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Abstract. In the article we examine the question of regular solvability in
Sobolev spaces of parabolic inverse coefficient problems. A solution is sought in
the class of regular solutions that has all derivatives occurring in the equation
summable to some power. The overdetermination conditions are the values of a
solution at some collection of points lying inside the domain. The proof is based
on a priori estimates and the fixed point theorem.

Keywords: parabolic equation, inverse problem, initial-boundary value problem,
existence, uniqueness.

Introduction
We consider the well-posedness questions of inverse parabolic problems. Let G be a domain in

R" with boundary I e C2 . The parabolic equation is of the form
c(t,x)u, +A(t,x,D)u= f (t,x), (t,x)eQ=(0,T)xG, €N
where the functions f,c and the elliptic operator A are as follows:

—A(t,x,D)= Ay (t,x,Dy) Zq. A(tx,Dy), f Zf (t,%)q; (t

i= =R+l

A= Zak,tx +Zaktxa +ag,C=Co(t,X)— thxq,

k,1=1 i=r+1
The equation (1) is furnished with the initial and boundary conditions
U—o =g, BUlg =g(t,x),S =(0,T)xT, )
where Bu=u or Bu_—N+o-u Z gjjuy vj +ou (v=(v.v5...., ) is the outward unit normal to "
i,j=1
and the overdetermination conditions
u(t.b;)=w;(t).b; €G,j=12,...s. (3)

The unknowns in (1)—(3) are a solution u and the functions o (t) (i=12,...,s). The problem (1)-

(3) arise in describing the heat and mass transfer, diffusion, and filtration processes, ecology, and many
other fields. The problem of determining thermophysical and mass transfer characteristics with the use
of inverse modelling is studied in [1], where the results are used for describing the temperature regimes
of the soils of the northern territories. We can refer to the monograph [2] devoted to inverse parabolic
probems and to [3-6], where the main statements of inverse problems and some applications can be
found. The number of theoretical results devoted to the problems (1)—(3) is sufficiently small. We
should refer to the articles [7—10], where in the case of n=1 the thermal conductivity depending on time
is defined and existence and uniqueness theorems are established with the additional data being the val-
ues of a solution at some points lying in the domain or on its boundary. The thermal conductivity inde-
pendent of one of the spacial variable and some other coefficients are identified in [11, 12] with the use
of the Cauchy data on the lateral boundary of the cylinder and integral data. Existence of a solution is
proven and stability estimates are exposed. The monograph [3] (see also the results in [13]) contains the
existence theory for inverse problems of recovering the coefficients in the leading part of the equation
independent of some part of variables with the overdetermination data given on sections of the spacial
domain by planes. In view of the method, all coefficients also are independent of some spacial variables.
More complete results for the problems (1)—(3) can be found in [14-17], where the well-posedness of
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the inverse problems in question is established for the case of the additional data are the values of a solu-
tion on some spacial manifolds or at some collection of points. However, in these articles c(t,x) =1 ex-

cept for the article [15], where c(t,x)=c(t) in the case of the pointwise ovedetermination. The exist-
ence and uniqueness theorems in the case of the unknown heat capacity and the integral
overdetermination data are exposed in [18-20], where c(t,x)=c(t) or c(t,x)=const . Note that inverse

problems with pointwise data have been studied by A.l. Prilepko and his followers and a number of
classical results is presented in [2]. Similar results under different conditions on the data and in some
other spaces can be found in [21, 22]. Our results are close to those in [23]. In contrast to this article, the
heat capacity here is unknown. The main results of the article are exposed in Sect. 2.

Prelimiraries

The definition of the Sobolev spaces W, (G;E), W, (Q;E) (E is a Banach space) can be found in
[24]. If E=R or E=R" then we omit the notation E and write W, (Q). The definitions of the Holder
spaces C*# (6),C“’ﬁ (§) can be found in [25]. By the norm of a vector, we mean the sum of the norms
of its coordinates. Given the interval J=(0,T), put W;"(Q)=W, (J; L, (G))m L, (J;Wpr (G))
W' (S)=W, (J; Lp(F))mLp (JWpr (F)) All function spaces as well as the coefficients of the equa-

tion (1) are assumed to be real. In what follows, we suppose that p >n+ 2. The definition of the bound-
ary of class C*, s>1, can be found in Ch. 1 in [25]. Denote by Bé(b) the ball of radius ¢ centered at

b. Fix a parameter &5>0 such that B;(b)nBs(b;)=@ for i=j and B;(b)nI=a,

i,j=12,..,s. Denote Q" =(0,r)xG and G;=u;B;(b). Construct nonnegative functions

S
p; C”(R") suchthat ¢; =1 in By, (b;), ¢(x)=0 and ¢; =0 for x¢ Bysy4(b;). Let 9= p;(x).
=1

The consistency and smoothness conditions can be written as
U (x) eWs /P (G*),B(0,%,D)ug|,. =9(0,x).9 ew'o 2o (), 4)
where ky =s; =1-1/2p for Bu=u and k, =s, =1/2-1/2p otherwise;

o (X)W, * (G),ak € L. (0,T;W5(Gs)).af e L, (0.T;W5(Gy)), (5)
where i, j=12,...,n,1=0,1,..,nk=0.1,...,r;
f eC(Q)NL(0T:WE(Gs)).0fy €Ly (0.T:W;(G)), fy Ly (Q), (6)

where j=r+1...,n u I=0, r+1...,s. We use the inclusions of the form f eL, (O,T;W;(G(S)) or
similar, where the set G; consists of several connectedness components (in this case B (bj)). By defi-
nition, this means that f|85(bj) el, (O,T;W;(Bg (bj ))) for all j. This space is endowed with the norm

equal the sum of the norms over the corresponding connectedness components We assume that
al ec(é),a,k eL,(Q),0.af . W2 (S), )
where the last inclusion is required only if Bu=u,
v €CH([0.T]).w; (0)=uo(b; )& (t.b; ). f (t.b; ) eC([0,T]), (8)
where j=1,...,s,m=0,r+1...,51=01...,nk=01...,r. In view of (5), (8), the traces
fn (t.0p ). a1 (t.b;) are  defined  and fn (.05 ). a8 (t.b;) €Ly (O,T); moreover,
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f (t,%),8f (t,X) € C(G_g; L, (O,T)) (after a possible change on a set of zero measure 0) (see [26], Sect.

2,3,4, the relations (3.1)—(3.9), the corollary 4.3).
Consider the matrix B, of dimension sxs with rows

A (0.5;,D)ug (b5 ), A (0,6, D)ug (b; ), fra (0.0 )97 (0, frwj (0), Fia (005 ), £ (0b; ).
and assume that
det B, = 0. 9)
Consider the system

Boao = 601 (10)
o = (G (0,53 (0) — Ay (0, by, D)ug — (0, 1), .., G (0,b5 )y (0) — Ay (0, b, D)ug — F(0,b5)) T

ro
In view of (9) the system (10) has a unique solution gy = (..., dg ) - Denote a, =a% + > ay,gy;
i=1

and below we suppose that

n
Lo(&)= D ay (t,X)E,8 28 [EF VEeR", V(t,x)€Q.
p,I=1
C=¢y— Z Qoi fi 5 Y(t,x)€Q,
i=r+1
where ¢, is a positive constant. The operator ~A° = t X, D Z%. t X, D is elliptic and we

can consider the problem
C(t,X)u +A°(t,x, D, )u=f,ul_, =uy(x),Bulg =g. (11)
Theorem 1. Assume that the conditions (4), (7) hold and f eL, (Q). Then there exists a unique so-
lution u erg’2 (Q) to the problem (11). If g =0 then it satisfies the estimate

bhgeer) =< Foh-25(0) Il o) | a2
where the constant ¢ is independent of uy, f,z<(0,T]. If additionally the condition (5) holds and
pf €Ly (0T;Wy(Gy)) then pue L, (0,T;W(G)), pu, €L, (0.T;W;(G)) andif g =0 then

”u”\N%’Z(Qf) +||¢u||Lp(0,r;Wg(G)) +||¢ut||Lp(O,r;WF1, @) = C[”Uo”vvg—z/p(Qr) +

+||(/’Uo”\,\,g—2/p(g) + ” f ”Lp(Qf) + ”¢’f ”Lp(o,f;wg(e))]’ (13)

where c is independent of uy, f,z<(0,T].

Proof. The first claim results from Theorem 2.1 in [24]. The estimate (12) results from the conven-
tional arguments (see, for instance, Theorem 2 in [22], Theorem 1 in [21]). Additional smoothness of a
solution is established as in Theorem 1 in [27] (see also the proof of theorem 4, subsect. 3, sect. 2, Ch. 4
in [23]). The claim is also contained in Theorem 1 in [28] which can be applied here.

Denote the left-hand side of (13) by |u[,,. and the quantity ||f||Lp(QT) +||¢;f||Lp(0’r;Wé(G» by ||, -

The corresponding Banach spaces are denoted by H® and W' , respectively. The space H® comprises
the functions ueW,*(Q") such that pue L, (0,T;WJ(G)), ou, €L, (0,T;W,(G)), u satisfies the ho-
mogeneous initial-boundary conditions in (11).
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Main results
Theorem 2. Let the conditions (4)—(9) hold. Then there exists a number 7, €(0,T] such that on

(0, ro) there exists a unique solution (u,ql,qz,...,qs) to the problem (1)—(3) such that u eWé’z(Q’O) ,
puel,(0,73W3(G)), ou, €L, (0,7:W,(G)), 0; €C([0,75]), j=12....5.

Proof. Let qz(ql,...,qs)T. Find a solution @ to the problem (11), where we take

s
f=f,+ > fi(t.x)dy and the functions g,u, are our data in (11). By Theorem 1, there exists a solu-
i:r1+1

tion to the problem (11) such that ® eW,*(Q), ¢® <L, (0,T;W;(G)), ¢, L, (O,T;W; (G)) Make

the change u=v+®. We obtain the problem
s

Lv=c(t,X)v, +S (v =(A" = A)d+(~c(t,x) + C (X)) + > F(t,X) 4 (t), (14)

i=r+1

where  (z1)=—(A° + A(1)), A(ﬁ)=iﬂi(t)Ai(t,x,Dx), c=C-c’(st,x), c°(ﬁ,t,x)=rifiyi,
i=1

i=r+1
1 () =ai ()= qoi A=, )
Vio =0,Bvs =0,v(tb; ) =y (t) - D(t,b; ) =7}, j=1.....5. (15)
In view of the properties of the function @, D“pdeW>?(Q) for all j and |a|<1. The embed-
ding theorems yield D%g®, (t,x)eCl_(”+2)’2p‘2_("+2)/p(@) (see Sect. 6.3 and Theorem 1 (the Sect.
Remarks p. 424) in [29]) and thereby D“(D(t,bj)eC([O,T]). In this case the function
aj (t,bj)D)f‘QJ(t,bj), af (t,bj)ij‘q)(t,bj) belong to C([0,T]). Hence, A°<I>(t,bj)ec([0,T]) (after a
possible change on a set of zero measure). Similarly, C(t,bj ) eC([O,T]). Consider the right-hand side
in the equation for ®. We have that f, (t,bj)eC([O,T]) (in view of (6), (8)). From the equation we

infer @, (t,bj)ec([O,T]) for all j. Thus, we have reduced the problem (1)—(3) to a simpler problem

R n
(14)-(15). Let Bg :{ﬁEC([O’T]):”[‘”c([o,T]) <R,}. Consider the expression L(§)=Zéij§i§j ,
ij=1
r
&; = > au, and find the quantity R, such that
k=1

n
z 4 i

i=r+l

L)< 12 vEeR" [c—C|= <8,/2,9(t,x)€Q,Vzie By .

In this case the operator S(ﬁ) is elliptic and Theorem 1 holds with S(ﬁ) rather than A° . Given a
vector ue Bg, + find a solution v to the problem (1)-(2) on (0,7) such that ve L, (0,7;W;(G)),
oV, € L, (0,7;W,(G)) . Study the properties of this map x — v(x) . Theorem 1 yields

r n S
V=L =Y AR X)+ D g fi®+ Y i (tX). (16)
i=1 i=r+1 i=n+1

We have the estimate
My =], <l e a7)
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The conditions on the coefficients imply the estimate
[Tk <elio. (18)

where the constant ¢, depends on the quantities | f ||WT ( i>n+1),

1%l e epy (F+1si<n),

|®],,- (we can replace z with T in these norms and thus we can take c, independent of 7). Take

1 € Br, (i=1,2) and consider the corresponding solutions v;, v, to the problem (14)—(15). Let

M = (,u1i s Moi s« Mg ),i =1,2. Subtracting the latter equation (1) from the former, we obtain that the dif-

ference w=v, —v;, v =v(ﬁi) meets the equation

(¢ ‘;Cz)a,t +S£/‘1 2#2] Zr:(#Jz(t)—yjl(t))Aj (t,x,D) (v, +V,)/2+

j=1
l

> (“JZ(t)_/“‘jl(t)) fj (8 %) (v +V2t)/2+zr:(ﬂj2 (t)_lujl(t))Aj (t,x,D)®

j=r+1 j=1
S
+ Z (2452(0) = 1a (O) F50c+ 3 5 (60) (4112 (1) - pa (1)) = - (19)
j=r+l j=n+1

We have that (,ul + yz)/z € BRO and, thus, the following estimate (see (17)) holds:

ol <] @)

The estimates (18), (20) ensure that
ol < CZCH:UZ ﬂl” c(o.s))’ (21)
where c, depends on the norms (v +v,)/ 2. , [fil,,« (i=R+1), |f; I 0wty (F+15i<n),

|®f,- - Let v= v( ) be a solution to the problem (14)—(15). Taking x=b; in (1) and taking into ac-

count that v, (t,b- ): y; » we obtain the system

c(t,b;)i7; +S(aV(t,b;) = Zﬂ, i (t.b;,D)@(t,b;) + Zy,f(l)( )+i fi(t,bj)yj(t). (22)

i=r+1 i=r+1

The right-hand side can be written as B(t)ﬁ , Where the rows of the matrix B(t) are as follows:

A (t.by, D)D(t,b;),..., A (t.b;, D) (t,by ), frpa®y (tiby )., f D (t by ), Fra (1.0 ). f5 (Eby )

The matrix B(0) agrees with B, from (9) and thereby detB(0)=0. The functions
f. (t,bj),af(, (t,bj), aj (t,bj) are continuous for all values of the indices. Moreover,
D“(pCD(t,x)eC((_g) for |ar|<2. Thus, the entries of B are continuous in t and there exists 7, <T and
a constant 65 >0 such that

|det B(t)|>&; >0Vt e[0,7,]. (23)
In this case the system (22) is written in the form
4(0)=8 1 (4)(1) =R (1)1 (1) -
(e(t, o)y +S(AV(Eb),Clt. D)7, +S(AV(ED,).....ct by +S(AVED)  (24)
The right-hand side here contains an operator taking the vector x into the vector with the components
C(t,bj)lﬁj' —co(ﬁ,t,bj):pj' +S(/7)v(t,bj) (j=12,...,s), where v is a solution to the problem (14),
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(15). The properties of the map /7—>v(/7) we have already studied. Demonstrate that there exists
7, <1, such that the operator R( ) B‘lH( )() R:C([0,7]) >C([0.71]) takes the ball B into

itself and is a contraction. Consider the quantity v ( ) By construction,

C(0.b; )75 (0)=C(0.b; )(w; (0)— @ (0.b;)) =C(0.b; )y (0)+ A(0,b;, D)ug (b ) -
fo — i fi(0.b;)doi =0,j=1....5,

i=r1+l

since the numbers q; are defined from (10). Let
w=(C(0,b )y, C(0,b, )75 ,.... (0,55 )75 )" .
In this case weC([07]) (r<7,) and w(0)=0. There exists a number r; <7, such that

“B_l(t)a”c([o,rl]) <R,/2. Note that R(0)=B*(t)y(t). Next, we obtain estimates assuming that

pe B, and z <7 In this case weC([0,7]) (r<7y)and y(0)=0. There exists a number 7, <z,

such that HB‘l (t):fz”c([oq]) <Ry/2. Note that R(0)=B"(t)y(t). Next, we obtain estimates assuming

that 4 eBg and 7<z; . We have

— — S
HR(M) - R(#z )HC([OJ])S 22 |t = 2221 i 1.0y )7 HC([O,r]) "

j=li=r+1

Z;”onl (t’ bi ) - AOVZ (t’ bi )”C([O,r]) + Zlkz_‘i”:u’lk Akvl (tv bi ) — Hok AkVZ (t! bi )”C([O,r]) ' (25)

Next, we employ the conditions on the data and the embedding Wpa (G) c C(@) for 6>n/p (see
Theorems 4.6.1,4.6.2 in [30]). Take & (n/ p,1—2/ p). Consider the last summand. We have

| e AV (8.51) = 2221 AV (1. ” (0]) —H Hae = Hai ) (A (65) + Av (t.;) H (o, ]

<

c(o.z])
":ufl.k — Hok ”C([O,r]) Cy z H D* (V]_ (t, bj )+ ) (t o]
|x|<2

4 M(Ak(vl(t b)—v,(t,b))

] ))HC([O,r]) i

||,L11k + Loy "C([O,r]) CS|O%“ZHDQV1 (t, b; )— DV, (t,bj )” (o) <
"/ulk +/u2k||C([0,z']) Cr H(P(Vl (t’ ) t X H [0.] w§+9(G)) (26)

where the constant ¢; are independent of 7. Let veH®. In this case ¢gvel, (O,r;Wp3(G)),
oV, €L, (0,7;W2(G)) and thereby goVeC([O, r];WS"Z’p(G)) (see Theorem 111 4.10.2 in [29] and [30]).
The inequality

lo¥lc(fo 2o ) = [M(/)VIILp(o,T;wg(G)) + v IILp(o,r;w;(e))]' 27)

is valid, where the constant cg is independent of ze<(0,7]. Indeed, consider the function
w(t,x)=v(t,x) for t<z, w(tx)=v(2r—rx) for te(r,2z) and w(t,x)=0 for t>2z. We use the
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fact that v(0,x)=0. Next, we write out (27) on [0,T] for the function w, the constant in this inequality

is independent of . Next, we estimate the right-hand side of the inequality obtained from above with
the use of the definition of w and obtain that the constant cg in (27) is independent of 7. Let

6,(3—-2/p)=2+6. We have that 6, (0,1). Denote w=v, —v; . Next, we use the interpolation prop-
erties of the Sobolev spaces [30] and (27). We infer

& -6
Ioelletorpugee(@) =10l g0 ) Py p)
1_
o Joar 4 lolk, <ot pele 7 =(1-1/ p)(1-4,), 28)

Lo(0.7: L, (G))
where we employ the obvious inequality
"V”C([O,f];'-p(G)) S ”LP(O’T;LP(G)) v(0)=0.
The inequality (28) yields
"(p“’||c([o,r];w§+9 ©) <ct” | pa,z (29)
where the constant ¢ is independent of 7. Aranoru4Ho momyanm
(v v, )”c([o,f];wgw ©) <cor” (v Vo)
In view of the inequalities (17), (18) (written for the functions v, ), (21), (26), and (29), we conclude
that
||ﬂ1k AN (81;) = 1 AV, (L by )"C([O,r]) < Cia7” || ay — 12 ||C([o‘,]) ) (30)

where ¢, is independent of z <7z, (it depends on R ). Similar estimate holds for the second summand
in (25). The first summand is estimated by

;ﬂi;lu(uﬂ — 1157) i (t.; )7} Hc([o,,]) S ”C([O'T]){EHV; i, ([O'T])J . 31)

The final estimate is of the form (see (25))

HR(%) - R(Z’Z)Hq[o,f]) <l —n 2""C([Qf]) 015(Ty * EH‘/;J “C([O,r])J' (32)

S
Choosing 7, <7; such that cﬂ{ry +ZHV7] Hc([o DJS% for <z,, we have proven that R is a con-
= ’

traction and takes the ball Br, into itself for z <z, . The fixed point theorem implies the existence of a

solution to the system (24). Let v=v(ﬁ). Show that this function satisfies the overdetemination condi-
tions in (15). Take x="b; in (14). We obtain the system

(L, (1) + AV(L0y) =S4 (10, D)0+ 3 i (105)+ 3 15 (ty ) 1) 69

i=r+l j=h+
Subtracting these equalities from (21), we infer v, (t, b; )— 1//J-' =0 for all j and thereby these condi-

tions are fulfilled. Uniqueness of a solution follows form the estimates exhibited above.

Remark 2. The corresponding stability estimate for solutions also holds.

The research was carried out within the state assignment of Ministry of Science and Higher Educa-
tion of the Russian Federation (theme No. FENG-2023-0004, “Analytical and numerical study of in-
verse problems on recovering parameters of atmosphere or water pollution sources and (or) parameters
of media ™).

BecTtHuk OYplY. Cepusa «MatemaTtuka. MexaHuka. Pusuka» 29
2023, Tom 15, Ne 3, C. 23-33



MaTtemaTtuka

References

1. Permyakov, P.P. ldentification of Parameters of the Mathematical Model of Heat and Moisture
Transfer in Frozen Soils, Novosibirsk, Nauka Publ., 1989, 83 p. (in Russ.).

2. Prilepko A.l., Orlovsky D.G., Vasin I.A. Methods for Solving Inverse Problems in Mathematical
Physics, New York: Marcel Dekker, Inc., 1999. 744 p. DOI: 10.1201/9781482292985

3. Belov Ya.Ya. Inverse Problems for Parabolic Equations. Utrecht, VSP, 2002, 211 p.

4. lIsakov V. Inverse Problems for Partial Differential Equations. Springer Cham, 2018, 406 p.
DOI: 10.1007/978-3-319-51658-5

5. Kabanikhin S.I. Inverse and Ill-posed Problems: Theory and Applications. Berlin, Boston: De
Gruyter, 2011, 459 p. DOI: 10.1515/9783110224016

6. Klibanov M.V., Li J. Inverse Problems and Carleman Estimates: Global Uniqueness, Global
Convergence and Experimental Data. Berlin, Boston: De Gruyter, 2021, 344 p. DOL:
10.1515/9783110745481

7. Hussein M.S., Huntul M.J. Simultaneous Identification of Thermal Conductivity and Heat Source
in the Heat Equation. Iraqgi Journal of Science, 2021, Vol. 62, no. 6, pp. 1968-1978.

8. Hussein M.S., Lesnic D., lvanchov M.I. Simultaneous Determination of Time-Dependent Coeffi-
cients in the Heat Equation. Computers and Mathematics with Applications, 2014, Vol. 67, Iss. 5,
pp. 1065-1091. DOI: 10.1016/j.camwa.2014.01.004

9. lvanchov M. Inverse Problems for Equations of Parabolic Type. Math. Studies. Monograph Se-
ries, Vol. 10, Lviv: WNTL Publishers, 2003.

10. Ivanchov N.I., Pabyrivska N.V. On Determination of Two Time-Dependent Coefficients in a
Parabolic Equation. Siberian Mathematical Journal, 2002, Vol. 43, pp. 323-329. DOI:
10.1023/A:1014749222472

11. Iskenderov A.D. Multi-Dimensional Inverse Problems for Linear and Quasilinear Parabolic
Equations. Sov. Math. Dokl., 1975, Vol. 16, pp. 1564-1568.

12. Iskenderov A.D., Akhundov A.Ya. Inverse Problem for a Linear System of Parabolic Equations.
Doklady Mathematics, 2009, Vol. 79, no. 1, pp. 73-75. DOI: 10.1134/S1064562409010219

13. Frolenkov 1.V., Romanenko G.V. On the Solution of an Inverse Problem for a Multidimensional
Parabolic Equation. Sibirskii Zhurnal Industrial'noi Matematiki, 2012, Vol. 15, no. 2 (50), pp. 139-146.
(in Russ.).

14. Pyatkov S.G., Samkov M.L. On some Classes of Coefficient Inverse Problems for Parabolic
Systems of Equations. Siberian Advances in Mathematics, 2012, Vol. 22, no. 4, pp. 287-302.

15. Pyatkov S.G., Tsybikov B.N. On Some Classes of Inverse Problems for Parabolic and Elliptic
Equations. J. Evol. Equat., 2011, Vol. 11, no. 1, pp. 155-186.

16. Pyatkov S.G. On Some Classes of Inverse Problems for Parabolic Equations. J. Inv. Ill-Posed
problems, 2011, Vol. 18, no. 8, pp. 917-934.

17. Pyatkov S.G. On Some Classes of Inverse Problems with Overdetermination Data on Spatial
Manifolds. Siberian Mathematical Journal, 2016, Vol. 57, no. 5, pp. 870-880.

18. Kozhanov A.l. The Heat Transfer Equation with an Unknown Heat Capacity Coefficient. Jour-
nal of Applied and Industrial Mathematics, 2020, Vol. 14, no. 1, pp. 104-114.

19. Kozhanov A.l. Parabolic Equations with an Unknown Coeffcients Depending on Time. Comput.
Math. Math. Phys., 2005, Vol. 45, no. 12, pp. 2085-2101.

20. Kamynin V.L. Unique Solvability of the Inverse Problem of Determination of the Leading Co-
efficient in a Parabolic Equation. Differential Equations, 2011, Vol. 47, no. 1, pp. 91-101.

21. Pyatkov S.G., Rotko V.V. Inverse Problems with Pointwise Overdetermination for some
Quasilinear Parabolic Systems. Siberian Advances in Mathematics, 2020, Vol. 30, no. 2, pp. 124-142.

22. Pyatkov S.G., Rotko V.V. On some Parabolic Inverse Problems with the Pointwise
Overdetermination. AIP Conference Proceedings, 2017, Vol. 1907, 020008. DOI: 10.1063/1.5012619

23. Pyatkov S.G. Identification of Thermophysical Parameters in Mathematical Models of Heat and
Mass Transfer. Journal of Computational and Engineering Mathematics, 2022, VVol. 9, no. 2, pp. 52-66.

24. Denk R., Hieber M., Priiss J. Optimal LP-L°-Estimates for Parabolic Boundary Value Problems
with Inhomogeneous Data. Mathematische Zeitschrift, 2007, Vol. 257, no. 1, pp. 93-224. DOI:
10.1007/s00209-007-0120-9

30 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2023, vol. 15, no. 3, pp. 23-33



Pyatkov S.G., On Some Classes of Inverse Parabolic Problems
Soldatov O.A. of Recovering the Thermophysical Parameters

25. Ladyzhenskaya O.A., Solonnikov V.A., Uraltseva N.N. Linear and Quasi-linear Equations of
Parabolic Type. Translations of Mathematical Monographs, 1968, Vol. 23, 648 p. DOI:
10.1090/mmono/023

26. Amann H. Compact Embeddings of Vector-Valued Sobolev and Besov Spaces. Glasnik
matematicki, 2000, Vol. 35, no. 1, pp. 161-177.

27. Mikhailov V.P. Partial Differential Equations. Moscow, Mir Publ., 1978, 396 p.

28. Nikol'skii S.M. Approximation of Functions of Several Variables and Imbedding Theorems.
Grundl. Math. Wissensch., 205, Springer-Verlag, New York, 1975, 418 p.

29. Amann H. Linear and Quasilinear Parabolic Problems. Vol. I: Abstract Linear Theory. Mono-
graphs in Mathematics, Vol. 89, Birkhduser Verlag Basel 1995, 338 p. DOI: 10.1007/978-3-0348-9221-6

30. Triebel H. Interpolation Theory, Function Spaces, Differential Operators. Berlin, VEB
Deutscher Verlag der Wissenschaften, 1978, 528 p. DOI: 10.1002/zamm.19790591227

Received May 5, 2023

Information about the authors

Pyatkov Sergey Grigorievich is Dr. Sc. (Physics and Mathematics), Professor, School of Digital
Engineering, Yugra State  University, Khanty-Mansiysk, Russian  Federation, e-mail:
s_pyatkov@ugrasu.ru.

Soldatov Oleg Al’bertovich is Post-graduate Student, Yugra State University, Khanty-Mansiisk,
Russian Federation, e-mail: Oleg.soldatov.97 @bk.ru.

Bulletin of the South Ural State University
Series “Mathematics. Mechanics. Physics”
2023, vol. 15, no. 3, pp. 23-33

YOK 517.956 DOI: 10.14529/mmph230303

O HEKOTOPbIX KITACCAX OBPATHbIX NAPABOJIMMECKUX 3A0AY
BOCCTAHOBJIEHUA TEPMO®U3NYECKUX MAPAMETPOB

C.I. Mamkos, O.A. Condamos
KOzopckutli eocydapcmeeHHbIl yHusepcumem, 2. XaHmbl-MaHcutick, Poccutickasi ®edepayusi
E-mail: s_pyatkov@ugrasu.ru

AnHoTanus. B pabore Mbl paccMaTpuBaeM BOMPOCHI PETYISPHON Pa3penImMOCTH B COOOJEBCKUX
MPOCTPAHCTBAX OOPATHBIX KOA(PPHUIIMEHTHBIX NTapaOdOoIMUECKUX 3a1a4. PellieHne uiercst B Kjiacce pery-
JIIPHBIX PELICHH, KOTOPhIE UMEIOT BCE MPOU3BOJIHBIC, BXOASIIUE B ypaBHEHUE CYMMHUPYEMbIC C HEKO-
TOpOil cTerneHbl0. B KkadecTBe ycinoBUs IepeonpeneneHusi OepyTcsl 3HAUSHHUS PEIIeHUs B HEKOTOPOM
Ha0ope TOUYEK, JISKAIMX BHYTpU 001acTh. J0ka3areabCTBO OCHOBAHO Ha allPUOPHBIX OIICHKAX U Teope-
M€ O HETIOJBHKHOM TOYKE.

Knrouegvle crosa: napaboauueckoe ypagnenue, 0opamuas 3a0aia; HAYaibHO-Kpaesas 3a0aud; cy-
wecmeosamue, eOUHCMEEHHOCHIb.
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