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Abstract. This article investigates the Cauchy—Dirichlet and Showalter-
Sidorov—Dirichlet problems for an inhomogeneous nonlinear sixth-order Bous-
sinesq equation with two dispersions, which corresponds to an incomplete
semilinear Sobolev-type equation of the second order in Banach spaces. Sobolev—
type equations are distinguished by the non-invertibility of the operator at the
highest time derivative. The problem posed models waves in a channel between
lakes (or seas) with external wind forcing, internal damping, and convection. We
use the Galerkin method adapted for this mathematical model to prove the exist-
ence and uniqueness of a nonlocal solution. The starting point for justifying the *-
weak convergence of the Galerkin approximations is the formal representation of
the solution as a Galerkin sum over the eigenfunctions of the operator — A. The
proof itself is based on the derived a priori estimates. Based on the proven theo-
rem, we demonstrate the existence of a solution to the optimal control problem
with a classical balance functional.

Keywords: sixth-order Boussinesq equation with two dispersions, optimal control
problem; modified Galerkin method; degenerate equation.

Introduction
In a bounded domain Q of the space R" with a sufficiently smooth boundary 6Q, and for
te [O,T ] , TeR, we consider the inhomogeneous nonlinear sixth-order Boussinesq equation with two
dispersions [1]
(2+87 = A)x, +(a”A +28)x =A% = £ (s,0) + h(s.1), (1)

with homogeneous Dirichlet boundary conditions
Ax(s,t)=x(s,6)=0, (s,1)€0Qx(0,T), ()
where a,AeR.
Equation (1) has numerous applications in various fields of natural science. For instance, in [1] its
applicability to modeling waves in a channel between lakes (or seas) with external wind forcing, internal
damping, and convection is demonstrated. In this model, the function x:x(s,t) determines the wave

height at point s at time 7, & >0 is a constant depending on the water depth, and, A is a constant char-
acterizing the fluid properties. f (s,t) is the external forcing function (e. g., wind), and h(s,t) is a func-

tion characterizing the channel depth. In that work, wave damping in the channel is achieved by optimal-
ly determining the depth regulation function. For this purpose, using the maximum principle, the prob-
lem is reduced to an optimal control problem with initial-boundary conditions; as a result, without line-
arizing the nonlinear term, an optimal depth regulation function for the channel is obtained.

In [2], the Cauchy problem for a general class of nonlinear nonlocal wave equations arising in the
framework of one-dimensional nonlocal elasticity theory is considered. Global existence of the solution
to the Boussinesq equation is proven assuming sufficient smoothness of the initial data along with cer-
tain positivity conditions on the nonlinear term.

In [3], an equation analogous to (1) arises when studying nonlinear nonlocal wave equations in one-
dimensional elasticity theory as an example. The global existence of solutions to the model is shown,
assuming sufficient smoothness of the initial data together with some positivity conditions on the non-
linear term.
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In [4], by combining methods from the theory of high-order Sobolev-type equations, monotone op-
erator theory, and compactness methods, the existence of a unique solution to the initial-boundary value
problem for the inhomogeneous complete semilinear Sobolev-type equation of the second order was
proven for the case of self-adjoint and nonnegative definite operators in the linear part and an s-
monotone, p-coercive, homogeneous nonlinear operator with a symmetric Fréchet derivative. The ex-
tendability of the local solution to an arbitrary time interval was demonstrated, which allowed for the
formulation and solution of the optimal control problem for the nonlinear Boussinesq—Love equation.

The mathematical model (1), (2) can be written in operator form in Banach spaces as

L+ Mx+ N(x)=u, 3)
where L=1+A? -A M= a*A% + AA, N(x) z—AxS, u= f(s,t) + h(s,t).
For equation (3), we investigate the Cauchy problem
X(O) = xO’ X(O) = x] b} (4)
and the Showalter—Sidorov problem [5, 6]
P(x(0)-x,)=0, P(x(0)-x)=0. )
Here, P is a projector onto the coimage of the operator L. Problems (3), (4) and (3), (5) can be investi-
gated using methods from the theory of Sobolev-type equations (the phase space method) [7]. If Banach
spaces are chosen such that L is linear and continuous, M is linear, densely defined, and N (x) is suf-

ficiently smooth, then the theory of relatively p-bounded operators [8, 9] can be applied to show the ex-
istence and uniqueness of a local solution. For example, spaces such as

LMN:X >Y; X ={ueWf™ (Q),u(x)=Au(x)=0,xe0}, ¥ ={W} (Q)] .

are suitable. In [10] a theorem on the existence of a unique local solution to problems (3), (4) and (3),
(5), was proven, and it was also shown that in the case of monotonicity of the operator N, the phase
space is a simple Banach manifold. However, this approach does not answer the question of how to find
the solution. Therefore, we will also prove the existence and uniqueness theorem using the modified Ga-
lerkin method.

Let us formulate the optimal control problem. Let &l be the control space, and &(,;, a nonempty,

convex, closed set of admissible controls. Then the problem for model (1), (2), (4) consists of minimiz-
ing the functional on 4 ; :
J(x,u) >inf, uell ;. (6)
The optimal control problem involves finding a compromise: on one hand, it is necessary to achieve
a desired state of the system; on the other hand, to minimize the associated labor and energy costs. The
initial formulation of such a problem for Sobolev-type models was presented in [10]. Subsequent re-
search in this direction focused on studying semilinear Sobolev-type models of the first order. Optimal
control methods acquire particular practical value when dealing with oscillatory processes. Typical ex-
amples include: damping of ship rolling, stabilization of a crane boom, creation of effective vibration
protection systems, and other similar problems. The significance of solving such problems has been re-
peatedly emphasized in the scientific literature [11-13].
Besides the introduction and the list of references, the article consists of 3 sections. The first section
is devoted to the phase space method. The second section investigates the Cauchy and Showalter—
Sidorov problems for the inhomogeneous equation. The third section considers the optimal control problem.

1. Phase Space Method

The abstract problem (3), (4) was previously investigated using methods from the theory of relative-
ly bounded operators [9]. Its main tenets are presented below.

Let X, 9 be Banach spaces, let the operator L € £(X;9)) (i.e., linear and continuous), and let
M eCIl(X;Y) (linear, closed, and densely defined).

The set

pr (M)z{ ueC :(yL—M)_le 2(19,36)}

6 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2026, vol. 18, no. 3, pp. 5-14



Bychkov E.V., Optimal Control of Solutions to the Sixth Order
Kotlovanov K.Yu. Boussinesq Equation with Two Dispersions

is called the resolvent set of the operator M with respect to the operator L (or the L -resolvent set of M).
The set C\ p* (M)=c" (M) is called the spectrum of M with respect to L (or the L-spectrum of M).

The operator functions of a complex variable (uL — M )_1, R{; =(uL-M )71L, Lf, =L(uL-M )71

defined on the L -resolvent set of M are called the L-resolvent, the right L -resolvent, and the left L-
resolvent of M, respectively.
The operator M is called (L,o)-bounded if its L-spectrum lies in a bounded set. Let M be

(L,o)-bounded and let I be a contour bounding the L -spectrum of M. Then the operators
1 L 1 L
P=—| Ry (M)dA, =—— | L;(M)dA
27[1'-‘}’1( ) o Zﬁi‘[r +(M)
are projectors in the spaces X and 9), respectively. Let kerP =X, imP=X%', kerQ = 2)°, imQ=9".

The projectors P and O split the spaces X, 9 into direct sums: X =X"@®%' and 9P=2° @Y’
such that the actions of the operators L and M make sense as operators H =M, ILOES(%O),

S=L"M, 62(%1). The operator M is called (L,p)-bounded if M (L,o)-bounded and the operator

H is nilpotent of degree p .

Let B be a Banach manifold without boundary modeled by the space X . We say that a pair (x, y)
belongs to the tangent bundle of the set 3 if x belongs to P and the pair (x, y) belongs to the tangent
space TP at the point x i. e.

(x,y)eT‘B@xe‘B/\(x,y)eTx‘B.

The set 3 is called the phase space of equation (3) if

1) for any (xy,x,) € TR there exists a unique solution to problem (3), (4);

2) any solution x = x(7) of equation (3) lies in % as a trajectory.

Let ker L#{0} and let M (L,0)-bounded. Then, by the splitting theorem [11], equation (3) can be
reduced to an equivalent system of equations

(T-0)(M + N)(x)=(1-Q)u,
{x‘l =-L;'0(M +N)(x)+L;'Qu,
where x! = Px,N = Ax®.
Let (]I - Q)u be independent of ¢. Then the local phase manifold of equation (3) is the set
L= {x eX: (]I - Q)(M + N)(x) = (]I - Q)u} . The condition that the initial data belongs to the tangent

bundle of the phase space is a necessary condition for the solvability of the Cauchy problem. Thus, in
[7], the existence of a unique local solution was proven. It is easy to show that the mathematical model

(1), (2) with initial conditions (3) satisfies the conditions of the abstract theorem when 1-a 2 <1.
Furthermore, we will need an auxiliary lemma.

Lemma 1 [13] If feL”(0,7;X) and fel? (0,7;X), then, after possibly being redefined on a set

of measure zero from the interval (O,T ) , [ 1s a continuous mapping from [O,T ] into X .

2. Investigation of the Cauchy and Showalter—Sidorov Problems for the Inhomogeneous Equation
We investigate problem (1), (2), (4) using the operator form for convenience. We introduce the

function spaces: H = W{l (Q) is a real, separable Hilbert space with scalar product

(x,y)= jxj/ds, Vx,ye W{l (Q) ,
Q
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where ¥ is the generalized solution of the Dirichlet problem (2) for the equation —4y =1y in Q; the
Sobolev space with compact support X = {xe H? (Q) : Ax(s,t)=x(s,1)=0, (s,1) € 0Qx (O,T)} —a
real, separable Hilbert space; the Lebesgue space L (Q) .Note that X and L* form dual pairs of reflex-

ive separable Banach spaces (I{, %*) and [L“, (L4) j with respect to the duality (-, -) .

Let 4, be the eigenvalues of the homogeneous Dirichlet problem in the domain Q for the operator

A% — A, numbered in non-decreasing order counting multiplicity, and let @, be the corresponding ei-
genfunctions, orthonormal with respect to the scalar product in H . Furthermore, the linear span
span{(ol,(az,...,(am} isdensein X as m—>o0.

We define the operator L:X — X~ by the formula

(Lx,y) = j (AxP — VaVy + xp)ds.
Q

For A>4 Le 2(%,%*) is self-adjoint, nonnegative definite, and Fredholm.
We define the operator M : X — X" by the formula
(Mx,y) = I(— a2VxVy + Axy)ds.
9)

Then, for 4- a?< 1, Me S(%, f{*) is self-adjoint and nonnegative definite.

We define the operator N(x):L* — (L4) by the formula
(N(x),y) = Ix3yds.
Q
Its Frechet derivative

‘(N;C (y),w)‘ =3 Ixzywds
Q
is symmetric and bounded by Holder's inequality.

The operator N is monotone:

< const || x [l 11 y L1l wll

(N, (9).3)=3[xy2ds 20
Q

and 4-coercive

(N(x),x) = [x’xds =l x|['s, (N(x), )= [x*yds =llxIPsll ylla =l 15113 1] -
Q Q L3
Furthermore, the operator N , due to the properties mentioned above, satisfies the equality

%(N(x),x} = 4(N(x),5c).
We define the distribution spaces (functions with values in a Banach space) L” (O,T ;%mL“) and
L (O,T;coimL),% =ker L @ coim L, which are dual to r (O,T;.’{* U(L4 )*j and I! (O,T;%*) , respec-
tively, by the Dunford—Pettis theorem.

Theorem 1. Let A >4, A-a > <1 and u e ? (O,T;(L“) ) Then for any (xy,x, )€ T, B, such that

XpeX NI, x € coim L there exists a unique solution x=x(s,t) to problem (1), (2), (4) such that
xel” (O,T;%mL“) and xe L”(0,T;coimL N X).

We seek a solution to problem (3), (4) in the form of a Galerkin approximation
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x" ()= 2ai (1) e

k=1

m

The coefficients a;' (t) are found from the system of algebraic-differential equations
(LE™, %)+ (Mx™ %) + (X, 5y = (u, %), 1<k <m. (7)
<xm (O)>¢k> = <x0a¢k> = ﬂlzn’ <xm (0)>(pk> = <x13¢k> = 7/1:'[9 1< k < m,
m m
with xg' =Y "¢, & x, in X as m—c0,and x" = "¢, - x; and X as m —> 0.
k=1 k=1

By classical results, there exists a unique local solution x” = x"' (s,t) , te [O,t’"] .

We show that the norms of the local solutions of the unknown function and its derivative are
bounded in the given spaces on some time interval [0, 7]. Multiply equation (7) by a;' (¢)(1<k <m)
and sum over k from 1 to m. We obtain

(L™, X"+ (M X7 ) + (N (™), 57 ) = (u, 57). (®)

We introduce in the space coimL N X the norm | x |2: (Lx,x) . By Courant's principle, this norm is

equivalent to the norm induced from X for x e coimL .

Using the self-adjointness of the operators L and M, we get 2(L5c‘m,5cm>=%(Lfcm,xm>,

2(Mxm,5cm)=i<Mxm,xm>.
dt
Then equation (8) takes the form
d .m |2 m _m 1 m m m
—I|x +HMx",x"Y+—(N|(x" ), x =2u,x").
dt[< >2<()>}<>
Integrate over [O,t],t <t

m

- m m m 1 m m ' - m m m m 1 m m
| X |2 HMx"™, x )+5<N(x ), x )=2j(u,x Yds+| x; |2 +(Mx, axo>+E<N(x0 )X ) (9)
0
- m m m 1 m 4
|5 P Mx™, x >+CNEHx H

"~

t
-m m m _.m 1 m
2l g 7 5 st " P+’ ')+ C 2N GG o < (10)
0

o
[ Com e m 2 m _m vl m

< gnunw ds + £||x ey s+ 1" P Mg’ 57y C NG g

From this, in particular, it follows that

t t t
2" P<C+ 115" 1% ds < C+ 127 1§ ds<C+[ 5" [ ds,
0 0 0

and by Gronwall's inequality, we get
|i" [P<Ce <C, te[0,T].
Since the right-hand side of inequality (10) is bounded, the following inequality holds:

1
| X" P +(Mxm,xm>+CN§||xm Ih<C.

The constant C is independent of ¢,, , and therefore ¢, =T .
From the obtained a priori estimate, it is evident that the sequences x™ and x” are bounded in the

spaces L” (O,T ; X ﬁL4) and L~ (O,T ;coimL) , respectively, which are dual spaces to the separable Ba-
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nach spaces I' (O,T X U(L4) j and I' (O,T ;%*). Therefore, we can select *-weakly convergent sub-

sequences x™ and x™ such that
X" > x *-weakly in LW(O,T;aemL“),
x™ — x *-weakly in L (0,T;coimL).

Moreover, x™ is understood as a generalized derivative in the space of distributions. Since the op-
erator N is coercive:

(NG SING™) ol T CY " 1Rl 6™ o= CY L™ I

* 4= 4>

and, consequently, N (x’”) are bounded in the space (L4 (O,T ;%* ) (L4 )*)j ,then N (xml ) —>g -
weakly in [L“ (O,T; x" u(L4 )D :

We show that N (x) = g . From the monotonicity of N it follows that
X" = (N(xm’ ) ~N(z),x" —2z)>0, VzeI* (o,T;ae mL4).

From formula (9)

t
X" = ZI(u,xml>dS+ | x)" 2= x™ P HMxg",xg "y —(Mx™ ,x™) +
0

e ),x3”1>—l<N(x’"l ).2)=(N(2),x™ =2).
2 2
By the properties of weakly convergent sequences, we have lim inf ‘xmz (1) ? 2‘ x(t) %, therefore
lim sup X™ <(g,x)—(g,z)—(N(z),x—2).
m;—0
Then we get
<gax> —<g,Z>—<N(Z),X—Z> 2 0.
Set z=x—hw,h>0,we L*(0,7;X N L"), Then

(g—N(x—hw),hw) >0, (g—N(x—hw),w) >0.
Letting 7 — 0, by the continuity of N and Lebesgue's dominated convergence theorem, we obtain
(g—N(x),wy=0
Since w is arbitrary, we have g =N (x) .
Now we can pass termwise to the limit in equality (7) as m; — . Let k be fixed and m; > k. We
get
(LE™ @) +(Mx™ ) +(N(xX™ ), ) = (ut, . )- (11)

Thus, from (11) we deduce

2
%<Lx,¢k>+<Mx,¢k>+<N(u),gok> — ().

Due to the density of the system of functions {¢, };_, in X as m — o0, and the arbitrary choice of

@, , the equality holds for any ve X
2
%{Lx,v) +{(Mx,v) + (N(x),v) ={u,v).
t
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From the expansion of the initial functions into series x™ (0)= x) —x, weakly in X, and
x™(0)—>x(0) in X, hence, x(0)=1x,.
From the obtained a priori estimates
(X", @) > (3,¢,) *-weakly in L (0,T)
and, therefore, considering Lemma 1, we get

On the other hand, from the expansion of the initial functions

(X" (0), 0y = (x1,0)-
Thus,
(x(0),0,) =(x1,00), YV k.

Uniqueness is proven by contradiction x = x(s,t) satisfies the equation and the initial conditions,
i.e., it is a solution to (1), (2), (4).
Uniqueness is proven by contradiction. Let x,(s,¢) and x,(s,7) be two distinct solutions to prob-

lem (1), (2), (4). Denote w(s,t) le(s,t)—xz (s,t). Repeating the arguments above, we arrive at the
inequality

t t t

" < [t < [igds < [ | [ ds,

0 0 0

and by Gronwall's inequality,
1" ’<0, t[0,T].

Taking into account zero initial values, we get w(s,t) =0.

Repeating the arguments of the proof above, it is easy to prove the following theorem on the exist-
ence of a solution to the Showalter—Sidorov problem.

Theorem 2. Let 2221,/1-05_2 <1 and uel? (O,T;(L4) j Then for any x, e%m[f‘, X, €coimL

there exists a solution x=x(s,t) to problem (1), (2), (5) such that xelL” (0,T;3€mL4) and
xeL”(0,T;%).
3. Optimal Control Problem

To investigate the optimal control problem (1), (2), (4), (6) we construct the corresponding space

U=r [O,T ;(L4) j, and then introduce in it a nonempty, closed, and convex set of admissible controls

;. Let's build a space X, ={x|xeL” (0,T;3EmL4), xeL”(0,T;coimL N X)}.
A pair (X,i)e X, x4, is called a solution to the optimal control problem if
J(fc,ﬁ) = (inf)J(x,u),

where pairs (x,u) eX; x4, satisfy problem (1), (2), (4). The function # is called the optimal control.
An admissible element of problem (1), (2), (4), (6) is a pair (x,u) eX, x4, , satisfying problem (1),
(2), (4) for which J(x,u)<+o0. Since the set U, # &, forany u el ,, 4l by Theorem 1, there exists
a unique solution x = x(u) to problem (1), (2), (4).

Let us formulate theorems on the existence of optimal control for the Cauchy and Showalter—
Sidorov problems.
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Theorem 3. Let 41> 4, and A- a2 <1 hold. Then for any (xo,xl) eT*PB, TeR, there exists a solu-

tion to problem (1), (2), (4), (6).
From the theorem on the existence of a unique solution to problem (1), (2), (4), it follows that the
operator

(L%+M+N(-)):3€l —> U
1

is a homeomorphism. We define the cost functional used in (6) as
4 2

J(xat) = (u) = ﬂ(x(t)—z(t)ﬁ(oj;xﬂﬁ) +x(z)_z(z)jz(omm)j+ (1-B)ult) . (12)

(LZ(O,T;L4m3€))

where f e (0,1) is a weight coefficient. Let {u } c i, be asequence such that

Jim I )= inf (), 13

then from (13) it follows that
)P W< C 14
lu( )||L2(O,T;(L4) ] (14)

for all m e N. Since functional (12) is not strictly convex, the solution to the optimal control problem
may not be unique. According to (14), from the sequence {um} we can extract a weakly convergent sub-

sequence (which, for convenience, we keep denoted as {um} , such that u,, — i . By Mazur's theorem,

ii€ i,y . Let x,, =x(u, ) be the weak generalized solution of the equation
LX, + Mx,, + N(x)=u,,.
A priori estimates are derived as in the proof of Theorem 1.
Now we can pass termwise to the limit in equality (7) as m — oo

LX+ Mx+ N(X) =1.

Thus, ¥=%(ii) u lim inf J(x,)<J(%). Consequently, x is a solution to the optimal control

m—»co
problem (1), (2), (4), (6).
Repeating the arguments of the proof above, it is easy to prove the theorem on the existence of a so-
lution to the optimal control problem with solutions of the Showalter—Sidorov problem.

Theorem 4. Let >4 and A-a > <1 hold. For any x,,x, € ¥, TR, there exists a solution to

the optimal control problem (1), (2), (5), (6).
The research was carried out with the support of a grant from the Russian Science Foundation
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OMNTUMAIBbHOE YMNPABJIEHUE PELLEHUAMU YPABHEHUA BYCCUHECKA
LUECTOrIo NOPAOKA C ABYMA OUCTIEPCUAMU

E.B. Bbiukoe, K.FO. KomnoeaHoe
FOxHO-Ypanbckuli 2ocydapcmeeHHbIlU yHUgsepcumem, 2. YensbuHck, Poccutickass ®edepauyusi
E-mail: bychkovev@susu.ru

Annotanus. Uccnenyercs 3anaga Komm—Tupuxie u loyonrtepa—CunopoBa—/dupuxie mis HEO-
HOPOJHOTO HEJTMHEWHOTO ypaBHEHHWs! byccHHEecKa MIecToro MmopsaKa ¢ IByMs IHUCIEPCHSMH, OTBEYar0-
IIET0 HETOJIHOMY TMONYJIMHEHHOMY ypaBHEHHIO COOOJIEBCKOTO THIIA BTOPOTO IMOPSIKA B OaHAXOBBIX
npoctpancTBaX. OCOOCHHOCTh ypaBHEHHI COOOJIEBCKOTO THIIA COCTOUT B HEOOPATHMMOCTH OIlepaTopa
MIpH cTapIel Mpou3BOAHON mo BpemeHH. [locTapneHHas 3aaqa MOJENUPYET BOJHBI B KaHAIIE MEXIY
o3epaMu (MOPSIMH) C BHEIIIHUM BETPOBBIM BO3ZIEHICTBHEM, BHYTPEHHNM 3aTyXaHHUEeM M KOHBeKIuen. Me-
ToaoM [ anepkuHa, aAanTUPOBAHHBIM JJI1 YKa3aHHON MaTEeMaTHYECKOM MOJIETH, JOKa3aHO CYIECTBOBa-
HUE W eJMHCTBEHHOCTh HEJOKAJIBFHOTO pemeHus. FIcXomHbIM yHKTOM A1t 060cHOBaHUs *-c1aboif cxo-
TuMocTH ["an€pkuHCKUX anmmpoKCHMAIMi BBICTymaeT (opMaabHOE IPEICTaBICHHE PEIICHUS B BHUJE
lan€pkuHckol cyMMBI 10 COOCTBEHHBIM (DYHKIIMSAM omepaTopa -A, a caMo JI0Ka3aTeIbCTBO 0a3upyeTcs
Ha TIOJyYEHHBIX ampHOPHBIX OleHKax. Omnupasch Ha JOKA3aHHYIO TEOpEMY, yIajloch J0Ka3aTh CyIIe-
CTBOBaHHWE PEUICHHS 33/Ia4X ONITUMAIBHOTO YIIPABIEHHS C KIACCHYECKUM 0aJaHCOBBIM (DYHKITHOHAJIOM.

BectHuk OYprlY. Cepusa «MatemaTtuka. MexaHuka. Pusmkar» 13
2026, Tom 18, Ne 3, C. 5-14



MaTtemaTtuka

Knioueswvie cnosa: ypasnenue byccunecka ¢ 08ymsa oucnepcusmu uwiecmozo nopsaoxa, 3a0aia onmu-
MANbHO20 YRPABeHUs, MOOUDUYUPOBAHHBILL MemoO | anepruna; 8vipodcoeHHoe ypasHeHue.

Hccnedosanue evinonneno 3a cuem epamwma Poccutickoeo nayunoco ¢onoa Ne 26-21-20022,
https://rscf-ru/project/26-21-20022/.
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