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AnHorauus. IlpeacraBiensl pe3yabTaTbl CHHTE3a MaTeMaTH4ecKOro odec-
NeYeHHUs] AIPHOPHOTO OLCHMBAHUS HAEKHOCTH MPOrPAMMHBIX CPEJACTB BbIYHC-
JINTEJIbHBIX KJIACTEPOB, YYHThIBaOIIero crnenu(pukKy HX NOCTPOEHMS: NapaJ-
JeJibHAs 00padoTka MH(pOPMALUM, BHICOKasi MPOU3BOAUTENBHOCTh, MACIITA0H-
PyeMoCThb, NOBbIIIEHHAs1 O0TKA30yCTOHYHBOCTh, 0AJIAHCHPOBKA HAIPY3KH, NMOA-
Jep;KKa rereporeHHbIXx KoHpurypaumii. Pazpadorannoe maremarudeckoe odec-
neyeHHe OCHOBAHO HA JIMHEAPH3aLMH HCXO0HOI'0 MOCIeJ0BATEIHLHOI0 AJIrOPUTMA
U Npeodpa30BaHUM ero U3 JUHeliHOH (popMBbI B mapajieibHylo. JluHeapusanus
HCXOJAHOMH CTPYKTYPbI MPOrPAMMHOIO CpPe/ICTBA MO3BOJISAET NMPEACTABUTDH peasiu-
3yeMblii UM aJIrOPUTM B BHJe 00beHMHEHHUs MOCJIeA0BATEIbHOCTEl 0NepaTopos,
HAYMHAIOIMXCA M 3aKAHYUBAIOLIUXCS B HEMCIOJHUMBIX onepaTopax. Ilpoueny-
pa JIMHeapHM3allMi BKJIIOYAeT 3TANbI NpeACTaBJICHHS AJTOPUTMAa, ONMCHIBalOLIe-
ro 1nocJje0BaTe/ibHyI0 00padoTKy AaHHBIX, B BH/Ae rpada; JuHeapusanuio rpadga
nyrem (popmupoBaHusi rpada peanusauuid ¢ NIOMOIIBI0 MATPUYHOI KOHKATEHa-
HHH MATPHMIBI €ro cMe:kHOCTH; (opMHpOBaHWe MApPA/LIeJbHONH CTPYKTYPbI M3
JIMHEAPU30BAHHOW MOJeJIM 3a cYeT pa3/ieJieHHs MOCIAeI0BATEJbHOCTH ONepaTo-
POB Ha (pparmMeHTHI, YNCJI0 KOTOPBIX PABHO YHCIY BRIYHCIUTEIbHBIX KJIACTEPOB.
Ioay4eHbl MaTeMaTHUYeCKHE 3aBHCUMOCTH pacyeTa OLlEHOK BEPOSITHOCTell NMosAB-
JIeHHsl TOCJe0BaTeIbHOCTEl 0mepaTopoB, He YAOBJETBOPSAIOIIUX HCXOIHBIM
TpeOOBaHUSM K AJITOPUTMY, HA OCHOBAHMM 3aKOHOB pacnpeleieHuii 00padaTbl-
BaeMbIX JAHHBIX W YCJOBHUI BeTBJICHHS BBIYMCJIMTEIbHOro mpouecca. PacemoT-
PeHbl MO/eJH OTKA30B, NPUYMHAMH KOTOPBIX SIBJSIOTCS OIIMOKH CHHXPOHH3a-
oMM 00pabdOTKM JAHHBIX B BBIYMCIHTEJIBLHBIX KiacTepax. [lonck U oneHuBaHue
BEPOSAAITHOCTEHl MOSIBJIEHHMS Ha JIMHEHHON W mapaJjJiejibHOH ¢opMe BeTBell, He
YIOBJIETBOPSIONINX TPe0OBAHUAM TEXHHYECKOIr0 3aJaHMsl HA TPOrpaMMHoe
CpelIcTBO, MO3BOJNJIO0 NMOCTPOMTH MOJedb IeHepaTopa OTKa30B NMPOrpaMMHBIX
cpelcTB, 00ecneYUBAIOIIero ANPUOPHOE OLlEHMBAHME BPeMeHU HAapaOoTKHU 10 OT-
Kka3a. MoaenaupyeMblii MOTOK OTKa30B paccMaTpPHUBAaeTcs KaK CTOXacTHYecKasi
CYMMa MyacCOHOBCKHMX MOTOKOB, (GopMUPYyeMbIX PH KPATHOM LMKJIHYECKOM 3a-
NMyCKe BBIYHMCJIUTEIbHOI0 KjaacTepa. Bpemsi HapaGoTkn NpOorpaMMHOIo0 CpeiacTBa
HAa 0TKAa3 PACCYMTBLIBAETCH HA OCHOBAHHUM ILNIOTHOCTH paclpefiesieHHs BPeMEHH
MEKAY OTKAa3aMM B ITyaCCOHOBCKOM NOTOKe. CHHTE3HPOBAHBI MaTeMaTHYeCKHe
MO/IeJIH TeHepaTopa 0TKA30B M PacyeTa OlleHKH BpeMeHH Hapa0oTKH NporpaMM-
HBIX CpPeICTB HA O0TKa3, OCHOBAHHbIE HA OLIEHKAX BEPOSITHOCTell MomajaaHus ma-
PaNieabHOI0 BHIYMCIUTEIHLHOIO Mpolecca B 0TKa3HbIe BeTBH peaju3yeMbIX aJj-
roputMmoB. IlpuopuTeThl pa3sBUTHA MOJYYEHHBIX Pe3yJbTATOB CBA3BIBAIOTCH C
pa3padoTKoii MojeJiell 0TKa30B MPOrPaAMMHBIX CPeICTB BbIYUCIUTENBHBIX KJa-
CTEPOB BCJIEACTBHE CTPYKTYPHBIX OIIMOOK, NONYIICHHBIX NpH pa3padoTke mna-
paienbHBIX IPOrPaMM.

Knrouesvie cnosa: JUHeapuzayus zpa¢a; eemeijieHue aﬂzopum/wa; pacnapajinenu-
6dHUe 6blllMC]Z€Huuv; Hapaﬁomxa Ha OmkKas, HAOeINCHOCb npocpammnozco cpedcm@a;
npoepammnoe CPE()CI’)’ISO BbIUUCIUMENbHOCO Klacmepa.

BBenenue
WuTennextyanu3zaius 1 mudpoBU3aIUs IPOMBIIIICHHBIX TEXHOJOTHHA MPEIIoaraeT CyIleCTBEH-
HOE TIOBBIIIICHUE TTPOU3BOIUTEIBHOCTH CPEACTB 00padoTKu NaHHBIX [1-3]. DTO MOXKET OBITh JOCTUTHY-
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TO 3a CYET BHEAPEHUS] YHUBEPCAIbHBIX BBIYMCIUTEIBHBIX KJIACTEPOB, OOBEANHIIOIINX MHOXECTBO He-
3aBHICHMBIX KOMIIBIOTEPOB-Y3JI0B B EMHYIO CUCTEMY ¢ 001Ieil PaiiyioBoii cCHCTeMO, BRBICOKOCKOPOCTHOM
KOMMYHHKaIIMOHHOW CETHIO M paclpeesieHHON apXUTeKTypoi [4, 5].

[upokoe mpuMEHEHHE BBIYMCIUTEIBHBIX KIACTEPOB aKTyalM3HpYeT BONPOCH oOecrieueHHus Ha-
JIe>KHOCTH MX allllapaTHBIX U IIPOrpaMMHBIX cpelacTB. HanexxHOCTh anmapaTHbIX cpeacTB 0OecrieynBaeT-
Csl 32 CUET COBEPIICHCTBOBAHMUS TEXHOJIOTHHA MX MPOEKTUPOBAHUS, U3TOTOBJICHUS U SKCIUTyaTallliH, U B
HacTosIee BPeMs SIBISIETCS XOPOILO W3yYeHHBIM BorpocoM [6, 7]. [IporpaMMHbIe cpelcTBa BIYMCIH-
TEJBHBIX KJIACTEPOB 00Naar0T PSAOM OTIMYUTEIBHBIX OCOOEHHOCTEH, BBIIEISAIONINX UX CPeAn IPYTrux
MPOTPaMMHBIX CPEICTB: MapajulesibHasi 00paboTka MHPOPMALIUH, BBICOKAs! POU3BOANUTENHHOCTD, Mac-
MTa0UPYEMOCTbh, TOBBIIICHHAS OTKa30yCTOMYMBOCTD, OaTaHCUPOBKA HArpy3KH, MOAJECPIKKA TeTepOreH-
HBIX KOHPHUTYpAIHii — II03TOMY BOIIPOCHI 00ECTIEYEeH S HX HAJICKHOCTH TPeOYIOT u3yuenus [8—11].

Pa3pa0oTka TeXHOIOrMH MOBBIICHUS HAAEKHOCTU IPOTrPAMMHBIX CPEICTB TPeOyeT HAIMUUS MOAE-
a1 (HOPMHUPOBAHUSI, BBISBICHHS U prUcKoMeTpun ommOok [12]. CtpykTypa Moaenu NOKHA (GOPMHUPO-
BaThCA IO pE3yjibTaTaM aHalin3a ajJropuTMa (I)YHK]_[I/IOHI/IpOBaHI/Iﬂ BBIYUCIUTECIBHOTO KJIACTEpPa, HO HE
JOJKHA OBITh MACHTUYHOM €My, MOCKOJbKY OIIMOKM HMPOTrpaMMHPOBAHUS 03HAYAIOT, YTO pa3paboTaH-
HOE MIPOTPaMMHOE CPEACTBO HE COOTBETCTBYET 3aJaHHBIM TEXHUUECKUM TPeOOBAaHUIM, & MOJEIb JTOJIXK-
Ha BBISBIIATH MMEHHO 3TH Pasindus, MPUBOSIINE K 0TKa3aM [13-15].

OCHOBHBIM HEIOCTATKOM M3BECTHBIX IIOJXOJOB K OLCHMBAHUIO HANECKHOCTH MPOTPAMMHBIX
cpencts [16, 17] sBisieTcs To, 4TO:

— OHU OpPHUEHTHUPOBAHLI HA UCCIICAOBAHUC HAACKHOCTU NPOTPAMMHBIX CPCACTB OAHOIIPOUECCOPHBIX
OBM;

— OLICHKH ITapaMeTPOB HAJECKHOCTH PACCUUTHIBAIOTCS HA OCHOBE SMIIMPUUYECKHX JAHHBIX O KOJIHUYe-
CTBE OIIMOOK, BBISBICHHBIX MEKAY IBYyMs HaONIOIEHUSAMH 32 pabOTOH TECTHPYEeMOW MpOrpamMMbl, a
ClleZIOBaTEIbHO, Ha Pe3yJbTaT OLICHUBAHHS CHIIBHO BIMAIOT Kak MEpuo]] HAOIIO/ICHHS, TaK U TIOKPBITHE
o0yacT mpocTpaHCTBa 00pabaThIBaeéMbIX JAHHBIX MOM00TIACTBI0 JaHHBIX, TEHEPHUPYEMBIX TECTHPYIO-
el IporpaMMoi.

Bwmecte ¢ Tem ncHa OILINOKHU IIpU aHAJIN3€ HAJIC)KHOCTU BBIYUCIUTCIIbHBIX KIIACTCPOB ABJIACTCA, KaK
MPaBUIIO, BEICOKOM, IOATOMY 3a/a4a pa3pabOTKH HAJEeKHON MPOrpaMMbl CBOAMTCS K BBISBICHUIO U YCT-
PaHEHUIO MOTCHUHAIBHBIX NPUYMH OTKA30B Ha 3Tale pa3pabOTKH, 10 BBOAA MPOTrPaMMHBIX CPEICTB B
OKCILTyaTalurro. AHpI/IOpHOe OIICHUBAHUEC HAACKHOCTU IMPOrpaMMHBIX CPEACTB BBIYMCIIMTCIILHBIX Kila-
CTEpPOB Ha dTane WX pa3pabOTKH HEJOCTATOYHO paclpoCTPaHEHO B WHKEHEpHOH mpaktuke. [losTomy
MIPOBEIEHO HCCIICAOBaHNE, NMEBIIEE LENbI0 pa3padOTKy MaTeMaTHUYECKOro 0OecreueHHs arpHOpHOro
OLICHHUBAaHUA Ha,[[é)KHOCTI/I MMpOrpaMMHBIX CPEACTB BBIYUCIIUTCIIBHBIX KIIACTCPOB.

CxemMa BBIYHCIUTEIBHOI0 MpoLecca

[IporpamMMHBIE CpeACTBa BRIYHUCIUTENBHBIX KIACTEPOB B Mpolecce pa3paboTKH MPOXOJIAT CIeayo-
mue dTansl [18], Ha KaXI0M U3 KOTOPHIX BO3MOXKHO TMOSBICHHE OMMOOK, 00YCIOBIEHHBIX UYeOBEUe-
CKUM (haKTOPOM.

Oman 1. Pa3paboTka aaroputMa, ONMCHIBAIOLIETO MOCIEIOBATENbHYI0 00paOOTKY AaHHBIX B BHIC
rpapa (puc. 1, a), crTpykTypa KOTOporo omuchiBaetcsi BbipakenunemM G ={Ar}, rue

A={ag,a,..,@j,...,8;,1} — MHOKECTBO BEPILIUH, KaX/Ias U3 KOTOPBIX SABIISETCS AOCTPAKTHBIM aHAIIOTOM
oreparopa ajroputma; r = ["i, J — Marpuia cMexHoctd pasmepHoctr (J +2)(J +2), onmcsiBaromast
CBA3M MEXITY OIIEPaTOpamu anropurma; f j =(a;,a;) .

B obmiem ciyyae anropuTM BKIIIOYAaeT HEHMCHONHMMBIE onepaTtopbl «Hawamo» (a;) u «Konem»
(ay,1), a TaKke J UCIIOIHUMBIX OIEPATOPOB, IPEACTABIAEMBIX BEPUIMHAME &...8; . Oneparop «Haua-

JIO» BBIIIOJIHACT IICPE3aIlyCK ajirOpuTMa, a OIeparop <<KOH€I_I» MOACIIUPYCT 3aBCPIICHUC O6pa6OTKI/I
JaHHbIX. dakr nepe3aryCka aJiroputMa MoACIUPYyEeTCd € MOMOIIBIO OYTH (aJ 1 ao), IIOKa3aHHOM Ha

puc. 1, @ MyHKTUPHO# cTpenkoil. B MaTpuie cmexHOCTH seMenT I ; =(&;,a;) o0o3Hayaer 1yry, Be-
AyLlylo U3 @ B &j; 1<i, j<J +1. 3navenne fj=O, rae & — MyCTOH JIEMEHT, O3HAYAET, YTO B

cTpykType rpada G nyra (a;,a;) oTCyTCTBYET.
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Puc. 1. UcxoaHbI nocneaoBaTenbHbIA anroputM o6paboTky AaHHbIX
B BbIYUCNUTENBHOM KnacTtepe (a) u ero nuHeapusoBaHHas Bepcus (b)

KoppekTHO CKOHCTPYHMPOBAHHBIN MTOCIIC0BATEIBHBIN aIrOPUTM 00JIaJaeT CBONCTBAMMU:
— B omepatop «Hayano» MOXHO BOHTHM TOJBKO TMpU 3alyCKE NPOrpaMMbl, TO €CTb
o =,0<i<J+1;

— IonajgaHue B OIeCpaTrop «KOHGH» O3Ha4Ya€T OCTAaHOBKY MCIIOJIHCHHSA IIpOorpaMMbl TO CCTb
M, =9,0<j<J+1;

— Cpeiu MCIOJIHUMBIX OIIEPaTOPOB OTCYTCTBYIOT OIEPATOPhI, 00pa3yloIiue aBTOHOMHBIE U MOJTyaB-
TOHOMHBIE IIMKJIBI IEPBOTO M BTOPOT'O POjia, TO €CTh B CTPYKType rpada G cymecTByeT XoTsa Obl OfUH
MyTh, BEAYIIUHA U3 8, B &; , U XOTs Obl OJIMH MyTh, BEAYIIUHA U3 & B &, 0<i<J;

— KaxJblil 1myTh, BeAymuil U3 a8, B &;,;, BKJIOYAET XOTSA Obl OJHY BEPILIMHY IOJMHOKECTBA

{a,...,a5}.

HesbimonHenue 1r000r0 U3 3THX CBOMCTB 03HAYAET, YTO MPHU COCTABICHUH ITOCIIEOBATEILHOTO all-
roputmMa nomnymnicHa OIHI/I6Ka, KOTOpas ABJIACTCA MCTOUYHHMKOM IOTCHIUAJIBHBIX OTKAa30B IMPOrpaMMHBIX
CPEJ/ICTB BBIYHCIUTEIBHOTO KIIacTepa.

Oman 2. Jluneapuzauus rpada G, i 4ero MaTpuiia €ro CMEXHOCTH I' BO3BOAUTCS B ¢-10 KOHKaTe-
HAIMOHHYIO CTETeHb, U 3TOM hopmupyercs rpad peanusanuii (puc. 1, 6)

C(&) @
G=1,& U r &Iy,
e J+1

(&)

rae r — orepaliys BO3BEICHUS MATPHIIBI CMEKHOCTH B C(&) -0 KOHKATEHAIIMOHHYIO CTENEHb; & —

0003HaYeHHE JIOTMYECKOH omepaunu KoHkareHauy; lgo=(89,S,....9), l¢ .4 =(9,....F,a, +1)6 -

COOTBETCTBEHHO BEKTOP-CTPOKa pasmepHocTH 1x (J +2) u BekTop-cTonber pasmeproctu (J +2)x1; 6
— obo3HaueHne orneparuu TpaHcnonupoannsi; C(&) — MakCHMaabHOE 3HAUYEHHE KOHKATEHAI[HOHHOM

CTEICHH, B KOTOPYIO BO3BOJIUTCS MaTPHUIIA CMEKHOCTH I'; J — IyCTOH 3JICMEHT.
BosBeeHue mMatpuilbl CMEXHOCTH B C(&) -10 KOHKATCHAI[MOHHYIO CTEICHb BBIMOJIHICTCS B BHIC

peKyppeHTHof/'I nmpoucaypsl 110 nmpaBujiaM BO3BCACHUS aJIT e6pa1/1qec1<0ﬁ MaTpulibl B CTCTICHL, B KOTOpOﬁ
onepanusd NEPEMHOKCHUA YICHOB 3aMCHCHA Ha OIICPAllMIO KOHKAaTCHAIIUH, a orl€panus CJIOXKEHUA IIPO-

I/I3B€).'[€HI/H>’I — Ha onepanuro O6’LC}_II/IHCHI/I$I KOHKaTeHaHHﬁ, TO €CTh

J+1
c(&) _ c(&)-1 _ c(&)-1 _ (&)
r —[ﬁ,j ]&[ﬁ,j]—lk:é(r” &r,'j)_[ri’j ]
rae & — MaTpuyHas KOHKAaTCHAI[USs; rc(&-1

r c j(&) -1 c(&)-1

- [C(&)—l] -5l KOHKaTCHAIMOHHAsl CTENeHb MaTpuIbl I,

— JJIEMEHT MATPHULBI I , HAXOJISIIMICS HAa IEPECEUCHHH i-if CTPOKH | J-r0O cTOJIOIA.

Konkarenarus panee mocTpO€HHON MMOCIEA0BATENBHOCTH BEPIIMH C ITYCTHIM 3JIEMEHTOM IpPEPHIBA-
eT nocnenosaresbHocTh. Konkarenanusa I o ¢ MaTpuuel CMEXHOCTH ITPOM3BOAUTCS 110 IIPaBHIIaM yM-

HO>KEHHs BEKTOPA-CTPOKH Ha MAaTPHILy, a MATPULbI CMEKHOCTH ¢ BEKTOpoM | ;.1 — 1o mpaBuiam ym-

HOKEHUS MaTPUIIBI Ha BEKTOP-CTOJIOECII.
B o6mem ciyuae rpad G umeeT BU, TOKa3aHHBIN Ha puc. 1, 6. BepiuuHbl rpada 00pa3yroT JIHHEH-
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Hble (HE CO/IEPKALME LIMKIIOB W BETBIICHHI) MOCIEN0BATENBHOCTH Ay () HCTIOIHMMBIX ONEPATOPOB all-
TOpHTMa, 3a7eicTBOBaHHEIX B K(c)-it peammzanmu. ITocme1oBaTeIbHOCTH HMEIOT BUT
Ao =] &t |

rie Ay ) — BEKTOPBI, COCTOSIINE U3 BEPIIUH &y (¢ € A, OMHCHIBAIONIME JTUHEHHBIE TIOCIIEI0BATENLHO-
cTH omepatopoB; 1<V <J, @y — BEPLIMHBI, pasMellleHHbie B k-if peanusaiuu aqroputMa Ha MecTe
ifk(c)]; i[k(c)] — unnmekc-pyHKIMs, 0O03HAYarOIAsl HOMEp i-if BepIIUHbI B K-if JIMHEHHO# mocnenoBa-
TEIBHOCTH, TOJIYYAIONIEHCs B Pe3yJIbTare BO3BEJACHUS MATPHUILI I B C(&) -10 KOHKATEHAI[MOHHYIO CTe-
nenb; J[K(C)]=C — xonu4ecTBO BEpIIHMH B MOCICAOBATEIBHOCTH, PABHOS KOHKATCHAI[HOHHOM CTETICHH,
B KOTOPYIO BO3BeeHa Matpuia I; K(c)=J°® — MaKCHUMalbHOE KOJMYECTBO TMOCIEA0BATEILHOCTEH TN~
HOI1 C, pOPMHPYEMBIX B pe3yJIbTaTe BO3BEACHUS MATPHIILI I B C(&) -F0 KOHKATEHAI[MOHHYIO CTEICHb.

OueBuAHO, 4TO AaHHBIE, 00pabaThIBaeMble aJrOPUTMOM, SBIISIIOTCS AUCKPETHBIMHU U CIy4aiHBIMH.
[TosTOMY OHM MOTYT OBITH IPEACTABICHB! B BUJIE MHOKECTBA BEKTOPOB

M
r]nZIle - {[Do(m)}, [Dn(m)]...,[DN(mH}}:{DO(Z), Dy Dy(zya)

rie Dy, = Do(m)' - Dn(m),..., DN(m)_1 — MHOXXECTBO JHMCKPETHBIX 3HAYCHHI 00pabaThiBacMOW BEITUYH-

HBI; Dn(z) =[Dn(l),..., Dn(m),...,Dn(M)J — 00O0OIICHHBIN BEKTOpP 00padaThIBacMbIX JTaHHBIX, OIHCHI-

BAIOLIMH COOTBETCTBYIOIIYI0 KOMOMHALIUIO; n(Z) — HOMEp KOMOMHAINH; H — IPYIIOBOE IEKAPTOBO
M

Mpou3BeieHe MHOKeCTB; N (Z) = H N (m) .
=1

®dakTop cirydalfHOCTH 3HAYEHUH TMCKPETHBIX JAHHBIX, TOCTYMAIONINX Ha 00pabOTKY, OMHUCHIBAETCS
KOHTHHYAJIbHOM MJIOTHOCTBIO PacpeeeHus], KOTopas IPEICTaBIIsIeTCS B BU/IE B3BEILICHHON CyMMBI O-

¢ynkuuit Iupaka
N(Z)-1

f(D)= Z Pnz)0(D—Dnx))
n(z)=0(z)

1€ Pprsy — BEPOATHOCTH NOsBIEHUs KomOnnauuu Dy 5y ; 6(D—Dyx)) — BekropHas 8-pynkuns Ju-

paka:

(D= Dys)) =5(D, = Dygy) - 5(Dpy = Dyy) -+ 3Dy =Dyay) s [ - - [ 5(D=Dyz))dD =1.
Ecnu snemenTsl BekTopa D HexoppennpoBaHbl MEXIy COOOMW, TO JUIS KaKJOTO 3JIEMEHTa MOXET

OBITh orpeaeyiCeHa IJIOTHOCTD pacipeACICHUA
N(m)-1

fm(Dm) = Z pn(m)é‘(Dm - I:)n(m)) :
n(m)=0

A O6H.[a§[ IJIOTHOCTD paclpeAC/ICHUSA B 3TOM CJIy4aC paBHA POU3BCACHUIO IUIOTHOCTEH OTACIbHBIX
cnyqaﬁme BCJIIMYHH, TO €CTh

M
f(D) =H fm(Dm) .

m=1
BetBiicHHE BHIYMCIUTEIIHEHOTO mnmpounoecca G OMpeACIACTC JIOTUYCCKUMU YCIIOBUAMU MCPCKIIHOUC-
HUSL M3 TEKyUIEH BEPUIMHBI ()] € Acc) B CMEXKHBIE C HEH BepIMHBI M3 moamHOXkecTBa {&;},
1<i<J+1. B cBoto ouepelp, eciu () = &> TAC 8jfi(c)] — BEPIIMHA, NIPUHAUICKALLIAsS I0CICL0Ba-
TEIBHOCTH, COOPMUPOBAHHOI B pe3yibTaTe KOHKATCHAlWH, a &; — BEpIUHMHA, NPUHAAJIeXKaIas Moj-
MHOXCCTBY, TO JIOTHUYCCKHUC YCJIOBUA IMPUCOCANHCHUA K MOCICA0BATCIBHOCTHU Ak(c) BCPIIWHBI U3 MO~

MHOeCTBa {&;} ONpeieII0TCS BEKTOPOM OTHOIICHUH
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®=|p;(D)<0],
TIE @ | (D) — HexoTOpas (GyHKLKS OT JAHHBIX AMCKPETHOTo npocTpanctsa D, 1<i<J +1.

ITpunuMas BO BHUMAHUE, YTO B IIPOrPaMMe OTCYTCTBYIOT IIOJyaBTOHOMHBIE LIMKIIBI, B TOM 4HCIIE
«3aBUCaHMsA», OJHO M3 YCIOBUH OTHOLIEHUs BekTopa @ Bceraa BBINOIHAETCS, COOBITHS BBINOIHEHUS
OTHOILEHHH SIBIISIOTCA HECOBMECTHBIMU M COCTaBIIAIOT MOJHYO rpynmy. C MCHONb30BaHUEM OTHOIIIE-
HUii BekTopa @ MOXKeT ObITh NOJy4€Ha OLIEHKAa BEPOSTHOCTH TOTO, YTO IPH CIEAYIOIEM BEIOOpE BETBU
IPOrpaMMbl K MOCICA0BATEIBHOCTU Ay (o) OyneT 1006aBieHa BEpIIMHA &j, TO €CTb if (g1 = &j OYHeT

paBHaA
P{lk(©]=iik()]+1=}=[.. [ ..[f(D)D.
[ N (D)<O

BCpOSITHOCTI) IIOSABJICHUA ITOCIICI0OBATCIIBHOCTHU Ak(c) OIIPEACIIACTCA KaK IMPOU3BCACHUEC BEPOATHO-

CTCH:
J[k(c)] ) o )
PlAl= [1 Plilk@]=iik(©]+1=j}.
ifk(c)I=Uk(c)]
[IpeobpazoBanue G rpada G sBisieTCs SKBUBAJICHTHBIM, [TO3TOMY MOYKHO CYHTATh, YTO OIMIMOOK Ha

9TOM 3Tane He Bo3HHKaeT. OJIHaKo Takoe MmpeoOpa3oBaHKe MO3BOJISIET BHIABIATH CIECAYIOUINE OMUOKH B
HCXOIHOM alTOPUTME:

— Hayim4yKMe B cTpykType G TOCIEIOBaTEIbHOCTEH C «HEMpPaBUIBHONY (OONbIIEH WM MEHBIICH
JUTUHBI, OTIPEJICIICHHON PEIliaeMoil C MOMOIIBIO AITOPUTMA 3a]1a4H) JUTHHOM;

— BBINIAJICHUE U3 TIOCIIEAOBATEIbHOCTEH CTPYKTYpsl G omepaTtopoB, HEOOXOAUMBIX IJISl PELICHUS
3a/1a4u;

— HaJM4Yue B TOCIEOBATEIBHOCTIX CTPYKTYpbl G «HETpaBWIBHBIX» W/WIH IHITHUX» OIEepaTo-
POB;

— HaJM4ue B TIOCJIEA0BATEIBHOCTAX CO CTPYKTypoid G (parMeHTOB ¢ HENpPaBUIBLHBIM YepeI0BaHH-
€M OIIEpaTOpPOB, HAIIPUMEDP, HAPYLIAIOLIMM OTHOLICHHUE NIPEAIIECTBOBAHHUS.

JIJis yKa3aHHBIX TOCJIEI0BATEILHOCTEH MOTYT OBITH ONpECICHBl BEPOSATHOCTH WX IOSBJICHUS B
cTpykrype G, a Taxke o0Ias BepoITHOCTh 0TKa3a/cO0s MPOTPaMMHBIX CPEJCTB MPH pPeaTn3aliy ajro-
puTMa co cTpyKTypoii G:

Prait = 2 PIk(O)],

k(c)

rne k(c) — Homepa cOoiinbix BeTBel cTpykTypbl G ; P[K(C)] — BeposiTHOCTH MOsSIBIeHUS COOMHBIX BET-
BEH B CTPYKTypE AIrOPUTMA, OLIEHUBAEMBIE KaK BEPOSTHOCTH MOSIBICHHS IOCIEI0BATENBHOCTEN Ay ¢y -
Oman 3. DopMupoBaHHe NapaJUIEIbHON CTPYKTYPHI U3 IMHEapH30BaHHOM Monenu G .
OnuH u3 c1oco60B (HOPMHUPOBAHUS TAPATIIEIILHON CTPYKTYPBl OCHOBAaH Ha pa3JelieHnH MOCIIea0Ba-
TENBHOCTH Ay (o) Ha L pparMenToB, peannsyembIx Ha L BBIMMCIMTENBHBIX KiIaCTepax (puc. 2, a).

Monens npencranisieT codoii ceTs [letpu
H:{{Hl}a {80, 83,1} {Z0s 231} Pin {Z0s 231} Pou {Zos ZJ+1}}’

rae I1; — mozxceTs, ONMCHIBAOIIAs OCIEA0BATEIBHOCTD ONEPATOPOB, UCHIOIHACMBIX |-M BBEIYHCIHTENb-
HbIM KiactepoMm, 1<I<L; {ay,a; 4} — mosummu, MoxenHUpyIOIIHe HEHCIIOTHIMBIE ONEPATOPHI ANT0-
pUTMA; Zj,Z3,; — HEPexojbl, MOJICIUPYIOUINE COOTBETCTBCHHO HAyajlo M OKOHYAHUE MapajlieNbHOH
obpaborku nauebX; Wi {Z9,Z;.1}, YoulZo, 2.4} — BXomHas m BbIXO#HAs (QYHKIHSA HEPEXOIOB;
\Pin (ZO) =3dy, \Pout(z\]+l) =aj,1, \Pin(ZJ +1) = {HI } ; lIIout(zo) = {HI } :

B cBoro ouepensp, moaceru I1;, onmuchIBaromye BHIYUCIUTEIBHBIE KIACTEPhl (B HHACKCE QYHKIMN
I[k(c)] nns kpatkocTn mapameTpsl K(C) omyiieHsI), UMEIOT BUJ
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1 Z{{ai(k,l)}’ {Zi(k,l)}i\yin {Zi(k,l)}’ Fout {Zi(k,l)}} ’
rne  {&yn} -~ wMHOKecTBO TO3MUMH, k) € Ae)s  {Zik} — MHOXKECTBO TEPEXOJIoB;

\Pin|:zi(k,l):| =(k1)s FPou |:Zi(k,l):| =3y +1 k1) <i(k 1)< I(k,1)-1.

Puc. 2. MapannenbHasa moaenb anropuTma

Certs I[leTpu onuceIBaeT nepeaaydy ynpapieHHs OT OJHOTO ONEpaTopa K IpyroMy BHYTPH BBIYHUCITH-
TeJIBHBIX KilacTepoB. Hapsany c mepenmaueil ynpaBlieHHS BHYTPH BBIYHCIIHTENBHBIX KIaCTEPOB €CTECT-
BEHHBIM 00pa3oM OpraHM3yercsl Iepenadya JaHHBIX, (OPMUPYEMBIX MPEIIIECTBYIOLIUM ONEPaTOPOM,
BCEM IocienyromumM oneparopaM. IIpoctoe pasieneHue mociaeqoBaTeNbHOCTH HA (PPAarMEHTBl MOXKET
MOPOJIUTh CHTYaIUIO, KOTAa JaHHbIe, (JOpMHUpYEMBbIE ONlepaTopoM M-ro ¢parMeHTa, JOJKHBI OBITh HC-
NOJIb30BaHbl onepatopamu |-ro ¢gparmenra, a nepeaada JaHHBIX U3 M-ro B |-if BBIYMCIMTEIBHBIH Kila-
CTep He MpeaycMoTpeHa (ciy4ail mpu M = 1 moka3aH Ha pHc. 2, @ IBOWHON CTpEIKOW). JTa TUIHYHAS
ornbka pacrapaieIMBaHis MOXKET IIPUBECTU K OTKA3y [PH Pealn3alii 0CIe10BaTeIbHOCTH A () B

IIEJIOM, a CIIEJOBATEIbHO, BEPOATHOCTh TAKOTO COOBITHSI BXOJUT B (POPMYITy AJISI pacueTra P KaK OJHO
U3 CJIaraeMblX.

Owmunbky NoAOOHOro THIIA YCTPAHSAIOTCS MIPOrPAMMHO 32 CUET BBEJACHHS MPOMEKYTOUYHONH CHHXPO-
HU3ALMH BBIMMCIUTENBHOTO TIPOLECCA, IPOBOIMMOl Ha NEPEXOAiE Zyy gy (puc. 2, b). [Tpu mpomexyTou-

HOW CUHXPOHU3AIUU
Yinlzwnl={auwy awn-1t Youlzwnl={a2x1 8k nt-
TaKOG BBC€ACHUC BXOHHOﬁ u BBIXOHHOﬁ (I)YHKL[I/II/I Ha MNepexoac Zl(k,l) 3aMCJIACT NPOLLCCC KIaCTep-

HOM 00pabOTKHM TaHHBIX, HO YMEHBIIAET BEPOSITHOCTh OTKA30B IIPOTPAMMHBIX CPEZICTB.

I'enepanus noToKa 0TKa30B
Mopens reHepaliui MOTOKa 0TKAa30B B BEIUMCIIMTEIHHOM KJlacTepe MPUBEACHA Ha prc. 3. AIropuT™
TeHepaIiy MpeJICTaBIeH B Buje rpada

I'={Ap},
rae A={oy, 0,0} — MHOXXECTBO BEpIINH; ¢, — MOJEINPYET HEUCIIONHUMBIH onepartop «Hawamoy»; o
— MOJEIHMPYET HCHOJIHUMBINA onepatop oOpabOTKU JaHHBIX B BBIYMCIUTEIBHOM KIIACTEPE; o, — MOJE-

nupyeT HencnonHuMbli oneparop «Kounewy; p =[p; ;] — marpuua cmexnocTu pasmeproctn 3x3:
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D pyy 9 D (a9.q) %)

pP=1D pu pip|=|9 (q,0q) (ag,7) |
g g O %) %) %)

Puc. 3. Mogenb reHepauum NOTOKa OTKa3OB BbIYUCIUTESNIBHOIO KracTtepa

[Ipu ucroTHEHUH aNTOPUTMA B BRIYUCIIUTEIIBHOM KJIACTEPE OTKA3 MPOUCXOIUT C BEPOSTHOCTHIO Pryjl
1 00paboTka maHHBIX npekpamaerca. C BepoaTHOCTHIO (1—Pgj) IporpaMma 3aBepIraeTcsi U Iepesayc-
KaeTcs B IITATHOM pexxuMme. VcronHeHne omepaTtopa ¢q OCYLIECTBIAETCS 3a BPeMs, paBHOE T, ce-

exe
KYH]I.
3 0
[Ipumenenune k MaTpune cMexxHocTu prpada G, B kotopoMm |y =(8y,,9), 1, =(J,,a,)” naer
HOCJIEI0BATEIBHOCTH HCIIOJIHUMBIX OIIEPATOPOB, CBEJAECHHBIE B TAOJIHILY.

dopmHpoBaHHe MOCIeI0BaTEIbHOCTEN UCTIOIHUMBIX ONIEPATOPOB

c ITocnenoBaTenbHOCTH ONEPATOPOB BeposaTHOCTH NOsIBIICHUS Bpewmst o oTkasza
1 — — —
2 ao ) al, ag p fail Texe
2

3 8,8,8,8 P tail 2Texe
k (I YRR - YOO S}

1 Ay A yeeey A0 A9 c-1

; c-1T

| c—1 | P tail ( ) exe
K A, 8qyeeey g,y 8,008 pC-L C DT

| C-1 | fail exe

W3 tabnuiiel cnemayeT, 9To MOTOK OTKA30B MOXKET pacCMaTPUBATHC KaK CTOXACTHYECKas CyMMa I1o-
TOKOB, (POPMHUPYEMBIX TIPU OJTHO-, ABYX-, TPEX- U 00J€e KPATHOM IHKINYECKOM 3aITyCKE BHIYHCIUTEIh-
Horo kiacrepa. B coorBerctBuu ¢ teopemoit b.U. I'purenmonuca, Takoil MOTOK CTPEMUTCA K Iyacco-
HoBcKOMY [19]. IInoTHOCTE pachpenenenrs BpeMeHH MEXIy OTKa3aMH B ITyaCCOHOBCKOM TIOTOKE paBHA
[20-22]

~T-1 -tT1
() =Tpie o,
rac be — BpeMﬂ Hapa60TKI/I HpOFpaMMHOFO Cpe,[[CTBa Ha OTKa3, OLICHKa KOTOpOFO B Hpe,Z[eHBHOM Cﬂyqae

npu C—»00 PaCCUMTHIBACTCS 10 3aBHCHMOCTH
Tot =T exe P tail -

OTMeTHM, 9TO TPH IKCIUIyaTallud MPOTPAMMHBIX CPEICTB BBIYHCIHUTEIHHBIX KJIACTEPOB OIIMOKH,
MPHUBOJISINKE K 0TKa3aM, KaK MPaBHIIO, YCTpaHsAoTces [23—-25]. DTo 03HaYaeT, YTO KOJIMUECTBO COOMHBIX

BeTBel B rpage G yMeHbIIaercs, a, CIeI0BATENbHO, U YMEHBIIAETCS BEPOATHOCTD Py, — BpPEMs Hapa-

OOTKU CHCTEMBI 0 OTKasa Ipu 5TOM YBCIIMYUBACTCA.

3akia0ueHue

Takum oOpa3om, pa3paboTaHO MaTeMaTHYECKOEe OOecledeHHe OIICHWBAHUS HAJEXKHOCTH TPO-
TPaMMHBIX CPEZCTB BBIUHMCIUTEIBHBIX KJIACTEPOB, OCHOBAHHOE Ha JIMHEApU3allMH HUCXOJHOIO MOCIEN0-
BaTEJILHOTO allTOpPUTMa U MPeoOpa30BaHUM €ro U3 JIMHEWHo! (GopMbl B apaiuienbHyo. [lonck u oueHu-
BaHHE BEPOSATHOCTCH TOSIBIICHHS HA JTUHCHHOW W MapajuIeIbHON (hopMe BETBEH, HE YIOBIICTBOPSIONTNX
TpeOOBaHMAM TEXHUYECKOTO 33IaHMs Ha IPOrpaMMHOE CPEACTBO, MO3BOJMIIO MTOCTPOUTH MOJIEINb TeHe-
paTopa OTKa30B MPOrPaMMHBIX CPEACTB U 00ECTIEUUTh allprOpHOE OLICHMBAHUE BpeMeHH HapabOTKH 110
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oTKaza. JlaybHeIee pa3BUTHE WCCIICIOBAHUN CBS3BIBACTCA C Pa3pabOTKOM Mojeseil OTKa30B Ipo-
TPaMMHBIX CPEICTB BBIYHCIUTEIHHBIX KJIACTEPOB BCIIEICTBUE CTPYKTYPHBIX OMNOOK, TOMYIIEHHBIX TIPH
pa3paboTKe MmapaJlIeIbHBIX MPOTPAMM.

Paboma evinonrnena npu noooepoicke epanma PH® 25-29-20177.
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Abstract. The article presents the results of the synthesis of mathematical support for an a priori re-
liability assessment of software for computing clusters, taking into account the specifics of their design:
parallel information processing, high performance, scalability, increased fault tolerance, load balancing,
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and support for heterogeneous configurations. The developed mathematical support is based on the line-
arization of the original sequential algorithm and its transformation from a linear form to a parallel one.
Linearization of the original structure of the software allows representing the algorithm it implements as
a union of sequences of operators that begin and end in non-executable operators. The linearization pro-
cedure includes the following stages: representing the algorithm describing sequential data processing as
a graph; linearization of the graph by forming a graph of implementations using matrix concatenation of
its adjacency matrix; formation of a parallel structure from the linearized model by dividing the se-
guence of operators into fragments, the number of which is equal to the number of computing clusters.
The paper presents the mathematical dependencies for calculating probability estimates for the occur-
rence of operator sequences that do not satisfy the initial requirements for the algorithm, based on the
distribution laws of the processed data and the branching conditions of the computational process. It
considers failure models caused by data processing synchronization errors in computing clusters. The
study also involved searching for and estimating the probabilities of branches occurring in linear and
parallel forms that do not meet the requirements of the software tool's technical specifications. As a re-
sult, we constructed a model of a software failure generator that provides an a priori estimate of the
mean time to failure. The simulated failure flow is considered as a stochastic sum of Poisson flows
formed during multiple cyclic launches of the computing cluster. The mean time between failures of the
software is calculated based on the density of the distribution of the time between failures in the Poisson
flow. Mathematical models of the failure generator and the calculation of the mean time between fail-
ures are synthesized, based on estimates of the probabilities of the parallel computing process entering
the failure branches of the implemented algorithms. The priorities for the development of the obtained
results are associated with the development of models of software failures of computing clusters due to
structural errors made during the development of parallel programs.

Keywords: graph linearization; algorithm branching; parallel computing; mean time between fail-
ures; software reliability; reliability modeling; computing cluster software.

References

1. Fadali M.S., Visioli A. Digital Control Engineering: Analysis and Design. Amsterdam: Elsevier
Inc, 2013, 552 p.

2. Larkin E., Privalov A., Bogomolov A., Akimenko T. Digital Control of Continuous Production
with Dry Friction at Actuators. Smart Innovation, Systems and Technologies, 2022, Vol. 232, pp. 427—
436.

3. Larkin E., Bogomolov A., Privalov A. Digital Control by Robot Manipulator with Improved Ri-
gidity. Smart Innovation, Systems and Technologies, 2023, Vol. 329, pp. 45-59.

4. Grimm R. Parallel Programming in the Modern C++ Language. Moscow: DMK Press, 2022.
616 p.

5. Chapman B., Jost G., Van der Pas R. Using OpenMP: Portable Shared Memory Parallel Pro-
gramming (Scientific and Engineering Computation). Cambridge, Massachusetts, The MIT Press., 2008,
353 p.

6. Naes A., Leira B.J., Batsevych O., System Reliability Analysis by Enhanced Monte Carlo Simu-
lation. Structural Safety, 2009, Vol. 31, pp. 349-355.

7. Sanchez-Silva M., Klutke G.-A. Reliability and Life-Cycle Analysis of Deteriorating Systems.
Switzerland: Springer, 2016. 355 p.

8. Shatnavi O. Measuring Commercial Software Operational Reliability. An Interdisciplinary Mod-
eling Approach. Eksploatacia i Niezawodnose- Maintenance and reliability, 2014, Vol. 16, no. 4,
pp. 585-594.

9. Bogomolov A.V., Larkin E.V., Privalov A.N. Mathematical Models of Software Failures of Digi-
tal Control Systems. Scientific and Technical Information. Series 2: Information Processes and Systems,
2025, no. 1, pp. 1-9. (in Russ.).

10. Privalov A.N., Bogomolov A.V., Larkin E.V. Reliability Modeling of Software Components of
Cyber-Physical Systems. Software Products and Systems, 2025, no. 1, pp. 47-54. (in Russ.).

11. Tobin D., Bogomolov A., Golosovskiy M. Model of Organization of Software Testing for
Cyber-Physical Systems. Cyber-Physical Systems: Modeling and Industrial Application. Cham: Spring-
er, 2022, pp. 51-60.

BecTtHuk OYplY. Cepusa «MaTtemaTuka. MexaHuka. Pusmnka» 33
2025, Tom 17, Ne 4, C. 24-34



MaTtemaTtuka

12. Arutyunyan M.S., Ivanov G.S., Vardanyan V.G., Aslanyan A.K., Avetisyan A.l., Kurmangaleev
Sh.F. Analysis of the Nature of Program Changes and Search for Uncorrected Code Fragments. Pro-
ceedings of the Institute for System Programming of the Russian Academy of Sciences, 2019, Vol. 31,
no. 1, pp. 49-58. (in Russ.).

13. Molchanov A.S., Kolomoets V.A. Testing Intelligent Systems and Aerial Reconnaissance Com-
plexes using Digital Portraits of Typical Aerial Reconnaissance Objects. Science-Intensive Technolo-
gies, 2025, Vol. 26, no. 3, pp. 20-31. (in Russ.).

14. Kulyamin V.V., Petrenko A.K., Rudina E.A. Design of Software Systems Aimed at Ensuring
Security. Proceedings of the Institute for System Programming of the Russian Academy of Sciences,
2024, Vol. 36, no. 5, pp. 7-16. (in Russ.).

15. Larkin E.V., Bogomolov A.V., Privalov A.N., Akimenko T.A. Mathematical Support for Hier-
archical Digital Control of a Complex Technological Object. Bulletin of the South Ural State University.
Series: Mathematics. Mechanics. Physics, 2024, Vol. 16, no. 4, pp. 43-55. (in Russ.). DOI:
10.14529/mmph240406

16. Barack O., Huang L. Assessment and Prediction of Software Reliability in Mobile Applications.
Journal of Software Engineering and Applications, 2020, Vol. 13, no. 9, pp. 179-190.

17. Larkin E.V., Bogomolov A.V., Privalov A.N. Mathematical Modeling of Software Failures.
Bulletin of the South Ural State University. Series: Mathematical Modeling and Programming, 2025,
Vol. 18, no. 3, pp. 73-86. (in Russ.).

18. Larkin E., Akimenko T., Bogomolov A., Sharov V. Reliability of Robot’s Controller Software.
Lecture Notes in Computer Science, 2023, Vol. 14214, pp. 289-299.

19. Grigelionis B.l. On the Convergence of Sums of Step Random Processes to a Poisson Process.
Probability Theory and Its Applications, 1963, Vol. 8, no. 2, pp. 189-194.

20. Bielecki, T.R., Jakubowski, J., Nieweglowski, M. Conditional Markov Chains: Properties, Con-
struction, and Structured Dependence. Stochastic Processes and Their Applications, 2017, Vol. 127,
no. 4, pp. 1125-1170.

21. Lu H., Pang G., Mandjes M. A Functional Central Limit Theorem for Markov Additive Arrival
Processes and its Applications to Queuing Systems. Queuing Systems, 2016, Vol. 84, no. 3, pp. 381-
406.

22. Kobayashi H., Marl B.L., Turin W. Probability, Random processes and statistical analysis.
Cambridge: University Press, 2012, 812 p.

23. Dubrova E. Fault-Tolerant Design. NY: Springer Science+Business Media, 2013, 185 p.

24, Soldatov E.S., Bogomolov A.V., Larkin E.V., Soldatov A.S. Sensor networks for Monitoring
the Condition of Aircraft Equipment during Testing and Operation. Aerospace instrumentation, 2024,
no. 2, pp. 61-68. (in Russ.).

25. Golosovsky M.S., Bogomolov A.V., Tobin D.S. Algorithm for Tuning Fuzzy Logical Inference
Systems Based on Statistical Data. Scientific and technical information. Series 2: Information processes
and systems, 2023, no. 1, pp. 1-9. (in Russ.).

Received September 18, 2025

Information about the authors

Privalov Aleksandr Nikolaevich is Dr. Sc. (Engineering), Professor, Director of the Institute of Ad-
vanced Information Technologies of Tolstoy Tula State Pedagogical University, Tula, Russian Federa-
tion, e-mail: privalov.61@mail.ru.

Bogomolov Aleksey Valerievich is Dr. Sc. (Engineering), Professor, Leading Researcher of the
Federal Research Center “Computer Science and Control” of the Russian Academy of Sciences, Mos-
cow, Russian Federation, e-mail: a.v.bogomolov@gmail.com.

Larkin Eugeny Vasilyevich is Dr. Sc. (Engineering), Professor, Professor-Consultant of Tula State
University, Tula, Russian Federation, e-mail: elarkin@mail.ru.

Akimenko Tatyana Alekseevna is Cand. Sc. (Engineering), Associate Professor, Associate Profes-
sor of Tula State University, Tula, Russian Federation, e-mail: tantan72@mail.ru.

34 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2025, vol. 17, no. 4, pp. 24-34



