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STOCHASTIC WENTZEL SYSTEM OF FREE FLUID FILTRATION
EQUATIONS ON A HEMISPHERE AND ON ITS EDGE
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Abstract. Deterministic and stochastic Wentzell systems of the Dzekzer
equations describing the evolution of the free surface of a filtering fluid in a hem-
isphere and at its edge are studied. In the deterministic case, the unambiguous
solvability of the initial problem for the Wentzell system in a particular con-
structed Hilbert space is established. In the case of the stochastic system, the the-
ory of Nelson-Glicklich derivatives is used and a stochastic solution is construct-
ed to quantify the change in the free filtration of the fluid.

Keywords: stochastic Dzekzer equation; system of Wentzell equations; the Nel-
son—Glicklich derivative.

Introduction
Let QcR", n>2, be a manifold with an edge T. In particular,

Q={(0,p):0¢ [0,%},@ [0,27} be a hemisphere in R*, and I'={¢p:¢<[0,27]}} be a edge of hem-

isphere. The system of two Dzekzer equations [1], which describing free fluid filtration is defined on the
compact QuUT

(A=Agp U = agAg U= BoA] U —7ou,u=U(t,0,0),(1,0,p) e R, xQ (1)
(i —Aw)vt =AU —ﬂlA(f,u +0gU—nu,v=V(t,R,0),(t,R, @) e R xT, (2)
where the Laplace—Beltrami operator A, , on the hemisphere and the Laplace-Beltrami operator A,
on the edge of the hemisphere have the following form
2 2
e s ) L E 1 ®
sing 00 06 ) sin“6 op sin“ @ ogp 00 9:%

Here, the symbol v=v(t,0,¢),(t,0,¢)eR_ xI", denotes the external normal to R xQ. The pa-
rameters oy, o, 4, By, B, 7o, 71 € R characterize the medium. To this system we add the matching con-
dition

tru=vua R, xT, 4
and equip it will initial conditions
u(0,6,0) =y (6,9).v(0,0) =V (). 5)

Let us call the solution of the problem (1)—(5) the deterministic solution of the Wentzell system. If

we replace u and v, defined by Q and I' respectively, on 7=7(t) and x=x(t) are stochastic pro-

cesses on the interval (0,7), we obtain stochastic Wentzell system, where the derivative of stochastic

processes is understand by the Nelson-Gliklikh derivative of the process. It associated with correct def-
inition of “white noise” as one-dimensional Wiener process (see, for example, [2-7]). Let us call the
solution of the corresponding problem the stochastic solution of the Wentzell system.

The paper, in addition to the introduction and the list of references, consists of two parts. The first
part considers the existence and uniqueness of the deterministic Wentzell system of equations of free
filtration of fluid on a hemisphere and at its edge. The second part contains the proof of existence and
uniqueness of the stochastic system of Wentzell equations of free fluid filtration on a hemisphere and at
its edge.

The deterministic Wentzell system of free fluid filtration equations
If g, =k(k+1) eigenvalues of the Laplace-Beltrami operator Ay, » then
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Y (0.0) R (cos@)cosmp, m=0,...,k;
Kk \@0)=
R (cos@)sin|m| g, m=k,...,.~1,
are the corresponding eigenfunctions orthonormalized with respect to the scalar product. Here,

1 d*
B (t
k( ) 2kk 1dt k( )
. . . Im| 2\Iml/2 dlml . .
is a Lejandre polynomial of degree k , and P, (t)=(1—t ) WPk (t) is the attached Lejandre pol-

ynomial. The scalar product is calculated using the following formula
2 1
<Yk'1“1 Y2 >= j COS M, COS mz(pdgoj Py (t)Po2 (t)dt.
0 -1

Consider the following series

u= ZZexp( ﬁo k2 ](am'kcosm(/wbm’ksin mp) R (cos o), (6)
k=1m=0
where
2z 7/2 2 /2
an g = Iuo(e (p)cosm(pd(pj' R"(0)sin@dé, by, = I Up (6, ¢)sin m(pdq)J- R (0)sin&do.
0 0 0

It is easy to see that the series constructed above is a formal solution of the equation (1). Moreover,
if the series in (6) converge uniformly, then we have a solution to the problem (1), (5), where d,u=0.
Given this, we can construct a solution to the problem (2), (5)

u= Zexp( ﬁl . k2 71J(ck coske +d, sinkg), (7
where
2z 2z
C = _fvo (p)coskede, d, = jvo((p)sin kpdo.
0 0

In the case of the matching condition (4) we obtain the following equation

ok 4 2
ZZexp[t Pk = ek 7°J(amyk cosme + by, , sinme ) B" (cos0)

— &= A+k?
keim=0 0=r/2

+k?

Considering, that g, =4, , ay =y, 7, =y We obtain equalivent system of equations
Zk: (2 cosme -+ by, sinme) B (0) =, coske+dy sinke, where m+n = 2k.
Substitutn;;z] the integral coefficients we obtain an equivalent system
zk: (Tu0 6,p)cos m(pd(p”f R" (0)sin@ddcosmg +I Uy (6,¢)sin mgodgoﬂj/'z R (0)sinddsinmeR™ (0)

m=0

o0 4 2
:Zexp(tﬂlk lalk yl}(ck coske +d, sinke).
k,

= I Vo (@)coskpdpcoske + j Vo (@)sinkedgsinke.
0 0
Here the auxiliary integrals are calculated by the formula
/2 /2
[ R"(0)sinodo =R (0) [ sinado =R (0),
0

and system has the following form
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m=0

k (27
Z(I (6,¢)cosmedpcosme + I U (6, ¢)sinmedgsin m(pJ(Pk (0))?

2z 2z
= J'vo (¢)coskepdpcoske + Ivo(go)sin kpdgsinke. (8)
0
Thus in the case f, =4, ag =04, 7y =y, and the obtained condition (8) the solutions to the prob-
lem (1)—(5) will satisfy the matching condition (4).
Lineal closure of the span{R;" (cos #)sin m, R (cos@)cosmg :

m,k e N\{1},0 {0%} .0 €[0,27)} generated by the scalar product

27[7[/2

(pw)= I J. ¢(0,9)w (6,p)sin6dbdg,

we denote by the symbol A(Q). Next, the closure of the span{sinke, coske: k eN,p<[0,27)} by

the norm, generated by the scalar product
2

(&)= [ £(o)v (p)de,

0
we denote by the symbol A(I").
Thus, the following theorem holds.
Theorem 2.1 For any u, € A(Q) and v, € A(T'), and any coefficients «y, 4, Sy, B, 70: 1. A €R,
such, that the conditions oy =y, o=/, 7o =%, A=k are satisfied, where k € N, and the system
(8) is solvable, then there exists a unique solution (u,v)eC” (IR; A(Q)+ A(F)) of problem (1)—(5).

The stochastic Wentzell system of free fluid filtration equations
For simplicity's sake, let 2 ={u eW; (Q)+W;(I'):05u=0}, §=L,(Q)+L,(T). Next, follow-
ing the algorithm above, construct the spaces of random K -values. The random K -values 7,k €Uy L,

has the form 7 = Zﬂmi(p,, K= Zﬂk’fk‘//k’ where {¢, } is the family of eigenfunctions of the Laplace —
i=1 k=L
Beltrami operator A, , € L(UyL,;FcL,) orthonormalized in the sense of the scalar product (-,-) of

L,(Q); {w} is the family of eigenfunctions of the Laplace-Beltrami operator A, € L(UyLy;F¢L,)

orthonormalized in the sense of the scalar product (-,) of L,(€). Consider the linear stochastic

Wentzel system of free fluid filtration equations in a hemisphere and at its edge. In this case (1)—(5) is
transformed to the form

(2= 8,0 ) =00 571~ Po o1 = o1, 1 €C* (R iUk Ly), ©)
(A=A, = A k= BAZ K+ O — i, K €C™ (R, Uk L,) (10)

To the system (9), (10) we add the corresponding matching condition (8) and initial condition
7(0) =70,x(0) = 5, (11)

The solution of the problem (9)—(11) will be called a stochastic solution. Thus, using the idea inher-
ent in the results obtained earlier (see, for example [8]), the following theorem holds.

Theorem 3.1 For any 7, &, €Uy L, () and any coefficients o, 4, £y, B, 70: 71,4 € R, such, that
the conditions ay=ay, By =P, 7o=71, A#k? are satisfied, where k€N, and the system (8) is

solvable, then there exists a unique solution 7eC” (R, ;U L,) of problems (9)—(11).
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CTOXACTUYECKASI CUCTEMA BEHTLIENA YPABHEHMUA CBOEOHOW
OUNbTPALIUU XKWOKOCTU HA NMOJNTYCO®EPE U HA EE KPAE

H.C. NoH4apos, I".A. Ceupudrk
tOxHo-Ypansckutli 2ocydapcmeeHHbIl yHUsepcumem, 2. YensbuHck, Poccutickass @edepauusi
E-mail: goncharovns@susu.ru, sviridyukga@susu.ru

AnHoTtanus. MccienyroTcsl JeTepMUHUPOBAHHBIE W CTOXAaCTUYECKHE CHCTeMBbI BeHTIens ypaBHe-
Hul J[3exiepa, ONMHCHIBAIOIIME SBOJIONUIO0 CBOOOJHON MOBEPXHOCTH (DHIBTPYIOIIEHCS >KHIKOCTH Ha
nosiycepe U Ha ee Kparo. B JleTepMUHUPOBAHHOM CiTy4ae YCTaHOBJICHA OJHO3HAYHAsl Pa3peIInMOCTb
Ha4YaJIHbHOU 3a7a9M IS CHCTEMBI BEHTIENsI B KOHKPETHOM IMOCTPOCHHOM THIIHLOEPTOBOM IIPOCTPAHCTRBE.
B ciyyae croxacThyeckoi CHCTEMBI UCIIONb3yeTCsl Teopus Npou3BoaHbIX Henbcona—I mukimxa u cTpo-
WUTCS CTOXACTHYECKOE PEIICHHE, IMO3BOJISIONICE OIMPENETUTh KOTMYSCTBEHHOEC M3MEHEHHE CBOOOTHOM
(buIBTpayY KUIKOCTH.

Knouesvle cnosa: cmoxacmuueckoe ypasuenue /3exyepa; cucmema ypasrenuti Benmyens, npous-
s6oonasn Henvcona—I nuxnuxa.
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