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Abstract. This paper studies the model of blood circulation in human lower 
extremities by Penkovsky and Korsakova. To more precisely study the dynamics, 
the common case of a mathematical model was considered without neglecting ves-
sel elasticity, and taking into account different vascular conductivity. The model 
was adapted to new conditions by taking into account additional factors and add-
ing new variables. The analogy between the mathematical model and the mathe-
matical elastic-filtration hydraulic seam fracture model is emphasized. The 
mathematical apparatus for hydraulic flow design is also applicable to the de-
scription of blood flow. The important role of positive solutions was taken into 
account in the model. Such characteristics as vascular wall resistance, blood 
speed and pressure, speed and pressure profiles, and muscle pump performance 
speed do not involve negative solutions. It is critical to understand the physical 
sense of the values of variables in terms of the model, using physiologically cor-
rect data and to obtain realistic and applicable results for further forecasting and 
optimization and for the use of positive solutions providing more stable and effi-
cient computations. A solution for such a model modification can be used for de-
bugging and testing numerical methods, without a direct physiological analogy. 

Keywords: blood circulation in human lower extremities; positive confluent holo-
morphic operator groups; Sobolev type linear equations; positive solutions. 

 
Setting up a problem 

While preserving succession with the previous studies [1], the focus of researchers' attention for the 
recent years has come back to the positivity of operator semi-groups, and to physically significant mod-
els, arising from the certain applications for positive solutions of operator equations [2–4]. Indeed, as a 
rule, we mean the absence of physical sense when we receive negative or imaginary values of the vari-
able concerned, which should be positive by sense: number of people, material volumes, amount of 
fluid, speed, pressure, market trends forecasting at economic processes simulation, population theory, 
fragmentation processes, linear transport theory, kinetic theory, birth and death rate-like systems, etc. 

It should be noted that the line of papers describing a new liquid filtration model, the model of 
blood circulation in human lower extremities, is available for today. Let us enlarge on the paper in 
which it is represented. Namely, the paper [5] describes the mathematical model of blood circulation in 
human lower extremities, based on laws of motion (filtration) and viscous fluid preservation in hetero-
geneous medium: 
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(vascular network elasticity), laplacian operator, pressure, media permeability and fluid viscosity, re-
spectively.  

By the embedded media, the authors [5] mean the arterial medium and the venous medium. Their 
pore space is composed by vessels of various diameter, providing blood overflow: numerous arteries and 
numerous small capillaries, passing into larger veins. Speed of blood overflow in vascular beds is pro-
portional to the pulse pressure, blood overflow unit volumes in vascular systems are preserved, specifi-
cally, due to capillary exchange between media. The model characteristics are their vascular conductiv-
ity and elasticity.  

The authors of the aforementioned paper earlier offered a model of closed blood circulation in hu-
man brain tissues [6] 
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based on solid heterogeneous porous medium methods. Continuing such reasoning, we can draw some 
analogy of the concerned mathematical model of blood circulation in human lower extremities with the 
mathematical elastic-filtration hydraulic seam fracture model is emphasized 
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The relatively large vessels (arterioles) should be considered as a sparse system of rather large fis-
sures; and small capillaries, passing into larger veins, should be considered as a system of finely-porous 
units. Increase in total volume of fractures leads to decrease in units porosity (condition of pore volumes 
strain compatibility), which causes the media permeability value change. In totality of the aforemen-
tioned, we have an equation similar to the diffusivity equation, describing the elastic filtration mode.  

The authors, V.I. Penkovsky and N.K. Korsakova obtained the time-periodic problem solution 
without initial conditions for the system of differential parabolic equations, corresponding to harmonic 
vibrations, determined by cardiac rhythm. They found analytical problem solutions, having considered 
the particular cases: 1) with permanent muscular tissue section area, proportional to specific flows and 
overflow values (gravity was absent); 2) at rigid mode of blood circulation in arterial and venous beds 
with the bent section function (zero arteriole elasticity). They provided the numerical solution of the 
one-dimensional problem, aligned with the results of analytical solutions.  

Unlike the authors of the initial paper, for more exact study of the dynamics of process of blood cir-
culation in human lower extremities, we plan considering the mathematical model in common case, 
without neglecting vascular elasticity and various vascular conductivity; in addition, the ambitious plan 
is to take into account the gravity further. Further, it will be also possible to analyze the model with re-
gard of adding the following important physiological parameters: vessel resistance, volumetric blood 
flow, gas and nutrient metabolism, and to check the modified model against experimental data or real-
time observations for efficiency confirmation. 
 

Modified blood circulation model 
There exist the sufficient number of the one-dimensional haemodynamics model modifications. 

Both earlier and existing models and the model to which this paper is dedicated, are based on real-time 
measurement data or physiological data close to them. Blood pulsation in veins, vascular wall resistance, 
speed and pressure in them, speed and pressure profiles, muscle pump performance speed, blood circula-
tion volume, other parameters and haemodynamic significance indicators do not involve negative val-
ues. The mathematical apparatus for modelling systems using these characteristics, in their extraordinary 
majority as a result also involves non-negative (positive) solutions.  

Let us consider the system arising from (1), assuming that arteries and veins have various elasticity 
and vascular conductivity: 
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Without regard of the vessel joint deformation condition, the system below is subject to linearization 
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Let us take into account the transformation of media permeability value. Let us emphasize that the 
porosity change is low compared to initial values, and the permeability value varies significantly. Along 
with that, blood pulsations in veins are negligible compared to pulsations in arteries, so it is important to 
provide physiologically correct pressure drop between them as well. Taking the above into considera-
tion, we will receive the following system: 
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Indices 1 and 2 will indicate the parameters in the environment of arteries and veins, respectively. 
The, the modified model in initial designations will look as follows: 
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Conclusion 
Such model adaptation with the set limit and initial conditions, not inconsistent with reason, and set-

ting the limited range of parameter values, safe for human body, reinforces the significance of positive 
solution methods development. Requires representation in the form of the Sobolev type equation. 
Claims further research in the issues of optimal positive decision management. Such solution may have 
no direct physiological analogy, but it can be used for numerical methods debugging and testing. 
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Аннотация. Представлено исследование модификации модели циркуляции крови в нижних 
конечностях человека В.И. Пеньковского, Н.К. Корсаковой. С целью более точного исследования 
динамики процесса рассмотрен общий случай математической модели: без пренебрежения эла-
стичностью сосудов, а также включая во внимание разную проводимость их русел. Адаптация 
модели к новым условиям произведена посредством учета дополнительных факторов, добавле-
ния новых переменных. Подчеркивается аналогия рассматриваемой математической модели с 
математической упруго-фильтрационной моделью гидравлического разрыва пласта. Развитый 
математический аппарат моделирования гидродинамических течений применим и к описанию 
кровотока в сосудах. При данной модификации модели учтена большая роль позитивных реше-
ний. Такие характеристики, как пульсации крови в венах, сопротивление стенок сосудов, скоро-
сти и давления в них, профили скоростей и давлений, частота работы мышечного насоса не под-
разумевают отрицательного контекста решений. Важно понимать, каков физический смысл зна-
чений переменных в рамках конкретной модели, используя физиологически корректные данные, 
получать реалистичные и применимые результаты для дальнейшего прогнозирования и оптими-
зации, а при использовании позитивных решений – обеспечивать более стабильные и эффектив-
ные вычисления. Решение для подобной модификации модели может быть использовано для от-
ладки и тестирования численных методов, при отсутствии прямой физиологической аналогии. 

Ключевые слова: циркуляция крови в нижних конечностях человека; позитивные вырожден-
ные голоморфные группы операторов; линейные уравнения соболевского типа; позитивные ре-
шения. 
 

Литература 
1. Богатов, Е.М. Об истории положительных операторов (1900-е – 1960-е гг.) и вкладе 

М.А. Красносельского / Е.М. Богатов // Прикладная математика & Физика. – 2020. – Т. 52, 
Вып. 2. – С. 105–127. 

2. Banasiak, J. Perturbations of Positive Semigroups with Applications / J. Banasiak, L. Arlotti. – 
Springer-Verlag, London Limited, 2006. – 438 p. 

3. Zagrebina, S.A. Positive Degenerate Holomorphic Groups of the Operators and Their Applica-
tions / Zagrebina S.A., N.N. Solovyova // Semigroups of Operators – Theory and Applications. SOTA 
2018. – 2020. – P. 95–109. 

4. Sviridyuk, G.A. Modified Transport Flow at the Crossroads / G.A. Sviridyuk, S.A. Zagrebina, 
A.S. Konkina // Обозрение Прикладной и Промышленной Математики. – 2020. – Т. 27, № 1. – 
С. 29–30. 



Solovyova N.N., On a New Liquid Filtration Model 
Soldatova E.A., Mezaal Y.A.  

Вестник ЮУрГУ. Серия «Математика. Механика. Физика» 
2024, том 16, № 3, С. 45–49 

49 

5. Пеньковский, В.И. Модели гидравлического разрыва пласта и циркуляции крови в мозге 
на основе механики и фильтрации в гетерогенных средах / В.И. Пеньковский, Н.К. Корсакова // 
XIV Всероссийский семинар «Динамика многофазных сред», приуроченный к 75-летию акаде-
мика РАН Фомина В.М., 2–5 ноября 2015 г. – Новосибирск: ИТПМ СО РАН, 2015. – С. 73–75. 

6. Model of Blood Circulation in the Cerebral Cortex on the Theory of Fluid Flow in Heterogeneous 
Medium / N. Korsakova, V. Pen’kovskij, A. Shilova, V. Shevchenko // Series on Biomechanics. – 2016. 
– Vol. 30, no. 2. – P. 24–31. 

Поступила в редакцию 12 июля 2024 г. 
 
Сведения об авторах 

Соловьёва Наталья Николаевна – старший преподаватель, кафедра «Математическое и ком-
пьютерное моделирование», Южно-Уральский государственный университет, г. Челябинск, Рос-
сийская Федерация, e-mail: solovevann@susu.ru. 

Солдатова Екатерина Александровна – кандидат физико-математических наук, доцент, ка-
федра «Математическое и компьютерное моделирование», Южно-Уральский государственный 
университет, г. Челябинск, Российская Федерация, e-mail: soldatovaea@susu.ru. 

Мезал Ясир Али Мезал – Аль-Мустансирия университет, г. Багдад, Ирак, e-mail: 
yaser_ali_84@yahoo.com. 




