takoro xopouero omnpe-
JA€NeHUs B MAaTPUYHOM CJTy4ae IIOKa HeT.

B aToii pabore Ml ganuMm Gosee ofinee ornpefeseHHE MaTpUuHbIX annpokcuMaumii Ilajge, yem
KiaccHueckoe. Bo3aMOXKHO, UTO OHO YHOBJETBOPAET BCEM BBILENECPEYHCICHHBIM YCIOBHAM I XOPO-
wero onpeaeneHus. [loka 370 NOJHOCTRIO He AOKA3aHO. B HameM Mojaxoe MaTpUUHbIE allMpOKCHMa-
unu age onpenensoTes ¢ NOMOINBIO KAHOHHYECKOH CUCTEMBI PELIEHHH HEKOTOPOH 3a1a4H BEKTOPHOH
annpoKCHUMaLlMH, KoTopas OyJEeT NOJNHbIM aHaTOroM KAHOHHYSCKOH CHCTEMEI KpaeBoOi 3agaun Pumana.
Bonee Toro, hopmasnbHas aHaIOrMs UMeEET Ha caMoM Jefie IIyOOKHE KOPHH, ITIOCKONBKY Jajiee Mbl I10-
Ka)KeM, ¥TO 3a/laya annpokcuMmaimi [lafe siBriseTcs YacTHBIM CiyvJaeM Kpaesoi 3agaud Pumana ¢ mar-
puLeii 6:104HO-TpeyronbHOro Buaa (3afaun daxropusaimu Bunepa — Xonda matpuu-¢pyHkuuit). Lens
JAHHOM paboTkl ~ MTOAYYUTH ATOT PE3YNbTAT.

31aech Mbl He NPHBOAMM HUKAKUX TPHUMEHeHHH OOHapy>KEHHOW CBA3M MEX[IY amnipOKCHMALMSMU
ITage v xpaeBoit 3apaueit Pumana. OTMeTyM, OJHAKO, YTO METOJ, C OMOILBIO KOTOPOro MEI NOTYy4YHM
3Ty CBA3b (METO/ CYLUIECTBEHHBIX MHOTOWIEHOB [17]), siBgeTCS OAMHAKOBO 3Q(PEKTHBHBIM KaK NPU AB-
HOM noctpoeHHr dakTopusauun Bunepa — Xonda maTpvu-QyHKIuMi [18], Tak ¥ NIpH HCCieA0BAHUM
CXOAUMOCTH MaTpuuHbIX [19] 1 ckanapusix [20] anmpoxkcumanyii Iane.

2. 3anaua BexTopHoii annpoxcnmanun Ilane 0 ee KaHOHMYECKana cHCTEeMA
Ecnu nepenucarh yeiosue 3 KIaCCHYECKOro ONPEAE/ICHUA B BHAE

(2)Q, ,(2) = P,,,(2)(modz""),

r7ie paBeHCTBO 10 Moayao z™'" o3HavaeT cosmajeHke koaddunuentos npu 1,z,...,z"™", To cneuua-

JMCT B OOJIACTH KPaeBbIX 3a/a4 JUis aHAMTHYECKUX (QYHKUUH cpasy oOHApY:KUT (OpMAabHYIO aHalo-
THIO ¢ OAHOPOAHOM Kpaesoil 3agaueii Pumana (cM., Haripumep, [21]). Taxum o6pazom, 3anady Haxoxie-
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HHs Napbl MHOIOWICHOB (an (2),0,., (Z)) MOXKHO PaccMaTpUBaTh KaK HEKHi KOHeMHOMEpPHBIH aHAJIor

OJHOPOAHOH BeKTOpHOM KpaeBoii 3a1a4n PuMana.
Tonb3ysce 310l GoOpManbHOH aHanorvel, HauHeM C OTpEAC/IeHHs CleAyloleil BEKTOpHOH 3a1aul
anrpoKCHMAaUHH.

@w
Oupenesenne 1. Ilycms a(z) = Z az', a, €C” mampuunvii cmenennoii psd u n,m — npo-
1=0
U3GONbHBLE HEOMPUYAMENBHBIE Yelble YUCIA.
3adaueii npasoil éexmopnou annpokcumayuu muna (n,m) ons a(z) Hazosem 3a0a4y OMbICKAHUA

napel eexmopnsix (cmoabyoseix) miozouneros P, (z)e C™'[z] u Q,,(z) e C™z], Q,.(2)#0,

YO08IEMBOPAIOUIUX YCROBUAM

degh, ,(2) <k, degQ, . (z2)<k-n+m
npu nekomopom k, n—-m<k <n+m, u maxux, wvmo
a(2)Q,,,(2) = B, ,(2) = 0(z"""), z—0. M
Yucno k Gyoem nazvieams nopaOKomM peuienus (PM(Z),Q”’," (z)) smoii 3adayu.
3neck, Kak OOBIYHO, Mbl CUHTAEM, YTO ©CJIH CTENeHb MHOTOWIGHa OTPULATENbHA, TO MHOTOMJIEH

TOXIAECTBEHHO paBeH Hymo. OrpaHuveHus, HajaraeMsle Ha (OpMasibHbIE CTENEHH BEKTOPHBIX MHOIO-
unenos P, (z), O, ,(z), Beibpanbl Takum 06pasoM, 4TOGEI MPH HaXoxaeHHH MHorowiena O, ,(z)

nm

s oboro peilieHus THNa (n,m) MCNOAb30BaNach OJHA M Ta K€ [10C/IE0BATENBLHOCTD

n+m >~ o
il = {an_m+l,...,a” m} ko3 duuuentos paga a(z). JAcHo, ¥TO [UIA KIACCHYECKOH MpaBoi anmpok-

a

cumaunn [Tane kaxnas napa cronbuos P, (2), O, (z) obpasyer pewenue nopsijka n .

[Topsanok pemenus TOH anmpoKCUMALMOHHOHN 3aa4d ABJIAETCH aHATIOTOM Topsiaka Ha GeckoHed-
HOCTH peLlieHus] OAHOPOJHOW KpaeBoH 3afaud Pumana [21]. OaHako, B oTiHuHe OT NoCieqHel 3a1a4uH,
Mbl JOJDKHBI HCTIONB30BaTh (OpMasibHbIE CTENEHH BEKTOPHEIX MHorouneHos P, (z), O, (z). Io-

5TOMY NOPSAOK HE OnpeaeseTes ONHOZHAYHO: I000e pelleHne NOPAIKA K ABJSeTCS TakkKe pellleHHEM
moboro Gosbluero, ueM £ , nopsiaxa.

3apava BEKTOpHOM annpokcuMauuu Gnu3Ka K 3a/1ade O COBMECTHOM MPUOIIHKEHHH HECKOMBKUX
NuHeHHbIX GopM (B 4acTHOCTH, K 3aja4e O COBMeCTHBIX anmnpokcuMauuax Ilage) {13]. Ho B namem
ciydae, KaK y)Ke OTMEHANOCh, 3a/lal0TCS BEPXHHME FPAHHLBI A CTEHEHEH BEKTOPHBIX MHOTOWIEHOB
P, .(2), Q,,(2),aHe nna cTeneHel KaX/0r0 3NEMEHTa STHX MHOTOUJIEHOB, Kak B pabote [13].

n+m

k41 _k+2 ~ -
CpasuuBas koddduumentst ipu 2, 2" ... z"™ B neBoil u npasoii uactax ypasHenus (1), nerko

‘ .
NPOBEPHTH, YTO BeKTOp-cToNben (qo,ql,...,qk_,,m) , COCTABJICHHBIN M3 KO3((QHLUHEHTOB BEKTOPHOrO

k—nt+m

muorowntena 0, (z2) =q,+qz+..+q,_,,.2 4, € C?, npunagnexur sapy GNOUHON TeMHLE-

BOH MaTpHLbl

Ay a4 -
T ( n+m _ Gra G e Gy
PRI UMY b . s : >
Qpim an+m—-1 e @y
COCTaB/EHHO! U3 9JIEMEHTOB IIOCHe0BATENEHOCTH a, ., . Muorounen xe P, (z) ierko BoccTaHas-
n+m n+m
nueaerea no O, , (z). Tak kak npu nepexone ot marpunst 7, (a,”,' ) x T, (a,”. ) umncio cron6uos

YBEJINYHBACTCA, 4 HACJAO0 CTPOK YMEHBIIACTCA Ha €IMHALY, TO, HAUMHAaA ¢ HCKOTOPOro nopsaaka k= K,
paccMmaTpyBaéMas BEKTOpPHAA 3aZata allpOKCHUMallMH BCerjia 6y,aeT HUMETH PENICHHUE. B CKaJIsIpHOM
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Kak kpaeeasi 3adavya PuMaHa

-1
ciyyae pauuonanbhas apobs P, (z)(, ,(z), COOTBETCTByIOMIAs PELIGHNIO ITOTO MUHMMATBHOTO TIO-

psiaka, v Gyner annpokcumariueit Ilage Tuna (n,m) B cMbiciie HoBoro onpeesnenus [16].
B marpuuyHoMm ciyvae, N0 aHaJOrMH CO CKalAPHBIM, Mbl TOCTPOMM AJs 3adauu (1) maHHoro Tuna
(n,m) cucremy pelieHHH MHHHMATEHO BO3MOXKHBIX [OPSIKOB. 3aTe€M U3 NePBLIX § BEKTOPHBIX perle-

HHii cocTaBUM MaTpuuHble MHorowrenbi (,,(z) ¥ naitnem no HuM P (2z). DTa napa MaTpHUHEIX

MHOFOUJIEHOB M JIaCT pelIeHHE 334 MaTpHYHOM annpokcumanmu [Taje. Jlns CymecTBOBaHMS MaT-
o W -1

puuHOit paumoHanbHOM apobu Py, (2)Qr,(2)” Heobxomumo, uTOGHI BBIIONHANOCE YCIOBUE

detQ’ (2)#0, T.e. 4roObl NEPBblE § BEKTOPHBIX pelieHHi ObINK JIMHEHHO HEe3aBHCHMBI HAZ MOJIEM

1",

pauuonanpbix GyHxunii C(z). fcnHo, 4TO 3TO yCTIOBHE HKBHBANEHTHO OTCYTCTBHIO JIMHEHHBIX 3aBH-

cuMOcTell ¢ ronuHoMuanLHEIMY KO3 dHIMeHTaMy Mexay cronbuamu matpuust O (z). Opuako npu

n,m
TAKOM MOAXOJE K ONPEAEeHUO CHCTEMbI MUHUMAIBHBIX PEIUEHHH MBI HE MOXKEM TOJY4HThL Gonblue,
ueM ¢, nuHeiHo HesasucumbiX Haj C(z) pemenuii. Kak mokasbiaeT yxe ckanapHplii ciyuaif [16]

3TOro It HallKX LeneHd nemocrarouHo. B yacTHoCcTH, cBs3k Mexty 3anaueil anmpoxcumauun [Tazge u
kpaeBo#H 3anaueii Pumana Toraa He yaanocs Obl yCTaHOBHTS.

IHoaToMy npu onpejeneHu KaHOHHYECKOH cucTeMsbl OyaeM TpeGoBaTh OTCYTCTRBUS MOJIMHOMHAIb-
HbIX 3aBUCHMOCTEH C OrPaHHYEHMIMH Ha CTENEHH KOoa(@uLMeHTos. DTH orpaHudeHus GynyT chopmy-
NIMPOBaHbl B NPOLECCE NOCTPOSHMS CHCTEMBI MMHMMalbHBIX pewmeHuii. Tak kak mbl Oynem paccMarpu-
BaTh GUKCUPOBaHHbIH THM (1, 7), A1 YTIIPOLIEHUS 3anMcH OyAeM OIycKaTh uHaeke (m,m).

Iocne 3Tux NpeaBapUTENbHbIX COOOPaKEHHH MPUCTYMHM K TIOCTPOEHHIO BBILIEYIOMAHYTOH CHC-
TeMbl MUHUMAJIbHBIX pelieHHH. Kax y)e 0TMeuanocs, cpeay Beex pelleHHi 3a71a4n NpaBoi BEKTOPHOIM

aNMPOKCUMALMK CYILECTBYIOT PEelieHNs MUHUMAIBHOrO Topsiaka k. Beifepem moGoe n3 sTux pelue-
HHUit 1 0003HAYKM ero (P,'(z),QI (z)). Cpenn Beex peieHui 3a1a4n nopaaka k , Ans KOTOPEIX BEKTOP-
Hbiit MHorouned ((z) me npeacrasnserca B Buae q,(z)Q,(z), rae ¢,(z) — ckanspHbI MHOTOMIEH OT
z crerienu He Beille Kk — K, BeiOepeM oGoe pemeHye HAMMEHBLIEro NOPAAKA K, = K, ¥ 0603Ha4UM
ero uepes (Pz(z), 0, (2)) . Ilponosmxnm aToT npouecc, BuIGHpas cpeu pelueHnil 3aa4u, A KOTOPbIX
O(2) # q,(2)Q(2) +¢,(2)0,(2), tae g,(z) — MHOTOUNIEH CTeNeHN He BhIlE k — K, PElUCHUE Han-

MeHblIero nopsaka k, =k, u T.4. Ilockoibky nopsgok k moGoro peineHys Hauledf 3aaud He rpe-
BOCXOQUT 7+ M1, TO MPOLECC 3aKOHYUTCS 32 KOHEYHOe uHcio 7 wwaroB. JIo6yro cucremy pelueHwi
(Pl(z), o, (z)),...,(R (2),0. (z)) , IOJlyYeHHYIO B pe3yJibTaTe ITOro npoiiecca, OyeM Ha3blBaTh Npagoi
KaHoHuueCcKol cucmemot pewenuti muna (N,m) U8 MAaTPUYHOro creneHHoro psaa a(z). HMopsaku

K‘],.‘.,K'r, MoJiydueHHbi€ B pe3y/ibTaTe 3TOTO IIpoLeccea, 6y,ueM Ha3bIBATh NpAGLIMU MUHUMANIBHBIMU NO-

PAOKAMU 3TOW CUCTEMBI.

Jlerko 3amMeTHTb, YTO MPOLIECC ONpPEAEIeHHs NPAROH KaHOHMYECKOW CHCTEMBl JUIA 3a/1a4M BEKTOPHOMN
arnpoOKCUMAaLKK MOJEIHPYET NOCTPOSHHE KAHOHUYECKOH CHCTEMBl B TEOPHH BEKTOPHOM KPAeBOM 3a1a4M
Pumana [21]. Mmeercd Taroke oueBHAHAs aHAIOTHA C MPOLECCOM TOMYYEHHs (yHIAMEHTaJIBHOIO pAzAa

pemennii ypassenus A(z)x(z) =0 ans cunrynsphoro nyuka marpuu A(z) (cm., Hanpumep, [22]).

3. KaHoHu9eckas cHCTEMa, CYyIIeCTBEHAbIe MEOIOY/IeHbI H onpeae/IeHHe
annpoxcumanuii Ilage

SCHO, 4TO KAHOHHWYEeCcKas CUCTeMa pemeHHﬁ CTpPOUTCH HE €IMHCTBEHHBIM 06p830M. OxazbmaeTcn,
OJJHAKO, 4TO mobrie [B€ KAHOHUYECKUHU CHCTEMbI UMEXOT OJMH U TOT 3Ke Ha60p MHHHAMAJIBHBIX IOpAn-

KOB K7,...,K,, KOTOpEIE, TakuM 06pa3om, ABNAIOTCH LENOUHCAEHHBIMA HHBapuanTamu 3afaqu (1). [lns

TOro, qToObl UX BBIYUCIUTE H NONYyYUThH yﬂOGHHﬁ ANITOPUTM MOCTPOCHUSA KAHOHHYECKOHN CUCTEMBI, YC-
TAHOBUM CBSI3b BBEICHHGLIX BBILIE MOHATHI ¢ MHACKCAMHU H CYINECTBCHHBIMH MHOI'OYJIEHaMH [10CI€L0~

BaTeALHOCTH MaTpuyHbiX Koddduuuentos {a,_,.,...,4,,,}. HmwKxe Mbl nokaxem, uro Habop MHHR-
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MaTbHBIX MMOPAAKOB COBIANAIOT ¢ UHACKCAMH, a KAHOHHYECKAs CHCTEMa COCTOMT M3 IPABBIX CYyLIECT-
BEHHBIX MHOTOWIEHOB 3TOH MOCIEN0BaTEIbHOCTH. TakuM 00pa3oM, yCIIoBHe MUHUMAJIBHOCTH, KakK U B
CKQJIIPHOM Cliyvae, NPUBOJAWT €CTECTBEHHbIM 00pa3oMm K MOSBAEHHIO B 3ajaue amnpokcumanuit [Tane
VHJIEKCOB U CYLIECTBEHHBIX MHOTOWICHOB.

HanoMHHUM KOPOTKO omnpezeneHue STHX MOHATHH (oApOoOHOE U3NIOKEHHE CM., Hanpumep, B [17]).

Hns marpuust 4 oGo3Haumm ker, 4 ee npaBoe sinpo u ker, 4 — nesoe sapo:
ker, A={x|Ax =0}, ker A={y|y4=0}.
Ilycts A — Gnounas marpuua ¢ 6inokamu uz C 79| umeromas 6rounste pasmepsl (n+1)x(m +1).
Pazobbem cronbew, R € Ker, A na m+1 Gnokos pasmepom ¢ x1:
t
R=(r,%,..ut,)
u onpejenuM i R NpousBOAAIINA BEeKTOPHBIN MHorouwten R(z) =7, +rz+.. +7,z" . Ananoruuso,
s cTpokw u3 Ker, 4 onpeaensM Mpon3BOsUIMiT MHOTOMTEH 110 MepeMEHHON Z .
Nycrs a) ={a,,....a,} (M <N) - KoHedHas [OCIEAOBATENLHOCTL KOMIUIEKCHBIX MATPHUIL pas-
Mepom pxq. Yepes a,(z) 0603HAUMM MPOHM3BOAALLYIO (DYHKLHIO 3TOM roc/enoBatensHocTd. Obpa-

syem cemeiictBo Grnounsix Tervmmuessix matpun T, (a,) =la,_, | 40 v> K=M,M+1,.,N, u
J=01, k-M

OMULIEM CTPYKTYpy Npasbix U JeBbix saep matpun 7, (a, ). JUis KpaTHOCTH, KOTAa 3TO He BHI3BIBAET

HeaopasymeHuit, Oynem npumensts oGosnauenue T, Bmecto T (a. ). Kpome Toro, yaobuee ucrons3o-
, X W\dy ) P > Y

BaThb BMecTo mpocrpatete Ker, 7, , ker, 7, npocTpaHCTBa NMPOH3BOAALIMX BEKTOPHBIX MHOTOYICHOB

N u N (M <k<N), coorsercreenro. Ionoxum mo ompegenensio Nj =0 u oGozsaunm

(N —M +2)q -mepHOe NpPOCTPAHCTBO BCEX BEKTOPHBIX MHOTOWICHOB OT Z ¢ kod(duumentamu w3

C?" popmanshoi crenienn N —M +1 uepes N . Ananoruuno, nonoxum N. =0 wnyers N.  —

- 1
(N — M +2) p-MepHoe NpOCTPasCTBO CTPOYHBIX MHOTOUNEHOB OT z ' ¢ kosdduumentamu nz C™P

dopmansHoii crenenun N — M +1. Hetpyaso nokazars, wto N < N;,, u N,,, < N,.

Mycts a =dimAN® u @ =dim N'. ocnemoBaTeabHOCTb 4 HA3BIBACTCS pe2YIApHOL Clesd
y M N M p

(cnpasa), ecnin @ =0 (@ =0). lHocnexorarensHOCTE pecyaspHa, ecid a =@ =0 . Yueno @ () 6y-
NIeM Ha3bIBaTh JeGbiM (Mpaguim) Oeekmom TIOCHeIOBATEIbHOCTH.

O6osnawum uepes di (d;) pasmepHocTs npoctpanctsa Nf (Np). Ilyers Af =df —d}
(M<k<N+1), A =d,—d,,, (M-1<k<N).Hcnomssys ¢popmyay I'paccMana, HETPYAHO TO-
Ka3aTb, 4TO CTPABEIIMBbI CliedyIOLIHE HEPABEHCTBA:

a=A, <A, S.SASA =ptg-o,

prg-a=A, 2A, 2..2A, 2N, =o.

Orcroza criefyer, 4To CYLECTBYeT p+¢g — ¢ — @ UeNbIX Wueen fh,,, .. S M, ., TaK{X, 4TO

R R
A, = . =4, = a,
R _ _ R _ .
Au.H - T Aﬂm - b @
R . _ R _
A/zwq_wﬂ S AN+1 = ptg-ow.

Ecnu 1-4 cTpoKa B 3TMX COOTHOMICHHAX OTCYTCTBYET, TO CUMTaeM, uTo L, = i, . Ilo onpeneneHuto

141 *

nonoxnm py =..=pf, =M -1, ecnu a#0,n u,,, ==, =N+1, eciu 0 #0.
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Adykoe B.M. Mampuy4nas 3adaya annpoxkcumayuu flade
Kak kpaeeasi 3adava PumMaHa

Yucna ., (1 p+g OVPCHCIICHHLIC B (1), 6yayT HaseIBaTECH UHOEKCaMY TOCTEAOBATENHHOCTH A,
Tak kak A, = p+q—Ay,,, TO 4 A, CIpaBe[JIMBBI COOTHOLIEHHS TIOA0GHEIE (2).

Mosxuo mokasath (cu. {17]), wro N +zN, — nomnpocrpancro N, u pasmepHocts 4, jo-
nonuenus M, sroro nosnpoctpanctsa pagko Ap, —A; . U3 (2) cnegyer, uro A, # 0 Toraa u Toms-
KO Toraa, korna k=4, (j=a+l,.,p+q—w). B otom cnyuae A, cosmamaer ¢ KpaTHOCTBIO k ,
unpekca 4, . CiieoBatesbHo,

R R
oo =Ny + 2N} 3)
s k# 4,
- R R
en =NV +ZNO+H 4)
s k=g .

Onpenenenne 2. Ecauy @ # 0, mo nobuie muozounenvr R (z),...,R (z), obpasyiowue 6asuc npo-

cmpancmsa N, 6yOym HazbleambCs NPABLIMU CYUECTNBERHBLMU MHOZOUREHAMY NOCA008aMeNbHOCTIU

a. , coomeemcmaylouumu UHOeKCy M, =...= [, .

L7

Jlobeie mnozounenvt R (z),..

J+k 3 (Z) obpasyiowue 6asuc donoanenus H ;:jﬂ HA3LIBAIOMCA

NPAGHIMU CYUECEEHNBIMY MHO20UICHAMY NOCNIe006AMENBHOCTIY, COOMEMCMEYIOUUMU UHOEKCY I,
a+l<j<p+q-w.
AHanoruuHbIM 06pasoM
L L ~1 ar?
i =N, +z7 N,
ans k # ,u
[ [ ~TariN & oyl
ko = (N +27 N )+ H
pus k =y, . BriGupas Gasuckl npoctpascts Ny (ecnu @ #0) u H, - (a+1<j<p+g-~w), Ml

nostydaem Habop BeKTOpHbIX MHorowrenoB L, (z),...,L . (z), kotopsle GylyT HasbiBaTbCS J1eGbLMU

ptq
CYUECMBEHHBIMU MHO2OYIEHAMU TIOCTIE/IOBATENIBHOCTH d,,
Urak, ans n1000# nocaeJ0BaTENbHOCTH CYIIECTBYET P + ¢ HUHAEKCOB, p + ¢ — (@ TpaBHIX CyIlecT-
BEHHBIX MHOTOWIEHOB U P + ¢ — O JIEBBIX CYLIECTBEHHBIX MHOTOUJICHOB. B peasbHOM BbIMMCIUTETBHOMN
NPAKTUKE HAWTH 3TH JaHHbIE MOMXKHO, UCIOJIb3Ys CTAHAAPTHBIE CPECTBA JIMHEHHOM anreOpbl, OCHOBaH-
HbI€ Ha CHHTYJIIPHOM Pa3JIOKEHHH MaTPHLIBL.
OxasbiBaeTcss, YTO BCEr/ia MOYKHO TOTONHUTE cucteMsl R, (z),... R,...o(2) m L, (2),.,L,, (2)

A0 TIOJTHBIX CUCTEM, COCTOAINUX U3 D + ¢ MHOI'OYJIEHOB. Kpome TOT'Q, TIOJTHBIE CUCTEMEI MPABLIX H JIE-

BBIX CYLIECTBEHHBIX MHOTOYACHOB MOMKHO OmNpemeNieHHbIM obpa3oM cormacoBaTe Mexnay coboil Tak,
YTO, 3HAst OAHY U3 CUCTEM MHOTOYIEHOB, MOJKHO HalTh Apyryro. IIpouemypp! NomnojHeHus 1 cornaco-
BaHHUS CUCTEM CYHIECTBEHHBIX MHOTOUJISHOB MOAPOOHO onucanbl B [17].

Tenepb Mbl MOXKEM NMEpPENTH K YCTaHOBJICHHMIO CBA3U MEXIY MUHMMAJIBHLIMU MOPAAKAMHU W KaHO-
HUHECKOW CHCTEMON ISl IPaBOM 3a/1a4K BEKTOPHOH anmnpokcuManuy tana (1,m) v MHAEKCaMH H npa-

n+m
n—-m+l °

BBIMH CYLIECTBEHHBIMUW MHOIOUICHAMH TTOCTIe/IOBATENLHOCTH d
Teopema 1. Ilycme (E(z),Ql(z)),...,(Pr (2), Qr(z)) — nobas npasas KAHOHUMECKAR CUCMeMa

muna (n,m) ona cmeneunozo paoa a(z) u K,,..,K, — MUHUMAIbHbIE ROPAOKYU ONA MO CUCTIEMBL.

Toeoa r=p+qg—w u yucra K,,... cO6naAoaIOm ¢ UHOEKCAMU [y, ..l ,,, 4 MHOZOU]IEHb!

p+(] &
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MaTtemaTuka

Q(2),..,0,,,.,(2) AsLAIOMCA NpasbIMU  CYWECMBEHHBIMU MHOZOUNEHAMU NOCIE008AMETLHOCIIU

a a

a=m+13" P atm
Haotopom, ecru R (2),..., R, ,(2) — mobeie npassle cywecmeentvle MHO20uNEHL MO nOCIE-
oosamenvHOCMU, Mo cnpaeeaﬂueo npeocmasnerue
a(z)R (z)=P(2)+ o™, j=1..,p+q-w,
20e P(z) ~ eexmopnoviil muozounen om z GopmanvHoll cmenenu [ . Ilpu smom cucmema

(P(z) R (z)) ( g0 (Z) R m(z)) A6n1emcs npagotl kaHonuueckot cucmemos muna (n,m)
oas a(z).
Hoxasareascrso. [TycTs
Ky =..=K, <K, =.=K <.<K.,=.=kK,
F3 onpenenenns MUHMMANBHOTO nopsaxa &, cieayet, yto N, =0 nas k £k, ¥ BeKTOpHbIE MHOTO-

unewsl  Q(z),...0,(z)  ofpasyior Gasmc npocrpanctea N

g+1- JTO  O3Hauaer, TO
Ky=..=K ===t <l a0 (2),-..,0, (z) ABIAIOTCA YIPABBIMHM CYIIECTBEHHBIMH MHOrO-
4I€HaMH, COOTBETCTBYIOLIMMH HHACKCY L .

Bossmenm Tenepb moboe k, ymosnetsopsioulee HepasencTBaMm k, <k <k, . Ilo ompenenennio
MUHUMAIEHOTO nopsiaka K, ,, moGoii Muorouned R(z), npusamnexaumit N, ,, mpencrasnsercs B
BUzE

R(z) =q,(2)Q/(2) +..+q,(2)Q, (2), &)
rae ¢,(z) ~ MHOrOWIeH CTENEHH He Bblle Kk — 44 .

Ioaromy
R

k1 T k+1 +z k+1’ Kq <k<Kr2'
HpOCTpaHCTBO N ] CONCPXUT IOANPOCTPAHCTBO N ,’;Q +ZN:,2 » H, KpOME€ TOro, B HEM CYHWICCTBYIOT
MHOT'OYJICHEBI r,+1(Z)7"'7Q;2 (Z) , KOTOpEIC HE MPEeACTABIAIOTCA B BULL (5), T.€. SIBJIAIOTCA JIUHEeHO He3a-

BUCHMBIMM [0 MOZY/IO MOANPOCTPAHCTRA N,f’2 +ZN:'2. Bonee Toro, O4eBHOHO, YTO F, —F# — MaKCH-
MaJlbHOE YMC/IO BEKTOPOB JIMHEHHO HE3aBUCHMBIX 110 MOZYJIIO 3TOrO MOJNPOCTPaHCTBA. Takum o0pazom,
NK‘ +1"NR +ZNR +Span{Qr+1’ Qrz}'
YuuTsiBas cTpyKTYpY npoctpancts N, (cM. cootHoleHus (3), (4)), nonyuaem
net o T Ky T G TS, <
Seuo, uto O, ,,(2),...,0, (z) ABASIOTCH MPU 3TOM NPABLIMH CYUIECTBEHHBIMH MHOTOUIEHAMH, COOT-
BETCTBYIOLIUMU UHIEKCY [, .
IMponomxas 3TOT npouecc, nonyyaeM
Kig=e =K== =HU,
u Muorowtedbl (,(z),...,0,.(z) sBnsiOTCS NMpPaBbIMK CYLIECTBEHHBIMM MHOTOWIEHAMH, COOTBETCTBYIO-
WMMA UHAeKcaM [, ..., 4, . ECiu npu aToM 7 < p+ ¢ — @ , TO CyLIECTBYET HHAEKC [, ,, = (i, . Ho To-

raa cywectsosan Obt mHOrowted (), (z)e N, ., koropbiii He npeactasnsics Ow B BHAE

7,(2)Q(2)+..+¢.(2)0,(2), tre degq, (z) < p,,, — 4, . [103TOMy KAHOHMHYECKAs CHCTEMa pellleHUH

cocrosna 0wl K3 60!11:11]61"0, 4YeM ¥, 4YHUCHa pEIHEHHﬁ, YTO HEBO3MOXKHO. YCI0BHE ¥ > p+q—@ Takxke
HEBO3MOXKHO, TaK KaK €ro BbINIONHCHHC TMPHBEIIO Obl K NOABICHHIO CYHIECTBCHHOI0O HHACKCA
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Adykoe B.M. Mampu4nas 3adaya annpokcumayuu lNade
KaK Kpaeeas 3adaya PumaHa

Mgy N+ m+1. 3Ha9uT, 7 = p+g— @ 1 neppas 4acTh TeOpeMsl JokasaHa. Bropas yacTs Teope-

Mbl JOKa3bIBAETCA aHAJIOTHYHBIMH PACCYKACHHAMH.
OTmeTHM, YTO, TaK KaK @ < p, YHCJIO ¥ pelleHui B KaHOHHYECKOH CHCTEME BCETAa HE MEHbILE ( .

Kanonuueckas cucrteMa obsanaeT psaoM CBOHCTB, BIIOJHE aHATOTHYHBIX CBOHWCTBAM KAHOHMYE-
CKOM cucTeMbl KpaeBoX 3ajaun PuMana g Bekropa (cM. [21]). Jns mosHOTEI PHUBEIEM 3TH CBOHCTBA.
B paHnoH pa®oTe Mbl HCITO/IB30BATEL UX HE OYAEM H [TOTOMY J0Ka3aTeNbCTBa OIyCKaeM.

Caoiicreo 1. Tyeme (B(2),0, (z)),..‘,(P[Mw (2),Q,1y0 (z)) — M106as KAHOHUYECKAA CUCMEMA

muna (n,m) oOns cmenennozo psoa a(z). To20a moboe peuienue (P(z),Q(z)) nopaoka Kk

(1 <k £ p,,,) 3a0auu eexmopHoi annpoxcumayuu mosicem 6eimb nPedCMABeno 6 6ude

(P(2),0(2)) = 4,(2) (R (2), Q(2)) + ...+ 4,(2) (B(2), 0,(2)),
2de ¢,(z) —mHozounen om z cmenenu ne eviue k — M,

Caoiictso 2.

k E(Z) o Pp+q—a)(z)
@ w0,

=p+q-@

ons mobozo z % 0.

OueBMIHO, 4TO B Touke Z = 0 CBOMCTBO 2 MOXeT He BRIIONHATECS. BMECTO Hero CTIpaBeAInBO
Cpoicrso 3.

4 ... 4

G) . 0,00

20e gexmop A] Haxooumcs uz ycnosus 3 onpedenenus 1.

a(2)Q,(2)~P(2) = 42" +....

Crenyiouee cBOMCTBO ONKCHIBAET MOBEACHHE KAHOHMYECKOH CHCTEMbI Ha OeCKOHEUHOCTH.
CaoiicTBo 4. Panz mampuyul

z*P(z) .. <z'pP. (2)

prg-@
Z-ylﬂz—-le (Z) . Z-,lt,,+(l;w+n-me+q-m (Z)
Ha beckouneunocmu pasen p + q—a.

Hagum Tereps OCHOBHOE OMpeleeHre B JaHHOH paboTe — OrpeaeseHue pasbix MaTpUYHEIX all-
npokcumauuii Iage.

rank =p+q-w,

Ounpeaesenne 3. Ilycme (Pl(z),Ql(z)),...,(Rl(z),Qq(z)) — nepevle § peuieHuli Uz npou3eOiL-
Hoti npagoil kanornuveckol cucmemer muna (n,m) Ona a(z). Cocmagum mampuunsie MHOZOYAEHbL:
Pl(2)=(B(2)..F(2)), 0.(2)=(0(2)..0,(2).
(2) £ 0, mo payuonanvras mampuya-pyuryus

7 (2) = P (2)Qy 1 (2)” (6)

Hazvieaemces npasoil annpoxcumayueti [lade muna (n,m) ons a(z).

Ecnu det Q)

n,m

B cuity Teopemsl | 3namenarens Q0 (z) mpapoit annpoxkcumaiue Ilafge Beipaskaercs 4epes nep-

",

BbIC ¢ IMPaBbIX CYLIECTBEHHbIX MHOTIO4JIEHOB!

0r,.(2) = R(2) = (R(2)..R,(2)).

[oaromy npasasg anmpokcumauns Ilane thna (#,m) cymecTByeT Toraa M TOJBKO TOFa, KOTAa 1A No-

h+m

CJEA0BATENLHOCTH a, ",

HaHyTCs TIpaBbIe CyLIECTBEHHBIE MHOrOYIeHB, [is koTopbix det R (z) #0.
o nosofy CyEeCTBOBaHMSA TAKAX MHOTOUIEHOB MOYKHO BBICKA3aTh CIIE/YIOLIEE IPEATIONOKEHHE.
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MaremaTtuka

Hpeanonomenne. Ecau  p, <M ., mo mobsle npasee cyuecmeentble MHOOUNEHY
R (2),.., R (z) nuneiino nesasucumer nao nonem C(z) u, cnedosamensio, scezoa det R, (z) #0. Ecau
oHe f4, = [, MO NPABble CYUeCMEEHNbIE MHO20UNEHb], COOMBEMCMEYIOUUe UHOEKCY [l , MOJICHO
npoHymeposanty maxum o6pazom, umobel muozounenst R(z),..., R (z) maxoice bvinu nunedino nesagu-

cumer nao nonem C(Z), u, snauum, ecez0a npasvie CyujecmaenHble MHO20YNEHbL MOJICHO 8bl6paAmMb MAK,

ymo det R (z) #0
QueBU/IHO, YTO 3TO MPEAITONIOKEHNIE CIIPABETHBO NPH ¢ =1, T.e. AN BEKTOPHBIX (CTONGLOBLIX)
annpoxcumaiwii Ilazne. Jlerko noxasarth, 4TO OHO BEpHO ¥ nipy p =g = 2. Oxnako B noysHOoM ofbeme

[OKa3aTh JAAHHOE TIPENoJIoKEeHUe MoKa He yJaajlock. B Tex ciywasx, KOTOpbie Mbl paccMaTpUBaid B

TEOPUM CAOAMMOCTH MaTpHuHbIX armmpokcumanuii [ane [19], ata runoresa Takxe crpapeIBa.
Onuiem KpaTko npoluiellypy onpeneieHus aeBelx annpoxcumauuii Ilane. 3adava neeoii sexmopnoii

annpoxcumMayuy CTABUTCS aHANOTUYHO 3ajaye MpaBod anmpokcumauuu. B Heil TpeGyeTcs OThICKATh

napy cTpouHbIx MHorodnenos p, ,(z)e C*z], O (z)e C™*[z], rne Qn (2) #0, co cnenyromn-

N
MH OrPaHHUYEHHAMH Ha CTETCHH:
deg p, ,(z) <k,deg Qm(z) <k-n+m,

n-—m<k<n+m,Takue, 4To
o ~ 1
8, (2)a(z)= B, .(z)= 0E""").

Yucno k Gymem HasblBaTb nopAaokoM JAHHOTO  pewleHHa. HeTpyaHO —1IpoBepuTb, uTO
—(h— ~
o J(2)eN,, (a7 B uacTHOCTH, IS pelleHud nopsaka 24 —k+1  umeem

a-m+1/

—(n+m=-h+1) 5 +
Z H+m + Q”’,”(Z) e NI:_] (a" m

n—-m+t/*
Jesas xauonuveckas cucmema mund (n,m) A5 a(z) onpenendeTca aHaAJIOTUYHO npanoﬁ. HpI/I

3TOM  Jiggble  MUHUMAIbHbIE nop;zc);cu KaHOHUYECKOH CUCTCMBI COBIIAAAOT C HyucjlaMm

n+m
n—m+l *

n—p, +.2n—p,  +1,tRe p, ), 1, — VHIEKCHI NOC/ENOBATENBHOCTH d JleBas xa-

HOHWYeCKasd CHCTEMA CTPOUTCS ¢ TTOMOLIBIO JIEBBIX CYINECTBEHHBIX MHOTowieHos L, (2),...,L,, (2)

3TOW mocjenoBareibHOCTU. CBOHCTBA JIEBOH KAHOHWYECKON CHCTEMb! aHAJIOTMYHBI BBILICNPHUBEICHHBIM
CBOHCTBaM I1paBOil CUCTEMBI.
C noMouibko NeBOH KaHOHKHUECKOR CUCTEMBI ONnpeaesnseTcs jiesas annpoxkcumauys [lage:

L -1
ﬂl[l,m(z) = Qn,m (Z) RlL,m (Z)’ (7)
rc 3HaMeHarTenb Q,:’m(Z) JICBOW al'II'IPOKCPIMaI_[HPI Hane Bpra}KaeTCH qepeB ocaeIHUe p JIEBBIX Cy-

MECTBCHHBIX MHOIMOYJ/ICHOB!
+m=p,  +1
2L (2)
0, .(2)=Ly(2)= : :
akit= g, 41
Z . 'Lp+q (Z)

OkazblBaeTcs, YTO B OTIIMYME OT KJlacCHUeckoll MaTpuuHol anmpoxkcumaunu [lane npassie u nesbie
annpokcuMauuu [lane B cMmbicae onpenenenuit (6), (7) MOryT CyLiecTBOBaTh TOJNBLKO OJHOBPEMEHHO.

Jna noxasarenscTBa 3TOrO yTBepKIEHNS HaMm rorpebyercs nemma. B Helt Mmuokectsa ker, R, ker, L,
paccMaTpUBarOTCA Kak JIMHeHHble MPOCTPaHCTBA Hajl TojieM palmoHaneHeIX apobeit C(z), a cucremsl

MpaBbIX M JICBLIX CYLUSCTBEHHBIX MHOTOWICHOB BBIOHPAIOTCS COMNTACOBAHHBIMH (OMpeae/eHHE 3TOTO
noHsTus cM. B [17]).
Jemma 1. [Iycme R(z), L(z) — mampuybl co21aC08aHHbIX CYUecmBenHblX MHO20UNEHO8 NOCHe-

dosamenvrocmu a, u R(z), (L,(2)) - mampuyw, cocmaenennvie us nepsvix (nocaednux) q (p)
npagelx (Jleele) CO2NACOBAHHbIX CYUECMBEHHBIX MHO20YJIEHOE.
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Adykoe B.M. Mampuynasn 3adavya annpokcumayuu lade
Kak kpaeeas 3adava PumaHa

Toe0a cnpaseodnuso pageHcmeo
dimker, R, = dimker, L,.
Hokasareancrso. CorsracoBaHHOCTh CHCTEM MPABbBIX U JIEBBIX CYUIECTBEHHBIX MHOIOYJIEHOB 03Ha-

4aeT, UTO B2 (z2)=1 , H R(z)L(z)" =0 nana HeKOTOPOro MaTPMYHOTO MHOTOUNEHA
B.(z).3necy L'(z) =z""'d " (2)L(z), d(z) = diag[z",...,2"].

Mosromy rankL =p w croaGuet [L'], . ,[L']? obpasyior 6Gasuc ker, R. Ilycts
d =dimker, R, u X,,.., X, — Gasuc npocrpanctea ker, R . 3nece X, — cronGeu, cocTosumii u3 g

snementos kosibua C[z] muorounenos nan C. [Mponomxem cronbust X, HyJeBBIMH MHOTOYICHAMH

no cronbuos X, amunoli p +gq . Scno, uro X,..., X, nunefino nesaBucumel M npunamnexar ker, R .
H

Paznoxum ux mo Gaszucy [L'],...,[L}’, v u3 k03hGUINMEHTOB 3TOTO Pa3NOKeHUT MOCTPOUM CTPOKH

Y, .,Y, nnnnolt p c onementamn uz C(z). O6pasosas 13 cronbuoe X, u ctpok ¥, marpuust X u

Y, umeem
X=LY.
Orcrona cnenyer, uro rankY =d, 1.e. ctpoxu Y,,..., Y, nuneiiHo Hezasucumbl. Kpome Toro, ydurbisas

CTPYKTYpY MaTpuLbl X , mojayyaem
Y =
LY =0,
T.e. ctpokn Y,.... Y, npunamnexar npoctpanctBy Ker, L, . J10 o3HauaeT, 4To o HE NPeBOCXOMHT

dimker, L, . AHaOrH4HO JOKa3BIBAETCS HPOTHBOMONOKHOE HepaBeHCTRO. JleMma [lokazaHa.

Hzyunm Tenepr BOMpOCH! CYLECTBOBAaHHSA, €IMHCTBEHHOCTH BBEIEHHBIX annpokcuMauuii Ilage u
MX 3HAMEHaTeNeH W BbIACHMM, Kak OHM CBs3aHbl C KJIACCHYECKHMMHM anmpokcumauusmu [lage. B cne-
Rytouen teopeme, yToOb! H36exAaTh rPOMO3IKIX HOPMYJIMPOBOK, OrPAaHUUMMCH PACCMOTPEHHEM TOIb-

ko HanGosiee HHTEPECHOro Cllyyas, Koraa t, < M., .

n+m

Teopema 2. ITycms undexcwl nocnedosamenvHocmu d,_,.

yooenemeopsom ycnosuio p, < [,.,.

3uamenamens Q)

n,m

(z) (@, ,(2)) npasoii (nesoiy) annpoxcumayuu Ilade muna (n,m) onpedersemcs

eOUHCEEHHBIM 0OPA3oM ¢ MOUHOCHTILI0 00 YMHOJICEHUA CIpasa (cneéa) Ha YHUMOOYIAPHbIH Mampuy-
nuiti muozounen U(z) caedyroweii cmpykmypol:

U] % *
0 U, - *

Uz)=| . S (8)
o - 0 U

3oece U,,.., U, — nocmosunvie mampuysl, nopaoku Komopuix coenaoaion ¢ KpamroCcmami UHOeKcos

Myse sty (HyirsesMyy,), @ HA MECMAX, NOMEUEHHBIX 36€300YKOU, CHOAM CKANAPHbBIE MHO20UNEHb]
cmenenu ne goiuie f, — b (M, —H,,,), ecnu p,—p 20 (p,, =, 20), w0 ecnu p,~p <0
(lu(/+j - laqﬂ < O)

Hpasas u nesas mampuunvie annpoxcumayuu Ilade muna (n,m) cywecmsyrom unu He Cyujecmesy-
10M OOHOBPEMEHHO U ONPeOenAlom OOHY U MYy Jce eOUHCMEEHHYIO DAYUOHANLHYIO MAMPUYY-PYHKYUIO
R !
7z—n,m (Z) - ﬂ.n,m (Z)
Ecnu cywecmayem annpoxcumayus Ilade & cmeicne onpedenienus 3, mo Ona Cyujecmeoganus npa-
60T (Hle60tYy KIdCCUueckot annpokcumayuu flade muna (1,m) Heob6xo0umo 1 docCmamoyHo, ¥mober O

n+m
n—m+}

unoexca H, (4,,,) nocredosamensnocmu a 610 CNPaGeonuUB0 HEPaGeHCmeo
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fysn (g, 2n+l).

Ecnu amo ycnosue evinonneno, mo annpoxcumayus Ilade 6 cmvicne onpedenenus (3) A6naemecs Kiaccu-
YecKoll

Ilpasas (nesas) mampuynan annpoxcumayus Ilade 6 cmuicie onpedenenus beiikepa cyuecmeyem
mozoa u MonLKo mozoa, ko2oa H, <n ( Hoy 20t 1) u, xoma 6v1 015 00HO20 HADOPA CyUecmeeHHuIX
MHO20U4NIeHO8, BLINOHANOCYH YCA0BUE

R (0)- obparuma  (L;(0)- obpatuma).
B smom caynae unnpoxcumayus Ilaode saersemces annpoxcumayue Ilade — Beiikepa.

HOKaaaTeﬂbCTBO. HyCTB AN HHACKCOB NOCNEN0BATCABHOCTH ar" BBITIOJTHACTCA yCJIOBHE

n—m+l

~ R
My <ty w Qp(2), Q, (2) — mobeie nsa 3uamenarens anmpokchmalku Ilage Tu-

na (#,m) ,IOPOKAEHHbIE PA3HEIMU KAHOHMYECKUMH cucTeMmamu. Toraa, B crty TeopeMsi 1,
~ R Eolineadl -~
0 .(2)=(R(2)..R(2)), 0! (2)= (Rl(z)...Rq(z)),

ree R, (z),...R (2); R, (z),...,Rq (z) ~ pasnu4HBIE CHCTEMBI TIEPBBIX ¢ MPAaBBIX CYLIECTBEHHBIX MHO-

n+m

FOWICHOB [TOCI€A0BATEe/ILHOCTH 4, ;.

YunteiBas ycnosue L < [ ., u3 Teopembl 3.1 paGotet [17] o crpykrype siapa 6a04HOMH Terumie-

BOI MaTpHLBI, IPUMEHEHHOMH K Tﬂqﬂ , osryqaem

—~ q
R(2)= Y u (D)R(2), j=1,....q,
1=l

rae u,(z) — CKaTAPHBIA MHOTOWIEH CTeNeHH He Bbie 4 — 4, ecmv U — ;20 n ¢q,(2)=0 s
M, — 4, <0. B marpuioli hopme 3T COOTHOIIEHHA MOXKHO NEPENUCATh B BULE

=R yaYi

Q” m(Z) = Xn,m (Z)U(Z)'
OueBuano, 4o U(z) — yHUMOAY IAPHbBIA MaTpW4HBIA MBROTOWIEH, WMetowmmi Bux (3).

[pennonoxuM Temeps, 4To CyLIeCTBYET, HartpiuMep, rpasas armpokcumMauus [lane tna (#,m) B
cMmbicne onpenenenus 3. Toraa HaliyTcs npaeble CYLIECTBEHHBIE MHOTOWIEHbI NOC/IENOBATENLHOCTH

n-+m

a, ..., ans kotopsix det R (z) # 0, r.e. dimker, R (z) =0 nan nonem C(z).

Ecin oTu CYUCCTBEHHBLIC MHOTOHYJICHEI BXOAAT B TIONHYKO CUCTEMY TPaBbIX CYyHICCTBCHHBIX MHOTO-
YICHOB, TO AJist COTJIACOBAHHBIX JIEBBIX CYUIECTBEHHBIX MHOIOYJICHOB 10 JIEeMME 1 BHIMOJIHAETCH ycio-

sue det L,(z) # 0. O10 03HauaeT, 4To B JAHHOM CIydae CyIIecTBYeT JieBas annpokcuMauusa [lapge Tuna
(n,m).

[Ipeanonoxxum Teneps, 4TO CHCTEMA MPABLIX CYLIECTBEHHbIX MHOIOWIEHOB He NoNHa, T.e. @ # 0 n
p>¢ . Ho Torna MoxHo BbIOpaTh MOJHYIO CUCTEMY JIEBBIX CYLIECTBEHHBIX MHOrO4IeHoB (cm. [17,

§51). Mycts R(z) — mMaTpuua COrnacoBaHHBIX C HMMM TPaBbIX CYLIECTREHHBIX MHOTOUNEHOB. B cuny
yenosus 4, < M., cnipasesinso pasenctso R, (z) = R,(z2)U(z), rae U(z) — marpuua-dyHkuus suna

(8). Tloaromy det R,(z) # 0, u ocranocs cHoBa npuMenuTs Nemmy 1. CylecTBOBaHHE JIEBOH almipOK-
cumaunu [lane nokasaxo.

Hokaskem, 4To pauuoRanshble bynkuud 7, ,(2) u 7, ,(2) copnanaioT. W3 onpesnenenus annpok-
cumanuit Ilage cnenyer, uro

1
QJ[l,m(Z)Rl'jm(Z) - })izl:nz(Z)Q:,nz (Z) = O(Z,H”H ) (9)
Ouetvm CTereHb MPOM3BOJIBHOTO 3NiEMEHTa 3TOH MaTpuubl. B cuny ycnosus g, < g ., Ans
1=1,..,p, j=1,..,9 nMeem
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deg[ 0%, ()P (2) ], =

=deg[Q, ,(2)], + deg[P,,’fm (z)]j sntm+l-(u,, —u)<n+m.

9Ta e OLCHKA CrpaBeyIhBa U s I:P,fm (2)0, (Z):l,, . YeioBue (9) Torna o3nagaer, 4to

! I L R -
Qn,m (Z)Pn,m (Z) - I)n,m (Z)Qn,m (Z) - 07
K 1/
re 7,,(2)=7x,,(2).
Ilpeanonoxkum, YToO CYIECTBYET npasas annpoxcuMaius [lage B cMbiciie onpenenenna ? M BHINON-
userca ycnosue 4, <n. Torma deg[Q, (2)} <y —n+m<m mna j=1,..,q. 310 o3Hauaer, 4O
faxnasi anmpokcumanus Ilage siBisercs wiaccuueckod. HaoGopor, myeTs CylnecTsyer Kiaccudeckas

annpokcnMauus Hane tuna (n,m) n n €[y, p,,,) nns nexoroporo i, 1<i< p+g. Benu n<y,, 10

1<g nbasmc N

s1 COCTOMT M3

{R, (2),2R (2),...2" MR, (z)}

R

n,m

(01, =4, (DR @) +..+ 4, (DR (2),

k=1,.,q. 3necw ¢ ,(2z) — ckangprelii Mmuorounen ot z u degq,, (z) <n—u |- B marprunoi gopme

i
J=1

CrenoBatenbHo, Ana k -ro ¢ctonbua MaTpHIE] (z) Boimonusiercs

9TH COOTHOLUEHHS MOXHO MEepenucaTh B BHIC
0rn(2)=(R(2)..R (2)) Q(2).

IMepBbiii MHOXUTENb HMeeT pasMepbl g x1, a (J(z) — ixq. Tak kak i <q, 10 o gopmyne Bune —
R

Kown nomyuaem detQ), ,(z) = 0. Taxum obpasom, ecnu 7 < 44, TO NpaBas KIACCHYECKAA aNIPOKCH-

mauus Ilane tuna (n,m) He CyeCTBYeT. AHATOIHYHO MPOBEPAETCS YCIOBHE CYLIECTBOBAHHMS JIGBOM
knaccuueckoit annpokcumanuu fage.

YTBEpXKAECHNS TEOPEMbl OTHOCHTENBHO annpokcuManud Ilage B cMeicie Belikepa nposepsioTes Te-
rneps OYeBUAHBIM 00paszom.

4. Matpnunele annpoxcumanun Iage u 3agava paxropnsaunn Bunepa — Xonda
Mb! ompeaenui (npasyro) annpokcuMaumio [lage Tuna (n,m) ¢ nomMowpto (IIPaBoif) KaHOHMYe-
CKOF cucTeMbl THNa (7,m) AJs 3alauy BEKTOPHOMH armpokcuManuu. B cBoto ouepenp, npasas KaHOHH-

yeckas CHCTeMa COBNAJAeT ¢ CHCTEeMOI MpaBbIX CYIeCTBEHHbIX MHOTouIeHOB R (z),...,R (2) no-

prq-w
+m
n-m+l

CJIGZIOBATEILHOCTH (reopema 1). Kak nokaszano B [17], 3aga4a HaX0OXIeHUS UHOEKCOB U CYMIECT-

n+m

BCHHbIX MHOI'OYICHOB «, .

JKBHUBAJICHTHA 3afade Qaxropuzaumut Bruepa — Xonda OnouHo-
TPEYTOAbHOH MaTpHLbI-PYHKIHH
A0 A 0
t)= .
nm n+m n+m+]
() ¢ I,

an—mH
HOSTOM)/ 3ajavda HaxXOXOCHUA KaHOHHYECKOH CHUCTEMbI A4 annpoxcuMauHﬁ Hane THIIA (n,m)

TAKKEe PpaBHOCHITBHA 3a1a4e daktopusaunn it A4 (7). Onpenenenne daxkropusauuu Bunepa — Xonda

hm
MaTpuU-QyHKUWH cM , Hanpumep, [23]. M3BecTHO, 4TO 3HAaHME KaHOHMYECKOH CHCTEMBI Ajs KpaeBoH
3a4a4un PumaHa 1Jis BeKTOpa, MO3BOJIAET MOCTpoUTs dakTopuzaumio Bunepa — Xonda And ee Marpud-
HOro ko3 duumenTa, 1 HaobopoT.

Bonee ecrectBeHHO cBsi3aTh anmpokcumanuu Ilane ¢ 3anaqeit Gaxroprsauy s MaTpULbI-QYHKLMA

n+m
n-m+1

A(t), B olpeieneHuH KOTOPOH HCTIONB3YETCA He OTPE3OK a (2) pana a(z), a caM 3TOT pAL:
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" 0

A) = I :
( ) a(t) tn+m+11p

o
IMyctrs a(z) = Z az', a € C”?, — MaTpHUHBIH CTETICHHOM AN, CXOIAIIMHCA B HEKOTOPOH OKpe-
1=0

crHocti Toukn z =0 Ilyers I ~ s106oii npocToli 3aMKHYTHI KOHTYP, JIeXXatuii B 3TOH OKPECTHOCTH.
Takum obpasom, MaTpuula-GpyHKIus a(z) ABIAETCA aHANHTHYECKOH BO BHyTpeHHel obmactn D, or-

paHuueHHO# koHTypom I, u Henpepsishoii na D, UT.

Jinst Toro, 4ToObl He YCIIOMHATL $OPMYIHPOBKY TEOPEMbI, OTPAHUUYUMCS PACCMOTPEHHUEM TOJILKO

n+m

Cliydas, Koraa Ay noceaoBarejibHOCTH 4, _ .

npaebii gedekt @ papen Hynwo. B 3Tol cutyanuu s
psna a(z) cyllecTByeT MOAHas MpaBas KAHOHWYECKas cHcTeMa THIa (#,m).

Teopema 3. [lpeononoowcum, umo ona MampuiHozo cmenenoezo pada a(z) cywecmgyem NOAHAA
npasas  KOHOHUYECKAA  Cucmemd (Pl(z),Ql(z)),...,(Pp+q(z),Qp+q(z)> muna (n,m). Ilycme
Hyyeo s M0, — NPABLIC MUHUMANLHBIE UHOCKCHL MO CUCHIEMb N

Tozda ..., 4, AGTAIOMCA MPAGLIMU HAKMOPUSAYUORHBIMU UHOeKcamu mampuysi-@yrryuu A(t),
u ee npasas paxmopuzayus Bunepa —~ Xongha omnocumensno konmypa I cmpoumes no goopmynam
()= A_()dD A4 (Ot T,

20e

W= 4y A=m=Hpry
A1) = t Q@ ..t ) O, (1) , a0)
tAR@E) ... PP (D)

“lpN Q@ .. Q"’*"(t)
A7) = (_01 ® .. -0, <Z>J’

d(t)= dzag[t”‘,...,t””*"}.

30eco O, (1) — anarumuueckasn 6exmop-@ynKyus, KOMopas eOUHCMEEHHbIM 00pA30M Onpedensiemcs
pazaodicenuem
a(z)Q,(2)-P(2) = Z""M0(2), j=1l..,p+q.

Haocbopom, ecau 0ns pakmopuzayuonnsix unoekcos mampuywl-gynxyuu A(t) evinoansemca ycno-

gue f,  Sn+mu
A)y=A_()d(@)A, (t),teT,

— mobas npasas. axmopusayus Bunepa — Xonga A(t), mo, pasbus mnoxncumeno A _(t) na 6aoku
pasvepon gx(p+q) u px(p+q):
4,(t)
4;(1)

__Mmntm - S
u cocmaeus muozounenst () (z) =z" [Al (z):l , J=L..,p+q, u nocmpous no HUM MHO20UIEHbL

A.()=

P (z), nonywum nonnyio npasyio KanoHU4eCKyo Cucmemy (E(z), o) (Z))""’(Ppw (2), 0,1y (Z)) muna

(n,m) o a(z)
JokasareabeTso. J{oKa3are/ibCTBO 9TOM TEOPEMBI MOXKHO MPOBECTH I10 TOH K€ CXeMe, YTo A0Ka3a-
TeNLCTBO TeopeM 5.1 u 5.2 u3 [17]. Onnaxo npomie cBecTH 3anady (akropusauun A(f) x ¢axropusa-

w4

nm

(f) W NpUMEHWTS BEULIEYKA3anHLIe TeopeMel. [INg 3T0r0 NpeacTaBuM Matpuuy-Gyukumo az)
B BUIE
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H=m n+m

a(z)=ay "(2)+a, . (2)+a,,,..(2),

e af(z) = Z, Iajz’ Torna

I, 0 I, 0)
A(t) = t——(n—m)an-—m (t) I nm( ) —(n+m+1) @ (f) I (I 1)

n+m+1

t (n+m+1)

Tak xak dega, "({)<n—m u @y, (1) — aHanmuTHyeckas B D, u HenpepoigHas na D, UT

MaTpula-QyHKLMSA, TO KpaHHE MHOXHTEJIM B 9TOM IIPeJCTaBICHHH ABAAIOTCA (HaKTOPH3ALMOHHBIMEL.
ITo Teopeme 5.1 [17]

4,,(0) = 4, 0d D)4, (), tel,

R R
ool o= ;9]

R(t)=(R(1)..R,,(O), R.()=t""R(t)d™(2),

-1
a MaTpuuHble MHOrouwneHsl @_(f) ot ¢t~ wn [,(t) or ¢ enMHCTBEHHBIM 00Pa3OM HAXOAATCH W3 Pasyio-
JKCHUA

rae

a, a (OR@) = o (Hd(@)-1""" B, (2). (12)
BospmeM B kauecTse npasbix CYLIECTBEHHBIX MHOTOWIEHOB MHOTOWIeHb! (), (£), ..., (¢) u3 mpa-
BOW KaHOHHMYECKOH cHcTeMmbl (CM. Teopemy 1). Toraa
A(t)y=A_(t)d()A,(r), teT,
rue

) ]q 0 ) _ tn—mR(t) -
4.()= L—(H-—m)ag‘m ® [P}A"m(t) - (agpm R+ (t)d(t))d “

AT ! 0 A0 = iy
() -(n+m+1) ,Q,O+m+1(t) ] ( nm) (f)— ﬂ+(t) n+m+1 :’+m+l(t)R(t)

W3 paznoxenus (12) cnenyer, uto
a(OR(t) = P()—t"""O(t),
r7ic 0003HAYCHO
Pt)=al " (OR@)+a_(1)d(t), O@)=-B,@)+t"""a, (ORQ).

n+m+1

Ouesuamo, uto P(f) — matpuunsiil MHorowren ot ¢, npuuem deg[P(t)) < u :»a O(t) - anany-

tuueckas B D, u nenpepriBHas Ha D, U marpuna-dynxnms. Ilockoneky [R(t)]szj(t), TO

[P()) = B,(1) u
a()Q,(6) - P,(t) =" 0,(2),
rie O, (1) = [O(t)]J , j=L..,p+q. 3naunt, paxropei A (t) nelicreurensHo umeroT sug (10). Ilep-

Bas 4acTb TEOPEMBI JOKA3aHA.
[yeTs Teneps ans GakTOPU3ALMOHHBIX WHIEKCOB MATPHLLI-QYHKUMH A(f) BBINONHSETCH YCIIOBHE

n+m
a-m+1

Ay=A_()yd@®)A, (@), tel,

- ntoGas npaas ¢dakropusais Bunepa — Xonda A(?).

M,y S A+ M, T A7 NOCAEAOBATENLHOCTH U rpaBbiii Aedext @ pased Hymo. [Tycts
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Torna us ypasnenus (11) monydaem, uro martpuua-gynxums A, (¢) nomyckaer daxropusaumio
Bunepa — Xonda
4,,0)=A4,,0d0A4,,0), tel,
rae

I 0
A;m(t):[_t " }A*(r).

—(n—m)a(f)t~m (f) ]p

Pazo6vem MuoxuTes A (2) Ha Ginoku pasmepoMm gx{(p+¢q) u px(p+q):
At

A_(1) ——-( 1( )J.
4;(0)
A1)

—rGI A1) + A3 )

Torna

4,,(t) =

To Teopeme 5.2 [17] cronbuossre muorounens Q,(z) = Z”J"“'"[A;(z)]j , j=L..,p+q, aBas-

n+m

o+l + BOCCTAHOBHE MO MHO-

OTCS MPaBbIMHM CYIECTBEHHBIMH MHOIQWIEHAMM HOCIEAORATENBHOCTH
rouneam () (z) MHorouwneHsl P (z), nody4um NpaByl0 KAHOHMYECKYHO CHCTeMY THna (7,m) s

a(z).
Cryuaid, korga aepektr @ #0 u p £ ¢, paccMaTpUBASTCH aHATOTHYHO, €CJIH NIPABYIO KaHOHHYE-

CKYIO CHCTEMY TIONOJHUTE C TMOMOUIBIO MpOoUEAYpPbl NOMOJMHEHUS CHCTEMBI ITPABBIX CYHIECTBEHHBIX
MHOrouwienos. Ecnu xe P > ¢, TO HAYMHATh HYXHO C JIEBOM KaHOHHMYECKOH CHUCTEMBI, AJ1d KOTOpOﬁ

cyulecTsyeT aHanor Teopemb! 3. Ilocne storo npasas kaHOHMMECKast CHCTeMa TIOMYyHaeTCs ¢ NOMOILbIO
MpoLeyphl COTTIACOBaHMUA.

Hrak, Mbl ycTaHOBUIW BayKHBIN (akT: npobrema nocmpoenus KAHOHUYECKOU CUCTEMbE petteHUl
oas 3adayy annpoxcumayuy Ilade sensemea uvacmuoim cayyaem 3adayu gaxmopusayuu Bunepa — Xon-
@a (kpaeeoir 3a0avu Pumana). B ckajsspHOM Cilydae HaIlM [OCTPOEHHS MPUBOIIT K pe3ysTaram pado-
Thl [16].
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