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AnHoTranus. Ha ocHOBe HeCTAIlMOHAPHOIO YNPYIroro pe:kuMa QUIbTPaluu
BSI3KOI HeCKUMaeMOoil ’KUJIKOCTH NPU ee U30TePMHYECKOH MPOKavKe yepe3 M30-
TPONHBIA NOPHCTBIA €JI0H c(HOPMYIHPOBAHBI HAYAIBHO-KpPaeBble 3a/1a4H JUIf
OJHOMEPHOIO IO0JIs AABJICHHsI B MPeINO0JI0KeHHH, YTO Pe:KUM (PHIbTPALUU MOA-
yuHsieTcs 3aKkoHy Jlapeu. 3aiaun onMCHIBAIOT PesKUMbl BKIIOYEHHS W BBIKJIIO-
YeHUs NMPOKA4YKH, a TaKKe CTAMOHAPHBIH peKUM [IBUKEHHS HbIOTOHOBCKOM
cpebl, MoJaBaeMoii ¢ BepXHell IOBePXHOCTH MOPHCTOI cpelbl M BhIXOAAIIEl Ye-
pe3 HHKHIOI0 ee OrPAHHYHBAIOIIYI0 MOBEPXHOCTh ¢ 0eCKOHeYHO 00JIbIION Mpo-
HHIAeMOCTHI0 T'PAHUIBI. YPaBHeHHs C(OPMYIHPOBAHHBIX HAYAIBHO-KPaeBbIX
3aa4 oTHOcATCS K AH( depeHINAIbLHBIM YPABHEHUSIM B YACTHBIX NPOU3BOJHBIX
¢ TPAaHNYHBIMH ycjoBusamMu Tuna {upuxie u (mim) ¢pon Heitmana. B ciyuae um-
MyJbCHOT0 BBO/IAa TPAHMYHOE YCI0BHE NMPEICTABJICHO CTPYKTYPOIii, cocTosIIell n3
pa3Hoctu ¢pyHkuuil X3BHUcaiiia, 01HA U3 KOTOPBIX UMeeT CABUI, PABHBIH BeJu-
YHHe JJIMTeIbHOCTH HMNYJbca. B cuiy uX JMHEHHOCTH MOJy4YeHbl aHAJIHTHYE-
CKHe pellleHHs] ¢ MOMOINbI0 OJHOCTOPOHHEr0 HMHTErpajibHOr0 NMpeodpa3oBaHUs
Jlannaca B BUAe SIBHBIX COOTHOLIEHU /sl Oe3pa3MepHBIX npoduieii napaeHus
H CKOPOCTH MO BbICOTe MOPUCTOro cJjosi. IlockoabKy pelieHUsl MpeacTaBJIeHbI
ObicTpocxoasmuMucs psigaMu Pypbe ¢ MyJbTHIUVIMKATHBHON 3KCIIOHEHTOI, TO
HCIO0JIb30BAHO MOHATHE «PeryJsipHOro» pexnMa (B pa3ioKeHHMH YYHTbIBaeTcs
TOJIBbKO NepBoe cjaraemMoe), HaiileHbl NMPHOINKEHHbIEe COOTHOIIEHHs 15 OIpe-
JeJIeHUS NIUTEJIBHOCTH Pe:KHMOB YCTAHOBJICHHS NPH MyCKe H OCTAHOBE MPOKAY-
KH KHIKOH cpeAbl Yepe3 MOpHCThIi cioil. IlonyyenHble pemenusi 06001eHsbI ¢
MOMOIIBI0 HMITYJIbCHOTO0 KPaeBOI0 YCI0BHsA. BhluHMc/IMTeIbHBIE JKCIEPHUMEHTHI
NMOKAa3aJIM, 4T0 0Oe3pa3MepHoe BpeMs NPHOJM:KEHHMS K JHHeHHOMY mnpoduiio
JABJICHHS B pe:KAMe BKIIYEHHsS MPOKAYKH U ee BLIKJIIOYEHHs COCTaBJsIeT NPH-
oumkenHo 0,537 ¢ oTHocuTeLHON TouHOCTBIO 0,01, onpenesisieMoii MO0 CKOPOCTH
JKH/IKOH cpelbl HAa BbIX0/Je M3 NMopucTOro cijosi. IlpuBenen npumep, NoKkasbIBao-
IUii, YTO BpeMsl YCTAHOBJEHHs MOKeT JOCTHIaTh 3HAYHTEIbHOH BeJIWYHHBI,
KOTOPYI0 He00X0AMMO YUYHMTHIBATh NPH (YHKIHOHMPOBAHUHU Pa3JIMYHbIX TeXHH-
YeCKHX YCTPOIiCTB, COCTABHBIM 3JIEMEHTOM KOTOPBIX SBJISIIOTCSI HOPUCThIE CJIO0H.

Kniouegvie cnosa: nopucmoiii ciol; HbIOMOHOGCKAS HCUOKOCHb, NPOKAYKA,
HanopHoe meveHue; pems YCMaHosneHus,; 3aKkoH Jlapcu.

Beedenue. HanopHasi npokadka >KUAKOCTHBIX Cpell depe3 MOPHUCThIE 10U Haubojee 4acTo Impume-
HSETCS IIPU UX OYHMCTKE OT MPUMECEH, HaXOAIMINXCS B pa3IMYHOM arperaTHOM COCTOSIHHHM, C UCIIOJIB30-
BaHHEM TaKUX MEXaHHU3MOB, KaK OCaXICHUE, cCOpOLHs, anre3us u ap. [1]. s npoekTUpoBaHus CHCTEM,
peanu3yoLyx 3TOT IpoLecc, HeodxoauMa HH(popManys 0 HeCTalMOHAPHOM pexuMe (PyHKIIMOHUPOBa-
HUS, HAIpUMeEp, IPY HavyaJle WIH OKOHYAHUH Pa0OThl TAKUX YCTPOUCTB [2].

CTpyKTypa HMOPHCTBIX Cpel MoKa eule He 10 KOoHIa (opMali3oBaHa, U MOITOMY, KaK IMPaBHIIO,
OTPaHNYUBAIOTCS €€ MHTETPAJbHBIMH XapaKTePUCTUKAMU: IMOPUCTOCTBIO & M MPOHUIAEMOCThIO k [3].
st GoNbIIMHCTBA IPyOOIUCTIEPCHBIX MOPUCTHIX Cped (3P QEKTH MOBEPXHOCTHOIO HATSKEHMS MpEHe-
OpeXUMO Majibl 110 CPABHEHMIO C BA3KHUMHU CHJIAMHU) CIIpaBeAJIUBa JMHEHHAas (YHKIMOHAIbHAs 3aBUCH-
MOCTh MEXJy IIepenasioM IaBJICHUs B )KUIKOCTH U ee pacxoioM [4]. B cBsi3u ¢ 3TuM B ciydae JiaMu-
HApHOTO TEYCHHUSI HHIOTOHOBCKOHM >KUAKOCTH TPH OTCYTCTBHH Ae(OpMalMu IIOPUCTOTO CKENeTa THIpO-
JUHAMMKa ONMCHIBaeTCs ypaBHeHueM Jlapcn—bpuHkmana [5]

prlou 1,_ _} _ ,_ m

——|—+—(u-V)u |= -Vp+u,VNu—u,—, 1
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rie T — BpeMs; P, [, — IUNIOTHOCTb H JUHAMUYECKas BI3KOCTH KUIKOCTH; U — BEKTOP CKOPOCTB; &

— BEKTOP YCKOpEHHUSI CBOOOAHOTO majeHus; p — nasneHue. K ypasaenuto (1) nobasnsieTcss ypaBHEHUE
HEPa3phIBHOCTU

gaﬁ+v-(pfﬁ)=o. )
or :
IIpy HEM3MEHHOH CTPYKType MOPHUCTON MaTpPHIB HECTAIIMOHAPHBIC JIOKAIBHEIE (PIIYKTyaIliil CKOPOCTH
OTCYTCTBYIOT, & PEXUM JIAMUHAPHOTO TEYEHUSI B MMOPOBOM MPOCTPAHCTBE HUBEIHNPYET HHEPIIHOHHOCTD
II0TOKA. KpOMe TOro, Tak Kak npeo6nanaeT HAIlOpHOC TE€UCHUEC, TO

prg+ yfvzﬁ‘ < ‘Vp + g1y ik
T. €. B 3TOM ciydae (1) TpanchopMupyeTcs B COOTHOIIEHUE

7=—Xvp, 3)
7,

b

KOTOpOE SBJISETCS MaTeMaTHIeckor (popmanm3arueit 3akona Jlapen.
Ecnu cunrath, 4TO B IepBOM NMPHUOIMKEHUN C)KUMAEMOCTh JKAIKOCTH OT JABIICHUS MMEET JINHEH-
HYIO 3aBUCUMOCTb [6]

pr=pp[1+(p= o)k, ],

rae Py — MIOTHOCTb JKMAKOCTH NP XapaKTEPHOM JaBICHHH po; k

o MOOYJIb 00BEMHOTO CXKATHS

YKHMKOCTH, TOT/Ia
s _%Prdp _Pnop
ot  op ot k, ot '

U3 (2) u (4) cnenyer ypaBHEHUE, ONMKUCHIBAIOIICE HECTAIIMOHAPHOE TI0JIC JaBJICHUH

0
L _y?p, Q)
or

rac = k- kp/(g,u) , KOTOpPOC AOMOJIHAKT COOTBETCTBYIOIIUM Ha60pOM HAa4YaJIbHOTO M T'PAaHUYHBIX

“4)

YCJIOBUH.

B nanHoi#i paboTe aHanm3upyeTcs 3amada 00 OleHKe JTMTEIBHOCTH ITEPEXOTHBIX PEKUMOB MPOKaU-
KU BSI3KOM HECX)KMMAaeMOW cpeAbl Yepe3 IUIOCKYI0 M30TPOMHYIO TMOPUCTYIO CPeny AJIA U30TEPMUUYECKUX
YCIIOBHI 03 yueTa MUTpaIlUH MPUMECEH K MMOBEPXHOCTH MTOPUCTOTO CKEJIETa.

AY Ilocmanoerka u pewenue 3adayu. OIHOHATIPABICHHOE TEUEHHUE
P=Do BSI3KOM HECKMMAEMOM JKUAKOCTH OCYILLECTBIISETCA MOJ ACHCTBHEM HU3-
O 0 Q O ‘;% OBITOYHOTO JABJIEHUS po C BEPXHEH MOBEPXHOCTH IOPUCTOTO CIOS
o Y0 °O° |; (puc.1). B aToMm ciryqae ypaBHeHHE (5) B BEIOpaHHOM cHCTEMe KOOPIH-
0 y@o o 00 lo HAT NPUHUMAET BH]I
Ol 7@y 6 &

v p(v.7) _, p(r.7) ©)

p = O 0 a,z- ayz

Puc. 1. PacuyeTHas cxema
C COOTBCTCTBYIOIIIMM HaAYaJIbHBIM

p(»,0)=0 (7
nu FpaHI/I‘-IHBIMI/I YCJ'IOBI/IHMI/I

r(0,7)=0, 8)

p(L7)=p,. )

Cucrema (6)—(9) B 6e3pazMepHoOif popme 3amrcH TaKoBa:
oP(Y,0) o’P(Y,0)

; 10
00 oY? (1
P(Y,0)=0; (11)
P(0,6)=0; (12)
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P(1,6)=1, (13)

rae szx/l2 ; Y=y/l; P=p/p,.

JlunelHbIil XapakTep HaYaIBHO-KPAeBOH 3amadul A1 apadoIMIecKoTo YpaBHEHHS (6) ¢ KpacBBIMH
ycnoBusiMH (7)—(9) TI03BOJIIET TOMYYNTh €€ aHATTUTHIECKOE PElIeHNe, IPUMEHSIS, HallpuMep, OJTHOCTO-
pOHHEe UHTerpajgbHOoe peobpa3oBanue Jlamnaca [7]

( —v+ 22 sm

exp( #0), (14)
n=1 /Lln Cos /’ln

rae u, =nn, n=1,0.
Ecnm BBecTH XapakTepHYIO CKOPOCTh TEUEHHSI CPEIb
w=kp, / ( ul ) )
TO ¢ yueToM (3) Oe3pa3MepHast JIOKaabHas CKOPOCTh TEUCHHS KHUIAKOCTH B TIOPOBOM IIPOCTPAHCTBE TI0-
PHUCTOTO CJIOS €CTh
cos /,zn

U=u/w= 1+2z
n=1

B cranmonapHoM pexxume, koraa € — oo, u3 (14) u ( 15) cnenyer, 4to P(Y ) =Y, U =1. Xapak-

exp(—yfﬂ). (15)

TepHBIC MPOPUIH Oe3pa3MEepHBIX JaBICHUSI U CKOPOCTH IPUBEICHEI Ha PUC. 2.
1 b

a
0.8+

0.6

0.4

[B¥]

2

0 T T T T 1 0 T T T T
0 02 04 0.6 0.3 1 0 0.2 04 06 0.8
¥ I

Puc. 2. Mpodunu 6e3pasmepHbIX AaBreHuit (a) u ckopocty (b) cpeabl Npy pasnunYHbIX 3Ha4YeHusx 6 :
1-0,01;2-0,1;3-1,0
3amaga (6)—(9), mo cymecTBy, OmUCHIBacT (hopMUpoBaHWE TPOGUICH TaBICHUS W CKOPOCTH IIO
TOJIIIMHE TIOPHCTOTO CJIOS B TIEPHO] Havaja MPOKAaYKH U MEPexo/ia ee B CTalnOHapHBIN pexkuM. Ecin B
(15) monoxutk ¥ =0, TO MOKHO OIPEAETUTL Oe3pa3MepHbIE BpeMsi 6 yCTaHOBJIEHHS CTAlIHOHAPHOTO
peXuMa, HarpuMep, ¢ OTHOCUTENsHOU norpenrHocTsio B 0,01 u3 ypaBHeHUS

U(O,H*):O,99. (16)

Jug aToro OyneM cumTath, 9TO MPH AOCTATOYHO OONBIIMX BpeMeHax & cooTHomreHue (15) MoxHO 3a-
MUCATh B BHJIC

U(O,H*)zl+2exp(—u129*)/cosul, (17)

torga u3 (16) u (17) cnenyet

0" =—i21no,005:o,537. (18)

T
Ecnu nmpoxadky *UIKOCTH CKBO3b HOPUCTHIA CIONW OCTAaHOBUTH, TO JTWHAMUKA W3MEHEHHS IMOJIEH
0e3pa3MepHBIX IaBJICHHUS U CKOPOCTH OIPENEISIeTCS U3 PEeHISHHS 3a/Ja4H:
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oP(Y,0) _9’P(Y.6)

06 oy: (19)
P(Y,0)=Y; (20)
P(0,0)=P(1,6)=0. 21)
Pemenne (18)—(21):
_ - Sin(/unY) _..2n\.
P(Y’g)_zé—yncosy,, exp( ,uné’), (22)
_ o cos(p,Y) )
U(Y,G)—anz‘; cos 1 exp( U, ) (23)

O4eBHIHO, YTO, TIOBTOPSIS TY ke MPOIEAYPY IO OMPEASICHUIO MPOJAOKUTEIBHOCTH MIEPHOAA OT-
KITFOUCHHS MTPOKAYKH, TIOJTYIHUM PE3yIbTaT, aHATOTHYHEIH (18).
[Tpu UMy TLCHOM 3aKOHE U3MEHEHUS JaBJICHUS 3a7a4a POPMUPYETCS B BUJIC

oP(Y,0) o’P(Y,0)

o0 oy @9
P(Y,0)=P(0,6)=0; (25)
P(1,0)=1(0)-1(6-6,), (26)
riae 6, — 6e3pa3MepHOE BpEMs UMITYIIbCA; 1() — yukiws XsBHcaiiaa.
Pemenne (24)—(26) TakoBo:
P(Y,H)z{Pl (Y,@), npu <6, 27
P, (Y,@), npu 0> 6,

rae B (Y,0) onpenensercs cootHourenrem (14), a

csin(uV)( :
P(Y,0)=2 —”{ex —u,0 [l—ex -1, 0, }}
T S A )

CrnenyeTr OTMETHTB, 4TO pemieHue 3anaun (24)—(26) obo6maet pemenns 3amay (10)—(13) u (19)-
(21).

Hpumep. OreHnM BpeMeHa NPEOBIBAHMSA U yCTAHOBICHHS TOTOKA KUAKOCTH ¢ 4 =107 Tla-¢ ue-

. . . 9
pe3 nopucTklii cnoi Tonmuuol /=0,1.m, nopucrocteto & = 0,4 u nporunaemoctsio k, ~10" Ila (mns

OOJIBIIMHCTBA KamneJbHbIX XKHUAKoCTeH [6]). IlycTh N30BITOYHOE TaBIEHHE COCTABISET p, = 10°IIa , To-

raa Bpems npeObIBaHMsI XKUIKOCTH B cioe cocTariseT nmopsiaka 100 ¢, a Bpems ycraHoBienus ~ 21 c.
Jlns Gonee BBICOKMX JABIEHHH p, BpeMs NPeObIBAHUS yMEHBIIAETCA, IPU 3TOM BPEMs yCTAaHOBICHUS

YBEJININBACTCA.

3axnrwuenue. AHanu3 MokKasali, 4YTO BpeMEHa YCTAaHOBJICHUS IIPH MPOKAUKE KUIKON Cpellbl CKBO3b
HU30TPOITHBIN TOPHCTHIA CIIOM W MPH OCTAHOBE MPOKAYKH coBmamaroT. IlomydeHo oOoOmeHue 3amad
Havaja MPOKayKH, e CTAIMOHAPHOTO PeXMMa M €€ OCTAHOBa, IMIOKAa3aHO Ha MpPHUMEpe, YTO OCHOBHYIO
POJIb B BEIMYMHE BPEMECHH MTPACT JABJICHUE MMOAAYU KHUJIKOH CPellbl B MIOPHUCTHIN CIIOH, YeM OHO 0OJTb-
11e, TeM OOJIBIIIe BPEeMs YCTAaHOBJICHUSI.
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ESTIMATION OF THE TIME OF SETTING STEADY-STATE CONDITIONS
FOR NEWTONIAN FLUID PRESSURE FLOW THROUGH A FLAT POROUS LAYER

A.V. Ryazhskih, V.I. Ryazhskih
Voronezh State Technical University, Voronezh, Russian Federation
E-mail: ryazhskihav@bk.ru

Abstract. Unsteady elastic filtration conditions for a viscous incompressible fluid isothermally
pumped through an isotropic porous layer served as a basis for formulating initial-boundary value prob-
lems for a one-dimensional pressure field, assuming that the filtration mode obeys Darcy's law. The
problems describe the pumping on/off modes, as well as the steady-state conditions for the flow of a
Newtonian fluid supplied from the upper surface of the porous medium and exiting through its lower
bounding surface, with infinitely large boundary permeability. The equations of the formulated initial-
boundary value problems are partial differential equations with Dirichlet and/or von Neumann boundary
conditions. In the case of pulsed input, the boundary condition is represented by a structure consisting of
the difference of Heaviside functions, one of which has a shift equal to the pulse duration. Due to their
linear nature, analytical solutions can be obtained using a one-sided integral Laplace transform in the
form of explicit relationships for dimensionless pressure and velocity profiles along the height of a po-
rous layer. As these solutions are represented by rapidly converging Fourier series with a multiplicative
exponent, the concept of a “regular” mode is used (only the first term is considered in the expansion).
Approximate relationships are derived to determine the duration of the setting modes during the start
and stop of pumping the liquid medium through a porous layer. The obtained solutions are generalized
using an impulse boundary condition. Computational experiments have shown that it takes approximate-
ly 0,537 dimensionless time for the pressure profile to approach linearity during both the on and off
pumping modes, with a relative accuracy of 0,01, depending on the velocity of the fluid at the outlet of
the porous layer. An example is given to demonstrate that the setting time can reach a significant value,
which should be taken into account in the operation of various technical devices that contain porous lay-
ers.

Keywords: porous layer; Newtonian fluid; pumping; pressure flow; settling time; Darcy's law.
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