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METOA NPUTPAHUYHOI O CNOA ONA NPUBJITMXEHHOIO
NOCTPOEHUA MHOXECTB OJOCTUXUMOCTH
YMPABNAEMbIX CACTEM'

A.A. 3umosey?

TlpuBoanTeca onHcaHHe MeTOAAa MPUTPAHHMHOTO €105, MPEAHA3HAYEHHOIO
AAA TPUOIHKEHHOro NMOCTPOeHUs MHOMECTB JOCTHAKHMOCTH HEKOTOPOi AHHA-
MHYECKOil CHCTEMBLI B H-MEPHOM €BKJIHA0BOM NPOCTPAHCTBE NPH HAJAW4YHHN (Pa-
30BbIX orpaHHueHuil. [lpeanoxkeHHbIii MeTOA OTHOCHTCH K K/IACCY CETOUHBIX Me-
TOAOB M MCHOJIb3YET NOAXO0/, MPU KOTOPOM B X0A¢ UTepalMOHHOIO rpouecca He-
N0J1b3Y10TCA He BCe TOUKH y#ke MOCTPOCHHBLIX MHOXKECTB, a JIHLEL TOYKH H3 HX
MPHrPaHNUHBIX ¢10eB. Takoi NOAX0A AaeT CYILECTBCHHbIN BBIMIPHILI BO BpeMe-
HH CYeTAa HO CPABHEHNIO € KJIACCHYECKHMH CETOYHLIMY METOAAMM.

Kuiowesvie cnoea: ynpaeunsiemas cucmema, Oudppepenyuansioe GrIOYEHUE,
MHOICECMBO OOCIUNCUMOCIU, CeMOYHBIT MERO0.

BBejnenune

Ilpencrasnennas pabora nocpsieHa pazpaboTke 3(h(HEeKTUBHOIO YMCIEHHOIO METO/a NOCTPOSHUS
MHOXECTB JOCTHXKMMOCTH B 3ajauax YNpaBicHUs AMHAMUUYECKUMH CHCTEMaMH. 3ajaqa NocTPOCHHs
MHOKECTB JOCTHXHUMOCTH BO3HHUKAET, MIPEIKIEC BCErO, B TCOPHUH ONTUMAILHOTO YIPABICHHS, a TAKXKE B
poGoToTEXHHKE, B 3KOHOMMKe ¥ T.1. OQHOH M3 TpyaHopeliaeMbiX npodieM, ¢ KOTOPO# CTalKUBaloTes
MaTeMaTHKH FIpH pa3padOoTKe aNropUTMOB YMUCIEHHOTO MOCTPOEHHS! MHOXKECTB AOCTHIKMMOCTH, SIBJISIET-
ca npobnema ux ObicTpoaeiicTeus. [lesio B TOM, UTO uMCIECHHbIE METOIbl HAZMPYIOTCS KAK HA AUCKPET-
HOM fIpEACTaB/IeHHH BPEMEHU, TaK H, B CJIy4ae CETOYHBIX METOJIOB, HAa JMCKPETHOM MApEACTaBlIEHNH
npoctpancTsa. [Ipu 3T0M, YTOOBI BEIMUCIATE MHOMKECTBA IOCTHIKMMOCTH JUHAMHYECKHUX CHCTEM C TNPH-
€MJIEMOH TOYHOCTBIO, HEOOXOAMMO YMEHBIIATH AaHHbIE JHCKPETHI 10 JOCTATOYHO MAJIBIX BEJIHYHH. DTO
IIPUBOAUT K ObICTPOMY pOCTY KOJH4ECTBA OOCUMTBIBAEMBIX TOYEK U, KaK CACJICTBHE, K POCTY BPEMEHHU
BoIuucIeHH Ha pabourx DBM. B cB43M ¢ 3TUM 0COOEHHO aKTyaIbHbIMH CTaAN METO/Ibl, KOTOPBIE MO~
3BOJIAIOT CYILUECTBEHHO COKPAaTUTh BpeMs BbluucieHuid. OQHUM U3 TaKMX METOAOB SIBISIETCS Tpesio-
EHHbIA B 1aHHOH paboTe METOA NPHUIPAHUYHOIO €10, ABAAIOUIMHACI NaJbHEHLIMM pa3BUTHEM Hael 1
NOIXOJ0B, OMKCAHHBIX B paboTax [1-6].

HocTranoBka 3a8a4un

B pabote paccmatpHBaeTcs HEKOTOPas AMHAMHUYECKas CHCTEMA, Ybs JIMHAMHUKA OTMCHIBAETCS BEK-
TOPHBIM Au(epeHLnanbHbIM YpaBHEHHEM BUIA

x=f(t,x,u), telt,,¥], ue P, (1)

rae x — n-MepHbIi (ha30BbiH BEKTOP CHCTEMbl B €BKJIMAOBOM nipocTpanctse R”, u — BEeKTOp ynpas-
NAIOLMX BO3AEHCTBHIH, P — KOMITAKT B €BKJIMAOBOM ipocTpaHcTee RY .

bynem cuurars, uTo ans cuctembl (1) BEINOHEHBI CEAYIOLUME YCTOBMS,

YcaoBue A. Bekrop-¢yuxuus f(¢,x,u) HenpepbiBHA 10 COBOKYNHOCTH NMEPEMEHHBIX (f,Xx,u#) B
obnacth [15, J]X R" x P, a Tawke Wis mobol orpaHWueHHON 3aMKHYyTOl obnacty D C[r,, JIxR" cy-
uecTByeT Takas koHectanra L = L(D)e (0,00), uto

“f(t,x*,u)—f(t,x*,u)“ < LUx* — X

ans Beex (¢, x,u)e DxP.
Yeaosue B. CvuiecTByeT Takas koHcTanTa U € (0,00), uTO

| x| < {1+ )

' PaGo1a BoiNosHeHa B pamMKkax 1pol pammet [peswanyma PAH «/[HHaMudeck e CHCM€Mbl M TEOPHS YIIPABJIEHKS» NPH QHHAHCOBOI OUIEPHKKE

VpO PAH (upoekr 12-11-1-1002), a raxse 1npu nojepikke ipania Hpesmneria Poccuitckoil (Deiepalu 1o 10/UEPIKKe BeLyUX HAYHMHBIX
utkost Ne HIH-5927 2012 1
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3umosey A.A. Memod npuepaHu4HO20 cJ105 651 IPUGTUKEHHO20 MOCMPOHUSA
MHOXecme GoCMUXUMOCMU ynpassieMbIX cucmem

Ans BeeX (f,x,u)€ [t,, VIXR" X P.
Ha cucremy (1) HanoxeHo dazosoe orpanudenue @ [z, 9]x R", umetowee B KaXIblii MOMEHT
BPEMEHH [ € [ty, V] HemycTbie ceueHus P(f) W yroBaeTBopsollee ycaosHio C.

Yceaosue C. Boinonusercs HEpaReHCTBO

sup (). D)) S 2(p) -

# *
fed U3 [fo,l?] 9 ~1 ‘Sp

roe x(p) — MOHOTOHHO y6bIBarOwLas npu P 0 GyHKLUMS, YAOBAETBOPSIOWIAn MPEAETBEHOMY COOTHO-
LLIEHNIO liin,((p) =0. D10 yciioBHe He Mo3BodisieT MHOKecTBY @D (a TouHee ero ceueHusM D(f) ) uime-
pL0

HATbCA CKaukooOpazHo ¢ u3MeHeHueMm ¢ . KpoMme dhazoBoro orpaHuueHus s cucreMbi (1) 3aj1aHO MHO-
IKECTBO CTAPTOBbIX NO3HLIMHA Xy =1 X, < D(ty).

Onpenenenne 1. MHOXKECTBOM AOCTHXKHUMOCTH Y(t*,t*,x*) B MOMEHT BPEMEHH ¢t cueremsr (1),
Ybsf JIMHAMMKA CTECHEHa (pa30BbIM OrpaHUueHHeM (P, C HAYANBHBIM YCIOBUEM X(f:) = X+« OyJa€M Ha3bl-
BATH MHOXECTBO BCEX TOueK X € R” , U1l KOTOPbIX CYLIECTBYeT peiieHue x(f) cucremsl (1), nopox-

* *
JEHHOE OOTYCTUMBIM YTIpaBleHHeM u(t), Takoe, 4To x(fH)=x«, x(f )=x u x(t)e ®(tf) npu Bcex
*

te[te,t ].

[oa nomyctrMbiM ynpaeinenueM u(t) Oynem NOHWMAThH NHOOYIO U3MepuMyto no Jledery ¢dyHximo
u(f) , yIOBJAETBOPAIOLLYIO BKAIOYEHHIO u(f)e P, re[1y,¥].

O603HaUUM

* *
Y(t ,t*,X*): U Y(t ,t*,X*), X*G Rn.

Xe€ Xx
3apaua 1. HcoO0X0aMMO IOCTPOUTH MHOKECTBO JOCTHIKUMOCTH Y (8,44, X ) cHcTemsbl (1), ubsd au-

HaMuUKa CTeCHeHa (Ppa3oBbIM orpaHHucHAeM @ .
[Homumo cuctemni (1) Oyaem paccmatpusaTth quddepeHumnanbybie BIOTIOYSHHs (1.B.)

xe F(t,x), te[ty, V], (2)
rie F(t,x)=co{f(t,x,u):ue P} - spinykias oGono4ka MHoxkecTBa { 7 (f,x,u):uec P} B R".

Onpeaenenne 2. MHOKECTBOM JOCTKMMOCTH X (t*,t*,x*) B MOMEHT BpPEMEHH £ s (2), ybs
AMHaMHKa cTecHeHa (a30BbIM orpaHuueHHem @, ¢ HAUaATbHBIM YCJIOBHEM Xx(f) = X, OYJ€M Ha3bIBaTh
MHOMKECTBO BCeX TOUeK x € R", s KOTOPBIX CYUECTBYET petieHue x(f) a.B. (2), Takoe, 410
x(t)=x, x(t)=x"u x(t)e ®(t) npu Bcex f€ [t*,t*].

O60o3HauMM

* * "
X([ ,[*,X*): U X(t ,[*,X*), X*ER .

X Xy
MoHo nokazaTh, YTO MHOXKECTBA JOCTHXKHMOCTH Y (t*,to,xo) nX (t*,to,xo) cuctembl (1) u a.B.
(2) COOTBETCTBEHHO CBA3AHBI COOTHOLLEHHEM
X by, x0) =Y ( 1y, xy), L E [1, V],

roe clY(t*,tO,xO) — 3aMbIKaHHE MHOKECTBA Y(I*,to,xo) B R".

IlpubinskenHOE NOCTPOEHHE MHOKECTB A0CTHKHMOCTH € IOMOIIBIO MeToJa JHiepa

[TonyueHue TOUHOrO AHATIUTHYECKOIO pelleHHd MOCTaBICHHOM 3a7ayud Mpe/cTaBaseTcs BO3MOXK-
HbIM JAJIEKO HE BCErAa, NO3TOMY 3HAUMTENBbHOE Pa3BUTHE MOJYUWIM UUCIIEHHbIE METO/bl NPUDIHKEH-
HOCO pelICHUA 3aAa4H, CPEAU KOTOPLIX MOKHO BbIIEIUTH KJ1AaCC METOMOR, HA3BIBAEMbIX CETOUHBIMU Me-
tonamu. OCHOBHAs WJEs] STUX METOJIOB COCTOMT B TOM, 4TO B (ha30BoM npocTpaHcTee R BBOAMTCS
«kyOudeckas» ceTka A, ¢ warom h, 0oJUH M3 Y3JI0B KOTOPOH COBMEILEH ¢ HAYAJIOM KOOP/MHAT, a Ha

MPOMEKYTKE BpeMeHH [£y,29] BBOAMTCA KOHeuHoe pasbuenne I'={ty,f,....tp, =8}, N <o ¢ anamer-
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pom pa3buenus A= max A,, A =¢,~t, i=0,N—1 u 3arem nocaeAoBaTENILHO, 1Al 3a Larom,

r=0,N—1 !
CTPOSATCS ANMPOKCUMAIIMH MHOMKECTB JIOCTHIKMMOCTH /1.B. (2), COCTOSII{ME U3 KOHEYHOTO YMC/A Y3IOB

X Ih , i=0,N cetkn A,, cxogsmmecs B xaycaopdosoit MeTpuke ¢ yMEHbLIEHHEM Luara A 1 AHaMETpa

A K MHOXKECTBAM JOCTHXHMMOCTH X (f,,f5,Xy) . Ana npocrothl Oyaem cunrars, uto pasbuenue I pas-
HoMmepHo, T.e. A, =A, i=0,N -1.
n

s Gosee aeTanbHOrO OMHCAHUA CETOUYHBIX METOAOB BBeAeM oToOpakeHue A”(X,9,) crapsuiee B

COOTBETCTBHE Ka10il Touke x U3 X C R” Gmmkaiiuunii k Heit ysen cetku Ay B R” ¢ warom J,, u
H
otobpaxeuue A”(P,J,), crassilee B COOTBETCTBHE KaXIOH Touke 1 w3 P C R? Gnuxabiwnii K neii
y3ei ceTku Ay B R? ¢ wiarom §p. B ciyuae orpaHM4eHHOCTH MHOKECTB X W P paundbie onepatinu
P

MO3BOJISIOT NepeiiTH OT OECKOHEUYHBbIX HAOOPOB TOYEK K KOHEUHBIM M Peann30BaTh NPUOIHKEHHBIE Bbl-
yucaeuus Ha DBM.
IlocTaBuM B COOTBETCTBHE CTAPTOBOMY MHOMECTBY X, U MHOKECTBY YIPAB/AOLUMX BO3ACHCTBUIA

P ¢ nomowmpto orobpaxenuit A" u AP COOTBETCTBEHHO MHOXECTBA Xé' =A"(Xy.h) u
P = AP(P,8,),rae 6,=0,(A), 6,(A) — nexkoropas nojxoxuTenbHas QyHKUMs nepemeHHOR A >0,
MOHOTOHHO yObIBarOwIas K HyJto mpu A — 0. Jlanee BBeteM 0603HaYeHUE

FoP (t,%) = co{f(t,x, ) ue P‘Sﬂ} , (Lx)elty, IIXR". 3)

CormocTaBuM Kaxk a0 Touke (2, x)€ [£,, %)X R” MHOXeCTBO
Fe,x)= A" (F7 @.%),6,), (4)

rae 0, =h/A . B cootBetctBuH ¢ (3)}-(4) MOXEM 3anucaTh
d(Ft, %), Ft,0) <d( Fe,0, F (0] +d( F 0, Fe,0) (5)

rac

5

d(F‘5P (t,%), ﬁ(r,x)) <3, —2”— .

U3 cootHowenus (5) U ycnoBus HenpepbiBHOCTH (PYHKUMH f(f,X,14) MO COBOKYNHOCTH TEPEMEHHbIX
(f,x,u) Ha moboii orpaHHUeHHOH 3aMkHYTOI obnacTH [ clenyeT, 4To CYIUECTBYET Takas MOHOTOHHAS

dyHkums @ () nepemeHHol & = (5,,,5p) ((/)*(5) L0 npu Hé‘” 1L0), uro d(F(t,x),i:"(t,x)) <@ ()
npu moobIX (£,x)e D.

ITpennosnoxkum, 4To Mbl MOCTPOUAN MHOKECTBO X f’ :{x{,xé,. Xy } . Torna onuiuem oauH U3 Npo-
1

o h h
CTEHILIMX CETOYHBIX METOAOB NOCTPOEHHUS MHOXkKeCTBA X, no X, .

1. Boiuucnenue ang KaxaoH TOUYKH x; € X,h, J=LN, ¢ nomowpo Meroaa DHiepa MHOXKECTBA
. .
Xt g01,,%))
O IN_ - 1
X(tpoty %)) =x, +AF(,,x)). (6)

2. OO6benMHEHHE BCeX MONYUYEHHBIX MHOKECTB X (¢ t,,x’,) B MHOJKECTBO

+1°

~ n R
X(tz+1’t1’Xz ): U hX([Hl’txaxli)'

I
xeX;

« h o
3. lIlocTpoenne nepeceyenus MHoxecTBa X (f,,1.7,,X, ) ¢ cedennem () basosoro orpaHuue-

Hus O

i+

X' =Xxu

1+1

L, XMna,).

1+l
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3umoeey A.A. Men1od npuzpaHuyvHO20 c/105i 0N NpUGLKEHHO20 MOCMpPOeHUs
MHOXecme GoCMUKUMOCMU ynpasnsieMbiX cucmem

Haunpiit meton OyeM Ha3biBaTh METOAOM «TpyOoii CHIbIY, MOCKOAbLKY AAs pacueta X ,’_’H paccmar-

HBAKOTCA BCC TOUKMH .Xr Hn3 Xh. CJ'IGZ{ €T OTMETUTH, YTO NpHU Bbibope O, = /A TOUKM MHOMKECTBA
] 1 » n

X (ot X ,h } Oyayt cosnanats ¢ y3namu cetkd A, . U3 pesyneratoB pabotsl [3] cnemyer, uto npu

Buibope ara h=h(A), rae h(A)=Ah*(A), B(A) — HeKoTOpas MOJIOKUTEIbHAS (PYHKLMA flepemMeH-
HOH A >0, MOHOTOHHO YyObIBaloIas K Hym0 npy A — 0, NMOCTpOeHHBIE TakKuM 00pazoM MHOXKECTBA

X,h , i=0,N cxoasrtcs B Xaycnop(hoBoH MEeTpHUKE K COOTBETCTBYIOLIMM MHOMXECTBAM AOCTHXKMMOCTH
X(t,,tq,Xy) A.B. (2)nipu A — 0.

MeToa npHrpaHHYHOrO CJI0%

OcHOBHOH HEnOCTATOK MeTo/a «IpyOOH CHIIbI» COCTOMT B TOM, UTO AJIS MOCTPOCHUSA MHOXKECTBa
AOCTHIKUMOCTH € MPUEMIIEMOI TOUHOCTbLIO Tpedyercs oueHb O0bLIOH 00beM BbIUMCIEHHH, CYLLECT-
BEHHO YBEJIMUHBAIOLIMIiCS C yMEHbUICHHEM 11ara ceTku A U auametpa pasduenus A . C uenbio cokpa-
LICHHS BPEMCHU CueTa B psijac MCCIEAOBaHMEI, Hampumep [S5, 6], ObliM npeaioKeHbt NOAX0AbI, MO3RO-

JIAOUHE MPH coﬁmo,uemm OnNpeaACICHHBIX yCJ'lOBl/ll:i MOCTPOHTE MHOKCCTBA X,ﬁ_l , CXOAdIHECHA K COOT-

BETCTBYIOIUMM MHOXECTBAM JOCTHKUMOCTU X (f,,,,f5,Xo), 03 noaHoro nepebopa Touex x} € X ,h.
Jins onucaHus 3TUX METOAOB BBEAEM Pl ONpeaC/ICHU,

Onpeaesienne 3. Ayeiicolt = cetkn A, OyaeM Ha3bIBaTh MHOJKECTBO TOYEK, PACIOJIONKEHHBIX B
Y3/1aX CETKH A, COCTaBJISIOLIMX BEPIUMHBI 1 -MEPHOro Kyba ¢ pebpamu JIMHOH /, OPUEHTHPOBAHHEI-
MH 110 OCAIM COOTBETCTBYIOLIEH AEKAPTOBOM CHCTEMBI KOOPIHMHAT.

Ilyctb y« — HexkoTOpbld y3en cetkn A,. Toraa cumsosom Z(v«) Oyaem 0003HA4aTh MHOKECTBO
MEEK CETKH A ), COACPIKALLUX Y3€ Vs .

Onpenenenne 4. CoceHUMU y3naMu CETKU A, OyIeM Ha3bIBaTh y3/bl, KOTOPLIC PACHONOKEHD! B
O[HOM siueiike ceTkn A, . JBa cocenHHX y31a ceTkH A, OyleM Ha3biBaThb HENOCPEICTBEHHBIMH COCE-
ASIMM, €CJTH COE/IMHAIOILAA MX NpsMad napaeibHa OJHON U3 OCEH KOOPAUHAT.

Ilycts X "o A 4 — HEKOTOPOE MHOIKECTBO TOUEK, COCTOSILIEE W3 Y3JI0B CETKH A, .

Onpenenenne 5. Touky e x” OyleM Ha3blBaTb BHYTPEHHEH TOYKON MHOKECTBA X % ecnu Bee
e HENOCPENCTBEHHDIC COCEMN TAKKE TIPUHALIKAT MHOKECTBY X .

Onpenenenne 6. Touky x" € X" Gynem HasbiBaTh rpaHuaHOl ToukoH MHOXKecTBa X7 | ecnu y Hee
€cTb XOTS Obl OMH HEMOCPEICTBEHHbIH COCe/1, HE MPUHAUIeKalLHi MHOXKeCTBY X .

Onpeneienne 7. MHOXECTBO BCEX MPaHUUHbIX TOUEK MHOKeECTBa X" Gyaem HaspiBaTs rpaHuueil

mHoxkecTBa X 1 0o60o3HauaTs 0X7 .
OCHOBHas ujiest METOJIOB, NMPEAJMKEHHBIX B UCCIIEIOBAHMAX [5, 6], COCTOMT B MOCTPOEHHH IPaHH-

bl MHOKECTBA leil C UCNOJBL30BAHHUEM JIHLIb IM'PaHUYHBIX TOUEK MHOMECTBA X,h H IlaﬂbHel;‘lLLleM 3a-

[TOJTHRCHHH O6ﬂaCTl/l, OrpaHquHHOﬁ NMOCTPOCHHBIMHW I'paHUYHBIMHA TOUKaMH. CyILleCTBeHHOe YCKOPEHHUE

B 3THX MCTOAAX JOCTHIACTCA 34 CUCT TOI'O, YTO AJIrOPUTM 3alONHCHHUA pa60TaeT BO MHOTQ pa3s 6blCTp€‘e
1+1
7

OnHako Ha NPaKTHKE NMPH BBIMOJHEHUH BLIUUCAEHHUI ¢ MOMOILBIO H3IOXKEHHOTO BhILIE NOAX0/A 3a-
YacTYI0 BO3HMKAET psj MpolsieM, Cpear KOTOPbIX MOMCHO BbIENUTH MPo0JiIEeMy paccenBaHHWsl 00JIaKOB
TOYEK, MOJYUAIOLIMXCS MTyTEM pacieToB ¢ HCMOJib30BaHUeM (popmysibl (6), U MpodiieMy CyLIeCTBEHHOIo
W3MEHEHHMS CTPYKTYPbI TPAHMUbBI C TEYEHWEM BPEMEHU. DTH W ApYIrHe npobsieMbl ObUTH MPHYUHAMM TO-
ro, 4TO B NPEAbLAYUIUX UCCIEAOBaHMAX (Hanpumep, B [5]) He Bcerna KOpPEKTHO yAaBanochb CTPOMTHL
MHO’KECTBA JOCTHIKMMOCTH. B 4acTHOCTH, NMpH nepexosie K PACCMOTPEHUIO I'PAHULBI MHOXKECTB AOCTH-
KHUMOCTH Tepanachk HH(popManus O Tak Ha3bIBAEMbIX JbIPaX BHYTPU MHQ)KeCTB. B psje cityuaer noreps
uHdopmanun o apipax Obina Hegonycruma. Kpome Toro, BblaesieHUe rpaHuLbl MHOXKECTBA, NPEACTaB-
asoulero u3 cedbs paccesHHbIH HAOOp TOUEK, NPEACTABAACTCA HETPUBHATLHOM 3aaaueH.

JAs petieHus onvcaHHbIX Bbillie MpodieM B MpeacTaBieHHOH padoTe NMpH MOCTPOEHUHW FPaHHULIbI

HENOCPEACTBEHHBIX BbIYHUC/IEHUH TOYEK X, € HCOOJIB30BaHUEM (POpMYITk] (6).

h h
MHOKCCTBA X1+1 npeaiaracTes UCnojib30BaTh HE TOABKO FPAHUYHDLIC TOUKH MHOXKCECTBA Xz , HO H TOUY-
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KM MpurpaHruvHoro ciod. llpu stom npodiiema paccersaHus 001aKkoB TO4WeK OYAET pelatbes NyTeM no-
CTPOCHHS BbIMYKI0H 000104KH 00JIAKOB, BHIOUPAEMBIX 0 ONPEICIEHHOMY NpaBUily, a npobicMa cy-
IIECTBEHHOIO W3MEHEHMS CTPYKTYPhI rpaHuiibl OyJET petarbes nyreM MOCTPOSHHUS MPOUELYpbl BbiIe-
JeHHs CPaHU4YHBIX TO4€K, OCHOBaHHON Ha PacCMOTPEHUHM He TOJbKO TI'PaHULbL, HO W MPUrPAHUYHOIO

CJ108 TOuEK MHOXKeCTRa X .
Mycts d,. X Ih — NpUrpaHuYHbId cnoil MHOXecTBa X, ,h TOJILUMHBI £ , ONpPEIEaIeMblil COOTHOIIEHHEM
h_ yh h
0, X" =X"n(X"),.,
h
rae (X), — MHOXECTBO y3/l0B CETKH A, , pacrojlOKeHHbIX B £ ~OKPECTHOCTH TPaHHLBl MHOMKECTBA
h h h
X, . Toraa npouenypa NoCTpoeHUs MHOXKECTBA X, N0 X, COCTOMT M3 CJIEAYIOLMX 3TAMOB.

*
1. Beiaenenune ApUrpaHuuHOro ciosl &é*X,h TOMUMHBI €, = 2€, MHOMeECTBa th , TAe napameTp £,
!

olpeaeaneTca Ha OCHOBE BUAA cHcTembl (1).

2. ITocTpoenne MHOecTBa X . = A”( 2ot ,aé*th),h) , Tne

l

) 5 h
X7 z’a X= U X407, (7)
xhea *X
X2t nt.x= U coX(,, .59, XM, (8)
EeE(x")
3. Brigenenve rpaHuLbl BX £ MHOXecTBa Xf*.
4. BeigesieHue BHEIUHEro MPUrPaHHYHOrO CIIOs " ——A" ((BX VX Mh) TOMIMHbLI /i MHO-

wecetBa X .

&

5. Beigenenne MHOXKecTBa Todek S,.; C X :* , KaXnasi M3 KOTOPBIX UMEET XOTA Obl OJIHOFO HEMNo-
CPEICTBEHHOFO cocesia Xy € 0 X % , 1711 KOTOPOTO BbIMOJHAETCS
Z(t, .8, %) (X", X =0
1+1e by ¥ ' g T
rae Z(t .4, %) = X — AF (£, X))

6. Mocrpoenue MHoNecTBa X +1 NYTEM 3am0JIHEHMst 00ACTH, OrPaHHYEHHON MHOXKECTBOM S,
TOYKaMH, nepecekatotiiMucd ¢ ceuennem ®(¢,,,) dazosoro orpaHuyenns @ .
OnucanHbiil Metoa OylieM Ha3blBaTh METOAOM MpurpanuuHoro ciosi. Pazbepem noapobhee npo-

LECC NMOCTPOEHUT MHOXKECTBA X’h

Ha ware 1 NpOMCXOIUT BbLAETEHHE TOUYEK MHOMeCTBa X /', YAQTIEHHBIX OT TPaHHUUbI HE JaNiee YeM
Ha 8, . Tomuuna £, nomkHa 6bITh BEIOpaHa Takoi, 4TOOBI 0OECNEUUTh KOPPEKTHOE MOCTPOEHNE MHO-

ecTBa S, Ha ware 5.

Ha ware 2 nporcxoguTt nocTpoeHWe MHOKECTBA X + , KoTOopoe OyaeT npezacrapistb coboi mior-
" h
Hbli HabOp Touek 0e3 OTACNIBHO pacno/IOKEHHBIX 001aKOB OPH YCAOBUH, YTO MHOXECTBO 8; X, mpen-
I

CTaBJAET COOOH MIOTHBIH HAGOp TOUEK. DTO CBOHCTBO MHOXKECTBA X ; obecrnieunpaeTcs MyTEM MpUMe-

13
HEHHUS NPOLEIYpPbl MOCTPOEHHUS BbINYKI0H 000J04KHN B COOTHOLIEHUH (8).
Ha ware 3 Bblgensercs rpadHua MHOKECTBA, MOCTPOSHHOIO Ha tuare 2. ClenyeT OTMETUTh, HTO

s

MHQ>KCCTBO BX MOXKET COACPIKATL KAK FPAHUYHbBIC, TaK H BHYTPCHHHUC TOUKH MHOXKCCTBA Xt+1

Kyl
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Ha ware 4 Bblaensiercst BHEILHUHA NpUrpaHUYHbIA C/IOH MHOXKECTBa X :; , COCTOSILUMH W3 Henocpen-

T

CTBEHHBIX COCEACH rpaHHUYHBIX TOYEK MHOXECTBA X ;1 , He MpUHaAIeKallUX MHOXKECTBY X ;‘* .
i I

Ha ware 5 npoucxoauT BbljielieHHe MHOXKECTBA S, , TIPEACTABJIAOIIEr0 COOOM O CYTH TpaHHLy

1+l

MHOZKeCTRa X7, Ge3 yueTa (azoBbIX orpaHHdeHui. MHOXKECTBO S, BBIIETACTCA C OMOLIBK) METOJIA,

OCHOBAHHOTO Ha fPOBCPKE MNMPHHAOJICHKHOCTH HEMOCPCACTBCHHBIX COceAcH Touek BX:* MHOXKECTBY

4

Xfil C YYETOM MOrpeliHOCTH BblYMCIEeHHH. [[na 3Toro crpoarcs npeanonaracMble MHOMKECTBA TOUEK,

KOTOpbIE€ MOTJIM Y4acTBOBATL B NOCTPOEHHH KAXKAOH M3 TOUEK BHELUHErO NMPHIPaHHU4HOro ¢JIod, U Npo-
BEpSIETCs, NEPECeKatoTCs 1M 3TH MHOKECTBA © BHYTPeHHEH 4acThio MHOXKecTBa X ,h , HE BKJIIOUaIoLlei B
ce0s MPUrpaHUYHbIi CI0H TONLIMHON £, .
Ha ware 6 npoucxoaur 3anojiHeHue ¢ y4eToM (a3oBbIX OrpaHUyeHWH o0nacTH, orpaHH4YeHHOH
h
141+ B PE3YJIBTATE YErO Mbi NOJIyYaeM MHOKECTBO X ;.

Onpeaennm TOJWMHY APUrPAHUYHOrO CJIOS, NMPH KOTOpPOM Ha ware S5 OyayT BbiAejleHbl BCE rpa-

h
i+

TOUKamu S
HUYHbIE TOYKH MHOXecTBa X MOCTpoeHHOTO ©e3 yuera (pa30BbIX OFpaHHUYEHHH, U TOJALKO OHH.
[lycts

_max HfHSK,.
feF(t.x).xe th

Torna 6y,£l€T BBIMOJHATHCA COOTHOMICHHUEC

d(X (115" 5" )< KA, )
rie x e X ,h. [IpuHrumas Bo BHUMaHue (7)—(8), U3 HepaBeHcTBa (9) crnenyer oleHka
d( X2 (1.4, X"). X" ) < JK2A% + A (hfAYn . (10)

O603HaAYUM

KE =K +(h/A)n.

d(A"(KE (ot X 1) X)) S KEA+h

Torna u3 (10) cnenyer cooTHOILEHUE

Jn
— 1
5 (n

* =
M3 cootHomenus (11) cneayeT, 4To npH TONUIMHE MPUTPAHUUHOIO CJOS £, >2K1“A+h\/; MHO-

KECTBO X =A" ( X=@,, 6. X" \d . X ), h) He nepecekaeTcs c MHOKECTBOM
7
o E h z
Xogge =" ( X=(t,41,1,,0X, ),h) , CJECIOBATENBHO, MHOMXECTBO XE,* Oyzer cozaepXarh BCe TPaHMYHbIE

FIOCTPOEHHOTO 0e3 yuerta (pa30BbIX OrpaHUYCHHIA.

7

g,>(KF+Kf+1)A+h7"+h, (12)

TOYKH MHOXECTBa XfH ,

[TycTtn

*
rac sCJIMUHHa K1+1 onpeacniaeTcda COOTHOUICHHUEM

. max I/]S K s
fer(t x)xe X\ +hi3

B — wap eauHnuHOro panmyca ¢ UGHTPOM B Havajde KoopauHat. Torpa MHokecTBa Z(t,,,%,X) N4
HETIOCPEICTBEHHBIX COCENEH Xi TOUEK MHOXKECTB S, M GX; \'§,,; HE nepeceKaroTcs.
1

Takum obpaszom, nosiyHaem, 4to NpH BbINOJHEHUH yclioBUA (12) Ha ware S OyAeT BbIJIEJIEHO MHO-
KECTBO TOYEK, NpeAcTaBidtoLLee codOH rpaHuLy MHOXKecTBa X ,’il 0e3 yuera (pa30oBbIX OrpaHHUYEHHUH.
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MaTtemaTtuka

Ilpumep
PaccmoTpyM HEeNUHEHHYIO YIIPABIsiEMYIO CHCTEMY BHAA
xl = x2
.k (13)
m
¢ napametpamu g=9,8, /=3, k=12 u m=1. 3nece x=(x,x,)€ R? - (hazoBbiil BEKTOpP CHCTEMBI
(13), ynpaBneHus u YAOBIETBOPSIOT YCIOBHIO ]u] <r,, ¥, =3. bynem cuurarb, YTO Ha BEKTOP X HaJlo-
’XeHbl (a3oBble orpaHuueHrs xe€ O =[-15,15]%[-5,5]. MoxHo nokasaTb, 4To cuctema (13) ¢ Halo-

HEHHBIMU HA Hee (Pa30BbIMM OFpaHHYEHHAMH YIOBJIETBOPAT ycjoBusaM A—C. 3aga4a COCTOHUT B TOM,
4TOOBI MPHONMIKEHHO MOCTPOUTE MHOMKECTBO JOCTHHHMMOCTH X (41,5, X,) cucTembl (13) B MOMEHT

BpeMeHH )= 35 npu HavanbHbIX yCsioBuaX x(0)e X, = {(7{,0)} ¢ yueToMm ¢azoBbIX orpaHHueHdit @ .

Beenem Ha npomexyTKe BpeMeHH [¢,, %] paBHOMEpPHOE pa3Ovenue F={to,t1,...,tN = 19} ¢ JIHaMeT-
3

__t' -
O, lWar cerku A, Oyaem BbIGMparb B COOTBETCTBMM C npaBuioM h=A2.

pom pa3buenus A=

OuetuBas Bennunuy | f(t,x,u)| ¢ ydeTom (asoBbix OrpaHUYEHHH, MOyHaeM, YTO Wil NOCTPOSHHS

MHOKECTB X ,h , CXoAdaWMxcs npH A — 0 K MHOMKECTBaM JOCTHXMMOCTH X (.15, X,), i=L N, nocra-
3
TOYHO B35ITh NPUrPAHUYHbIN CJIOH TOALLKUHOM £ =53A+5A2.

Ha pucyHke H300pakeH KOHTYp HpUONMIKEHHO TMOCTPOCHHOTO MHOMKECTBA dOCTHXKUMOCTU
X(,1y,X,) cucremsl (13) B MmomeHT Bpemenu #=S5 npu A=0,05, #=0,01. B pesynbTare npumene-
HHS METOAA MPUTPAHUYHOIO CJIOS JUTS NMPUOIHIKEHHOrO NOCTPOSHHS MHOXKECTB JOCTHXKUMOCTU BPEMS
pacuyeToB B JaHHOM IPHUMeEpe yIaloch COKPaTUTh ¢ 1 yaca a0 10 MUHYT.

4

. /ﬂ, . :

al // //ﬂ \\‘“ // \a

1 / \/ h
f / x‘

\%, ’!1—
/

I/f\ /, | //N‘\ |

x2
)

\ . / '
. / \ \ / ]
? \\ // \ / \“\\/,/

X1
MHOXeCTBO AOCTMXXUMOCTU CUCTEMDI (13) B MOMEHT BpeMeHu =135
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A BOUNDARY LAYER METHOD FOR THE CONSTRUCTION
"OF APPROXIMATE ATTAINABILITY SETS OF CONTROL SYSTEMS

A.A. Zimovets'

A boundary layer method for the construction of approximate attainability sets of dynamical sys-
tems in the #-dimensional Euclidean space with phase constraints is given. This method belongs to the
group of grid methods and it is based on the approach when only the points of a boundary layer are used
in an iterative process but not the points of a constructed set. This method allows us to speed up the cal-
culations by reducing the number of calculating points in traditional grid methods.

Keywords: control system, differential inclusion, attainability set, grid-based method.
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