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CUMMETPUMHbIA AHANU3 YPABHEHUA TUMNA BEJNIMAHA
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AnHoranusa. Hccaenyercs ypaBHeHHe ¢ KBAJPATHYHOH HeJIMHEHHOCTHIO,
KOTOpOe SIBJIAeTCA YACTHBIM cilaydaeM AupdepeHIHATHHOIO yYpaBHEHUs] THIA
Besuimana. B pesynbrare pemieHusi 3aa4d IpynnoBoi KiaccupuKanum ycra-
HOBJICHO, YTO B CJIy4Yae MPOM3BOJBLHOr0 BUAA ABYX QyHKIHI, BXOAAIIUX B HEJH-
HelfHbIe YIeHbI, yPABHEHHE JONMYCKaeT YeThIpexnapaMeTpu4iecKylo rpyniy mpe-
o0pa3oBaHuii, KOTOpasi pacliupsieTcsl 10 NATUNAPAMeTPHYECKON U IIecTHNAapa-
MeTPUYeCKOH B cilyuyae nmapaMeTpu4eckKod M JMHeHHOoN 3aBUCUMOCTH QPYHKIMIA.
ITocTpoeHbI HEKOTOPbIe HHBADHAHTHBIE PellIeHHS.

Kniouegvie cnosa:. ypasnenue muna Beinimana, epynna moueunvix npeoopasosa-
HUll;, UHBAPUAHMHOE PeUeHUe.

BBenenue

Vpasuenue bemnmmana [1] sBiseTcs OAHUM W3 OCHOBHBIX WHCTPYMEHTOB TEOPHH ONTHMAIHHOTO
yIpaBleHUS U JUHAMHYECKOTO MPOrpaMMUpoBaHusi. OHO HIMPOKO UCIIONB3YETCS B TEXHHYSCKHX HAy-
Kax U SKOHOMHKE, SBISCTCS KJIIOUCBBIM DJIEMEHTOM MHOTHX aJTOPUTMOB MAIIMHHOTO OOYYEHHUS U UC-
KYCCTBEHHOTO MHTEIUICKTA.

OnHoM U3 aKTyaJIbHBIX 33/1a4 TCOPUU YIIPABICHHUS SBISETCS 3a/la4a ONTUMAILHON KOPPEKIIUU Tpa-
EKTOPHH JBHKCHUS MATePHATIbHON TOUKH TMPH MaJIbIX BO3MYIIeHUsIX. COrIacHO MOAXOY aKaJeMHKa
@ JI. YepHoycbko [2, 3], uccrenoBaHne TaKHX MPOIECCOB MOXKET OBITh CBEJCHO K PEIICHUIO KPacBOU
3a7a4M ISl HEJIMHEWHOTO YpaBHEHHS B YACTHBIX MPOHM3BOAHBIX BTOPOro mopsiaka (ypaBHEHHs THIIA
Bexnmana).

XapakTepHO# 0COOCHHOCTHIO YPaBHEHMS, CYIIIECTBEHHO YCIIOKHSIOIICH ero aHaTMTHYECKOE UCCTIe-
JIOBaHUE, SIBJISIETCSI €0 MHOTOMEPHOCTH. JIaKe B MPOCTEUIIIel TTOCTAHOBKE OHO COJICPXKHUT TPH HE3aBU-
CHUMBIE NIEpEMEHHbBIC — BPEMEHHYIO U JIBE TIpocTpaHcTBeHHbIe. OIHUM U3 3(PPEKTHUBHBIX METOJIOB aHa-
JIM3a HENMWHEHHBIX YPaBHEHUH sBJSICTCS TPyNmoBoi ananu3 [4]. JaHHBIH METOA MO3BOJSIET HE TOJIBKO
YCTAHOBUTH Psiji KAYECTBEHHBIX CBONCTB ypaBHEHHS, HO M HAWTH €r0 YaCTHBIC PEIICHUs ypaBHeHHs. Ero
MPEUMYIIECTBO NPU PEIICHUH 3aJ]]ad ONTHMAJIBHOTO YIPaBICHHS Ja3epOoM, HAIPUMEp, TOAPOOHO OIH-
caHbl B paboTte [5]. I'pynmoBoit aHanu3 mpuMeEHsIeTCS U B 3a/1auax 00 ONTUMAILHOM YIIPABJICHUH MOTpa-
HUYHBIM cJioeM [6].

B pabore paccMaTpuBaeTcs ypaBHEHHE ¢ KBaIpaTUIHON HEITMHEHHOCTHIO, KOTOPOE SBJISCTCS JacT-
HBIM cliydaeM auddepeHmansaoro ypapuenus bemmmvana, suma [7, c. 259]

2
uu, =9 uuy, -g(d( u) =0, (1)
rae f(t) u g(t) — npoussonsubie pynkmuu, f(t) # 0,g(t) # 0. Pemraercs 3agaua rpynmnoBoit kmaccudu-
Karuu otHocuTensHo (ynkumii f(t) m g(t) mo momyckaeMbM 3THM ypaBHEHHEM OJHOIApaMETPHUE-

ckuM Tpymmnam JIu ToyeyHsIx mpeodpasoBanuii. Takke CTPOSITCS HEKOTOPbIE HHBAPHAHTHO-TPYIIIOBbIC
pemenus ypaBaeHus (1).
Cnenys pabote [8], B nanbHelinem ucnosb3yercs obo3Hadenue 0/0t = 0;.

1. I'pynnoBas kjiaccupuranus
Bynem uckath 1yis ypaBaenus (1) momyckaemyro rpyminy mpeoOpa3oBaHHil ¢ ONepaTopoM BUja

X =1t X y,u)0; +< (4% y,u)d, +¢ (L, X y,u)dy +7(t X y,u)d,. (2)

JleficTBys BTOpPBIM INPOJOJDKEHHEM orepatopa (2) Ha ypaBHeHue (1), momyyaeM ompenelnsolee
ypaBHEHHE

X (w0 uu,-o00( u)’ )
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Pacmermsm €Tro MO HC3aBUCUMBIM IICPEMCHHBIM UX, Uy, ny,. .., IPpUXOJUM K OJOBOJIBHO FpOMOBZ[KOﬁ

OTIpEIIEIISIONICH crcTeMe, OOJIbITas YacTh YPaBHEHMH KOTOPOU JIETKO penraeTcs. B pe3ynbprare Haxoaum
r=r(t), ¢&é=Cx+C,, {(=CGy+G, n=Gu G (3)
rae C, — nmpou3BOJIbHBIC NOCTOSHHBIE, | =1,...,6, a U3 HEPEIICHHBIX B ONpECIIONIeil CHCTeMe OCTa-
HYTCS JIVIIB CIIEAYIONINE IBA YPABHEHMS:
gr+g7=(23-Cy) g,
fr+f'1=2C5f.
Takum o00pa3oMm, 3aaaya TPYMNIIOBON KiIacCU(UKALKMKH CBOAMTCSA K PELICHHIO KIacCH(PHUIMPYIOLICH
cuctemsl Ha GpyHkimu f(t) u g(t), moctpoeHHoi Ha ocHOBE crcTeMbI (4)

gt wt)+g't) wt)=(2A- B) gtt),
ft) w'(t) +f () w(t) =2 Af(1),
rne A, B —npousBonbHbIe IocTOsIHHBIE, W(t) —npousBoibHas gynkuus. [Tockoneky f(t) 20, gt)# O,

(4)

paszmenum nepBoe ypaBHeHue cuctemsl Ha ((t), a Bropoe —Ha f(t) . [lepexons k norapupmam (GyHKIH

fty =In[f(®], ) =Injg(t),

HUMEEM CUCTEMY

w'(t) +g't)w(t)= 2A- B, c
{W‘(t) +f ()w(t) =2A. ©)

Bbrunrast mepBoe ypaBHEHHE U3 BTOPOTO, PUXOAUM K COOTHOIIECHHIO

(f'-g)w=B. (6)
Cnyuaii 1. Ilyctb fre g', Torma us (6)

W= B

f'-g
Brorunciss mpoussoanyto W(t) u moacrasmss B cucremy (5), monmydaem ypaBHEHHE
(- - B(F &) =2A(F -0 @

KOTOpPOE CBSA3BIBAET (PYHKIINH f(t), 9(t) u nocrosuubie A, B.

Ecmn f(t) u g(t) — npoussonbHble GyHKuM, TO yeiosue (7) Beimosnnsercs npu A= B=0. Bos-
Bpallasch K cucreMe ypasHeHuit (4), nomydaem, uro C; =0,C3 =0, 7 = 0. CnenoBarenbHO, ypaBHEHHE
(1) nomyckaet oneparop (2) ¢ KOOpIUHATAMHU

7=0, §=C,, {=C,, n=Gu+G.
[Iycts f(t) u g(t) ynosnersopsror ycnosuto (7). Beisicaum ux obumii Bua, xorma A#0, B# 0.

O0o03HaYNM

A =%A, ht) =1t - 8e),

npuuem h'(t) Z 0. Ycnosue (7) mepenuiiercs B BHIC
fh-h"=Ah?,
OTKyza
f=Ah+Inh+inb,  §=(A-Dh- Inh*+ Irb,

rae b —mnpowussonbHas noctosHHas, b# 0. Tlonydaem obumit Bun dyukiwmii f(t) u g(t), koTopsie ymos-
JIETBOPSIOT YCIOBHIO (7) B TapaMEeTPHUSCKOM BHIE:

f=bh'e",  g=bhd¢I",

C A
TMoncrasnss pynxiuu f(t) u g(t) B cucremy (4), Haxoaum T :Wt)’ C; :—ZCl CrnenoBaTenbHO, B
aTOM ciydae ypaBHenue (1) nomyckaer oneparop (2) ¢ koopanHaTamMu
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T:|_’ E:C1X+ CZ’ Z:%C1y+c4, l7=C5U+ CG'

Cnyuaii 2. Nlycrs f'=@',Torna gpynxuun nuneiino sasucumsl: g(t) =kf(t), rne k#0 — npowus-
BOJIbHAsl ocTosiHHAs. VI3 cuctemsl (4) nomydaem C; =0 u HaxoquM QYHKUIHUIO 7, a KOOPJHHATHI J0-
nyckaeMoro orneparopa (2) OyayT uMeTh BUJ

2C, | f(t)dt +
- Bji(:) C7’ §=C,, {=Gy+ G, n=Gu G

Takum 00pa3oM, T0Ka3aHa CIPaBEIIMBOCTD CIICAYIONIETO YTBEPIKICHHUS.

Ymeeporcoenue. B 3apucumoctr ot Buaa ¢yukimii f(t) u g(t) ypasuenue tuma bemnmmana (1) mo-
IyCKaeT YeThIPEX-, MATH- WM IIECTUNAPAMETPUUECKYIO0 Ipymmy JIM TOYCYHBIX NpeoOpasoBaHuil. A
HUMEHHO,

1) ecmu f(t), g(t) — mpomssoasnoro suma, f(t) 20, g(t)# O, To ypaBrenue (1) momyckaer 4eThIpex-

napaMeTpuueckyio rpyniy Jln G, ¢ onepatopamu

G4 X]_:ax, X2:6 X3:au, X4: lﬂu,

yl
2) ecnu f =bh'eh, g= bh'(y—l)h, rne h(t) — mpoussonbnas ¢ynkmms, h)#const, b4 —
npousBosbHbIe noctosiHble, DZ 0,4 # 0, To rpynma Jln G, pacmmpsiercss 10 IATUNAPAMETPHICCKON

orepaTopoM

1 A
=L o+
h X 0 Wy

3) ecmm g(t) =kf(t), rne k#0 —npousBonbHast mocTosiHHasA, To rpymmna Jlu G, pacmmpsercs 1o

Xs

HIECTUMIAPAMETPUUECKON onepaTopaMu
1 2[ f(tyat

Xs=ggd  Xo==r—0c+ ¥y,

2. UnBapuaHTHBIE pelieHns

ITocTpouM HEKOTOpPbIe HHBapUaHTHBIC perieHus ypaBaeHus (1). OOmuii MHBapUaHT [UIs orieparopa
X, ectb ¢ynkmus |(t,X,u). Ausam Ha pemenne U= @(t, X) IPUBOAUT K IBYM BO3MOXHBIM HHBAapH-
AHTHBIM pelieHusM ypasaenus (1) Buaa

u=g(t), u=wy(X.

Jns abenepoil moganreOpel ¢ 6asMCHBIME onepatopamu X;, X, MHBapHAHTHOE PELICHHE TOXKE
UMeeT BHJ] IPOU3BOJIBHOM (PYHKIUHK OT mepeMeHHo X: U= ¢@(X). Eciu B34Th 32 OCHOBY pEIlICHHS WH-
BAapUAHT JIMHEHHON KoMOHHAIMu omepatopoB aX, — b X, rae a,b — npons3BoibHEIE NOCTOSHHEIE, TO,
nperoaras, 4ro pemienne umeer Bug U = @(t, ax+ by), momyunm nuHeHOE peayIMpOBaHHOE ypaBHe-
HHE

ag, = al’f()4,, + g()¢,
e zZ= ax+ by

PaccmoTpum nBymepHyto mopanre6py L, ={ Xy +aXs X+ bXQ}, rae a,b — mpousBosbHbIE TI0-
crostHHBIE. M3 0011Iero HHBapHaHTa MMEEeM aH3all Ha pemienne U = ax+ by+ @( ), moacrasmss koTopbilit
B ypaBHenwue (1), mony4nm peayrupoBaHHOE YpaBHEHHE

ag'=bg(t),

KOTOpPOE JIETKO UHTErpupyeTcs. B pe3ynbrare HaX0uTCAd UHBAPUAHTHOE PENICHUE B BUJIE
b2
u=ax+ by+—[g(9 dt+ G
a

rac C —IIPOU3BOJIbHAaA IMOCTOSAHHAs.
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PaccMoTpum npyryro IByMepHYO monanreopy {Xl +aXy, X, + bX4} , W3 O0IIero MHBapuaHTa KO-

Topoif MMeeM aH3al Ha pelneHue Buga U= e>*™g(1). B pesynbrare pelneHus peayLUpOBaHHOIO YpaB-
HCHUS MMOJTy4acM HHBAPUAHTHOE PEIICHHE
ax+by+ lf_[(f( 9+@) dt
u=_Ce a/
rae C —mpou3BoIbHAS TIOCTOSIHHAS.
Jlns omeparopa Xs, B Cllydae mapaMmeTpHdeckoil 3aBucuMoctd Gpynkuuii f u ¢, aHzaim Ha pereHue
_Ah(®
uMeeT BuA U= ¢ xe "V, ye 2 |, aypasuenue (1) pexyuupyercs B ypaBHEHHE C ABYMs IIEPEMEHHBI-

MH

22+ 2 WD Pt =0,
Jh(t)
rie z=xe"® v= ye 2
B cnyuae nuneiinoit 3aBucumoctd pynkumii f u g mns oneparopa Xg moiyuaeM MHBAPHAHTHOE

peuienue U = ¢(X, y), rIe ¢ yIOBJIETBOPSET PEAYLIMPOBAHHOMY YPAaBHCHUIO
2 _
¢yy¢x + k¢ y 0.
s oneparopa Xg MHBapUaHTHOE PEIIEHHE UILETCSA B Buae U= ¢()gy—12jf( t) dt), a penyLUupOBaH-

HO€ ypaBHEHHUE MEHBIIEH Pa3MEPHOCTH IO MTPOCTPAHCTBY UMEET BUY

4kZpZ +(62- 0@ p,+ 429 p ,,= O,
rae z:%jf(t)dt

3akioueHue

B pabore uccnenoBanbl cCHMMETPUHHBIC CBOMCTBA YpaBHEHUs THMA bennmana. YCTaHOBIICHO, UTO B
Cllydae MPOU3BOJIBHOIO BUAa QYHKIMA OT BPEMEHH, CTOSIIMX MPH MEPBIX IPOU3BOIHBIX 10 IPOCTPaH-
CTBY, JOIycKaemas rpyIma MpeoOpa3oBaHUi IS MCCIACAYEMOI0 ypaBHCHHS SIBJISETCSA YeThIpexmapa-
MeTpudeckoi. Eciu (yHKIMM CBS3aHBI 4epe3 MmapaMeTprUuecKoe COOTHOIICHHE, TO TPYIINa PacIInpseT-
csl 10 MSATHIapamMeTpudeckoi. B ciydae, korga (GyHKIIUM MTPOMOPIIUOHATBHEI, TPYIIA PACIIHPSASTCS J0
IIECTUIIAPAMETPHUCCKOM. 11T HEKOTOPBIX ITOMYCKAaEMBIX OIEPATOPOB U Ha MX JABYMEPHBIX IMoaaireopax
MMOCTPOCHBI MHBAPUAHTHBIC PEIICHUS, KOTOPBIE MOTYT OBITh MCIIOJIB30BaHbI B JalbHEHIIIEM, HATPUMED,
npu penieHuH ypaBHeHus (1) ¢ TOMOIIBIO YHUCICHHBIX METOJOB JUIS TECTHPOBAHHS BBIYUCIUTEIBHBIX
mporpamMmM. C TIOMOIIBIO psia OIEPaTOPOB YAAIOCh MOHU3UTH MOPSAIOK ypaBHeHus (1) M BBITHCATH CO-
OTBETCTBYIOILNE PEAYLIUPOBAHHBIC YPABHCHHMS.
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SYMMETRY ANALYSIS OF THE BELLMAN EQUATION
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Abstract. The optimal correction of a material point’s trajectory under small perturbations is an im-
portant problem in control theory. The study of such processes can be reduced to solving a boundary
value problem for a special nonlinear second-order partial differential equation known as the Bellman
equation. This paper deals with a partial differential equation with quadratic nonlinearity, which is a
special case of the Bellman equation. The equation contains three independent variables—one temporal
and two spatial, and two arbitrary time-dependent functions as multipliers. Multidimensionality is a dis-
tinctive feature of this equation, which significantly complicates its analytical study. Therefore, we use
Lie group analysis which is an effective technique to analytically study nonlinear partial differential
equations. It allows the investigation of not only the symmetry properties of equations, but also to find
their particular solutions. The problem of group classification for this Bellman equation is solved with
respect to two arbitrary time-dependent functions. It is established that in the case of the arbitrariness of
these functions, the equation admits a four-parameter group of point transformations. This group ex-
pands to five-parameter and six-parameter groups for the parametric representation and linear dependen-
cy of the functions, respectively. Several invariant solutions are also constructed.

Keywords: Bellman type equation; group of point transformations; invariant solution.
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