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ANALYSIS OF THE STOCHASTIC WENTZELL SYSTEM OF FLUID
FILTRATION EQUATIONS IN A CIRCLE AND ON ITS BOUNDARY
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Abstract. Wentzell boundary condition problems for linear elliptic equations
of second order have been studied by various methods. Over time, the condition
has come to be understood as a description of a process occurring on the bounda-
ry of a domain and affected by processes inside the domain. Since Wentzell
boundary conditions in the mathematical literature have been considered from
two points of view (in the classical and neoclassical cases), the aim of this paper is
to analyse the stochastic Wentzell system of filtration equations in a circle and on
its boundary in the space of differentiable K-“noise”. In particular, we prove the
existence and unigueness of the solution that determines quantitative predictions
of changes in the geochemical regime of groundwater in the case of non-pressure
filtration at the boundary of two media (in the region and on its boundary).

Keywords: Wentzell system; filtration equation; Nelson—Glicklich derivative;
Wentzell boundary conditions.

Introduction
Liquid filtration as well as its flow, diffusion, falling, etc. is one of the moisture transfer processes.
The study of these processes begins with the study of their mathematical models. Let us consider one of

the mathematical models of filtration. Let Qe R", n>2 be a connected bounded region with boundary

I of classC™ . The system of Barenblatt-Zheltov—Kochina equations [1], modelling the process of fluid
filtration is defined on the compact QuUT

(A=A)u =cAu+ pu,u=u(t,x),(xt)e RxQ, @

(ﬂ—A)vt=yAv+2—u+5v,v=v(t,x),(x,t)eRxF, 1)
14

tru=vonRxTI. 3)

Here the symbol 4 in (1) denotes the Laplace operator in the region ©, and in (2) the same symbol
denotes the Laplace — Beltrami operator on the smooth Riemannian manifold 7. The symbol
v=v(t,x),(t,x)eRxI", denotes the normal to RxQ external to RxI. The parameters

A, B,7,6 € R characterise the medium.

Previously [2], following the tradition of [3—7], we called the condition of the form (2), in which the
order of derivatives on spatial variables is not lower than the order on the same ones in (1), the Wentzell
boundary condition. However, intending in the future to consider different cases of Q and I' (for in-
stance, Q is a bounded connected Riemannian manifold with edge I') we consider it necessary to call
(1), (2) a system of equations, albeit defined on sets of different geometric dimension. This is supported
by the fact that equations (1), (2) describe the same physical process of fluid filtration. The term
“boundary conditions” should be reserved for the equations defined on the boundary (edge) of a region
(manifold) and having a lower order of derivatives on spatial variables (see the classical treatise [8]).
The name of the system of Wentzell equations emphasises the merits of the discoverer [9] of a new sec-
tion of mathematical physics.

We will study the solvability of the system (1), (2) in the simplest case:

Q= {(r 0):re[0,R),0¢[0, 27r)} isacircle,and I'={#:0 <[0,27)} is a circumference. In this case (1),
(2) is transformed to the form

(ﬂ—Ar’@)ut =aA, gu+ puu=u(tr,0),(t,r,0)eRxQ, 4)
(A—=Ag)Vy = AV +OgU+6V,V=V(t,0),(t,0) e RxT, (5)
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in which
d o) @& 0 Kkl
A ,=(r-R)—|(R-r)— |[+—,Ay=—,0
o= )ar(( )arj 00? " 0? R arl g
To the system (4), (5) we add the matching condition (3) and provide it with initial conditions
u(0,r,0)=uy(r,0),v(0,0)=v,(6). (6)

The solution of the problem (3)-(6) we denote as a deterministic solution. It should be noted that
transforming the operator (4) to Cartesian coordinates we obtain

Ay = (x +2y )sz (y + 2X );yzz

We transfer the consideration of the standard situation to our future research.

Resorting to the stochastic interpretation of partial derivative equations, in this paper we are going
to touch upon the studies of nondeterministic problems in the interpretation necessary for us, the distin-
guishing feature of which is a different notion of “white noise” in the sense of the Nelson—Glicklich de-
rivative of the Wiener process. The term Nelson—Glicklich derivative was originally introduced in the
monograph [10], where the first derivative of a random process was found. This paradigm not only justi-
fied the consistency with the Einstein—~Smoluchowski theory, which allows us to understand by Browni-
an motion the sought stochastic process, and by the derivative from this process — “white noise”, but
also prompted the emergence of a new direction of study of stochastic equations of the Sobolev type.
This is reflected in the studies of: dichotomies of a stochastic equation defined on a manifold [11]; ap-
plication of the phase space method in the case of (L, p)-bounded operator M in [12]; stochastic equa-
tions of Sobolev type of high order in [12].

The paper consists of two parts. In the first part the existence and uniqueness of the system of
Wentzell equations in a circle and on its boundary are considered. The second part contains abstract rea-
soning consisting in the construction of space and proof of existence and uniqueness of the stochastic
system of Wentzell equations in a circle and on its boundary.

Deterministic case
Since it is not difficult to notice,

) 2 _ k 2
u:Zexp(tﬂ_ak J(R ") (a, coskd +by sinx0) + Zexp( kk J(ckcosk0+dksmw) )

= A+k? ) 2RX
in which
R2x r)k
=I J' uo —coskederdr,
00 2R"
R27z k
i
“'uo sink@d@rdr,
00
2 2
C = _[vo (6)coskedo,d, = Ivo(e)sin kode,
0 0

is the formal solution of equation (4). If the series in (7) converge uniformly, then we have a solution of
the problem (4), (6), with ogu =0. Taking this into account, we can construct the solution of problem

(). (6)

00 5—]/k2
v= ) exp|t
Zﬁ p( A+k?
and in the case a =1y, =0 the solutions of the problem (4)—(6) will satisfy the matching condition (3).
Further, the closure of the linear

span {(ZR" )_1(R —r)¢ coskH,(ZRk)_l(R— r)“sink@:k e N\{1},r €(0,R),0€[0,27)

J(ck coské+d, sin k), (8)
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by the norm generated by the scalar product of
27 R

(6w)= If(p(r,ﬁ)l//(r,e)rdrde,

we denote by the symbol A(Q). Closure of the linear span {cos ké,sinkd:k e N,6 [0, 27z)} by the

norm generated by the scalar product of
2r

(pw)= [ 0(0)w(6)d6,

we denote by the symbol A(T').

Theorem 2.1 For any u, € A(Q) and v, e A(T")such that (3) is satisfied, and any «,f,7,5,4€R,
such that a=y,=6, and A=k?, in which keN, there exists a singular solution
(u,v)eC™(R; A(Q)+ A(T')) of problem (3)-(5).

The existence of the solution is proved by formulas (7)—(8), the proof of the singularity of the solu-
tion is trivial.

Stochastic case
Let QE(Q, A P) be a complete probability space with probability measure P associated to the o -

algebra A of subsets of the set 2, and let R be the set of real numbers endowed with a Borel o -
algebra. A measurable mapping &£:Q — R is called a random variable. The set of random variables

whose expectation E is zero and variance D is finite forms a Hilbert space L, ={&:E&=0,D& < +oo}
with scalar product (&,&,)=E&&, and anorm ||£]f, = Dé.

Let us take the set T — R and consider two mappings: f :T — L, , which maps a random variable
fel, to teT,and g:L,xQ—R, which maps a point £(w)eR to each pair (£w). The mapping
n:TxQ—>R, which has the form 1 =17(s0)=g(f(¢).e), we will call a (one-dimensional) stochastic
process. Considering T <R an interval, we call a stochastic process #= n(t), teT, continuous if a.b.

(almost probably) all its trajectories are continuous (i.e., if a.a. (almost all) we 4 trajectories 5(-,w)
are continuous functions). The set of continuous stochastic processes forms a Banach space, which we
denote by the symbol C(T;L,) withanorm

[y, =sup(® n(t,)"? .
te

Let us consider the properties of the Nelson—Glicklich derivative » of a stochastic process n at the
point teT (for a detailed description, see for example in monograph [9]). If the Nelson—Glicklich de-

rivatives 5%(t,-) of a stochastic process #(z,-) exist at all (or almost all) points of an interval T, then we

refer to the existence of a Nelson—Glicklich derivative Z(t,-) on T (almost probably on T ). The set of
stochastic processes, whose trajectories are Nelson—Glicklich differentiable on | up to order
I e{0}U N inclusively form a Banach space c' (T; L,), leN with anorm

I o(k) 1/2
e~ 301" )|
tel \ k=0

Here we will consider the zero-order Nelson—Glicklich derivative as the initial random process, i.e.
-(0) .
1 =p. Let us also note that the spaces C'(T;L,), I e{0}UN , will be called “noise” spaces for sim-

plicity. (see, example, [3-7]).
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Let us proceed to the construction of the space of random K -values. We consider H a real separa-
ble Hilbert space with orthonormalised basis {¢ }, a monotone sequence K ={4 }cR, such that

D A<+, and a sequence {&}=¢ (w)<L, of random variables such that | <C, for some
constant C e R, and for all k e N . Let us constructa H -valued K -value

:(w)=§a§k (@)

Completion of the linear envelope of the set {4 & ¢, } by the norm

o 1/2
Mmg{éﬁmq

is called the space of (H -valued) random K -values and is denoted by the symbol H,L, . As we can
clearly observe, the space HyL, is Hilbertian, and the above constructed random K -value

é=¢(w)eHgL, Similarly, the Banach space of (H -valued) K -“noises” C'(T;HL,),
le {0} U N, let us define it as an enlargement of the linear envelope of the set {4, 7, ¢} by the norm

2y m)?
et =sp| S 2230 |
2 ek ma
where the sequence of “noises” {7} C' (T;L,), 1 € {0} UN. As we can clearly see, the vector

n(t,w>=§zknk (t.o)o

lies in the space C' (T;HkL,), if the sequence of vectors {7} c! (T;L,) and all their Nelson—
Glicklich derivatives up to and including order 1 {0} N are uniformly bounded by the norm ||-||C.L2 :

Now let A (F) be a real separable Hilbert space with orthonormalised basis {¢ } ({w,}). Let us

introduce a monotone sequence K ={4 }<{0}UR such that Zleﬂf< +o0. By the symbol U,L,

(F« L, ) we denote the Hilbert space which is a replenishment of the linear envelope of random K -
values

E= Abpié € Lz1(§=2ﬂk§ka1§k € sz
k=1 k=1

by the norm

o0

Inlfy= 3 220z, (nwni =zyfogkj.
k=1

k=1
It should be noted that in different spaces (UxL, u F¢L, ) the sequence K can be different (K ={4,}
in UgL, and K={y} in FL,), but all sequences marked by K must be monotone and summable
with square. All results will, in general, be true for different sequences {4, } u {4}, but for simplicity's
sake we will restrict ourselves to the case 4, =z .
Let A: A— F be a linear operator. By the formula

AE=S A b P, ©)
k=1

we define a linear operator A:U, L, - F¢L, , and if the series in the right-hand side of (9) converges
(in the metric F¢L,) then &edomA, and if it diverges, then& ¢ dom A. Traditionally, the spaces of
linear continuous operators L(UyL,;F«L,) and linear closed densely defined operators are defined.
The following is valid
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Lemma 3.1 (i) An operator AeL(A;F) exactly and only if AeL(UyLy;FcL,)
As it can be easily observed,

|AZ]. <> 22D | Agc |l <constY" A7D&, = const ]|,
k=1 k=1

(ii) the operator AeCI(A;F) exactly and only if AeCl(UyL,;FcL,).

Lemma 3.2 The operator M e CI(A;F)is p -limited with respect to the operator L e L(A;F) ex-
actly and only if M eCl(UyL,;FcL,) is p-limited with respect to the operator L eL(UyL,;FcL,).
Moreover, the relative spectrum is the same in both cases.

For simplicity sake, let A={u €W, (Q)+W; (T):0qu=0}, F=L,(Q)+L,(T). Next, following
the prescriptions above, we construct the spaces of random K -values UL, u F¢L,. Random K -
value £ eU,L, hasaform

E= A&
k=1
In which {g,} is the family of eigenfunctions of the Laplace operator A, ,: A— F orthonormalised in

the sense of the scalar product (-,-) from L, (€2). Consider the linear stochastic Wentzel system of the
fluid filtration equation in a circle and at its boundary. In this case (1), (2) is transformed to the form

(A=A g)m =aA gn+pr.neC” (10)
(A—2Ap)1 =y +08r1 + 61,1 €C” (12)
in which
o oY) & 0° 0
A, =(r=R)—=|(R=r)= |+ == A, =—— 05 =—| .
r,0 ( )6r(( )arj 692 4 692 R arr:R

To the system (10), (11) we add the initial condition

17(0) =1 (12)
The solution of the problem (11)—(12) we will call a stochastic solution.
Theorem 3.1 For any 7, eUyL,(Q2) and any o, B,7,6,A€R, suchthat a=y,8=6,a A+ k?,

in which k e N, there exists a single solution 7 C* (R ;U,L,) of problem (10)—(12).

The existence and singleness of the solution are proved by analogy with the deterministic case by
virtue of Lemmas 3.1 and 3.2.

The research was funded by the Russian Science Foundation (project No. 23-21-10056).
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AHAJIIN3 CTOXACTUYECKON CUCTEMbI BEHTLENA YPABHEHUN
OUNbTPALUU XKNOKOCTU B KPYTE U HA ET'O rPAHULIE

H. C. Nony4apos, I'. A. Ceupudrok
KOxHO-Ypanbckuli 2ocydapcmeeHHbIl yHUgepcumem, 2. YensbuHck, Poccutickasi ®edepauyusi
E-mail: goncharovns@susu.ru, sviridyuk@susu.ru

AHHOTanus. 3a1a4u ¢ TPAaHUYHBIM YCJIOBUEM BeHTLeNs A IMHEHHBIX SJUTMITUYECKUX YpaBHEHUH
BTOPOI'O IOPSAKA M3YHaIHCh PasInYHbIMU MeTogaMu. Co BpEMEHEM YCJIOBUE CTajO0 ITIOHUMATbCs Kak
OIMCaHue Tpolecca, MPOUCXOIAIIETO Ha TpaHHUIe 00IaCTH M Ha KOTOPBIH BIHUSIOT MPOLECCH BHYTPH
obnactu. [lockonbky B MaTeMaTHUECKOH JUTEpaType rpaHUuHbIE YCIOBUs BeHTIes paccMaTpruBaInCh
C IBYX TOYEK 3peHus (B KJIACCHYECKOM M HEOKJIACCHYECKOM CIIy4asx), LEJIbI0 JaHHON padOThI ABISETCS
aHaJIM3 CTOXaCTHYECKOl cucTtemMbl BeHTuens ypaBHeHU (GUIbTpaluy B KpyTre U Ha €ro rpaHulle B Ipo-
cTpancTBe nuddepeHnupyemMbix K-«urymoB». B 4acTHOCTH, J0Ka3aHO CYIIECTBOBAHHME U CIIUHCTBCH-
HOCTB PELICHUs, KOTOPOE ONpeAeisieT KOJNUECTBEHHbIC IPOrHO3HBIE U3MEHEHUSI TEOXUMUYECKOro pe-
YKUMa TPYHTOBBIX BOJI IIpH Oe3HATIOPHOHN (UIIbTPAINH, POTEKAOIIEH Ha TpaHuIle IBYX cpel (B obmactu
Y Ha €€ TPaHUIIEL).

Kniouesvie cnoea: cucmema Bewmyens, ypasuenue @uiompayuu; npouzsoonas Henvcona—
T nuxnuxa; kpaesovie yciogus Benmyens.
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