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YNCNEHHOE PEWEHUE NMMHEAPU30BAHHOM §
KBASUCTALUMOHAPHOU CUCTEMbI YPABHEHWA
®A30BOI'O NONnA C 3ANA3AbIBAHUEM

E.A. OMenbyenko', M.B. Mnexanosa?, M.H. [Jasbidos®

Jng AMHeapu30BAHHOH KBAZUCTANMOHAPHOH CHCTeMBI YPaBHeHHH (ha3oBoro
MOJR € 3aNa31bIBAHIEM NPEACTABICH YHCTCHHLIH METOA PEIICHUEA, UeCTeI0BANA
€X0/IHMOCTH ABHOU PA3HOCTHOM CXeMbl, YYHThIBamei 3eKT 3anazibIBaHu B
uccaenyemoil cucreme. Ha ocHOBe moayueHHBIX pely/ibTaTOB OCYLECTB/IEHA
NPOrPAMMHAA PeATH3ALNM METOJA.

Knrouessie crosa: ypagHeHie COO0ICECKO0 MUNA, KedMCMAyUONAPIAs CUCmemd
ypasuenull azoeo0 noIA, PASHOCHHUA CXEMd.

1. Beeacuue
B Hactosmiei pabore mpeanoXeH HMCAEHHbIA METOJ peleHHsl JUHCAPU30BAHHON KBa3HCTALHO-
HapHOH CHCTCMbL ypaBHCHHI (ha3oBoro nos [1] ¢ sanazabianuem

v, (2,0) = Av(x,1) = Aw(x, 1) + Dy v (x,) + Pow' (x,7),  (x,0)e [0,7]x[0,T], (D
0=v(x,t) + ([ + Aw(x,£) + PV (x,) + Dpw' (x,)), (x,6)e [0,7]x[0,T], 2)
v(0,0) =v(m, 1) =w(0,0)=w(z,1)=0, r[0,T], 3)
v(x,0)=@(x,0), w(x,n)=yp(xt), (x0)e[0,z]x[-r0], 4)

e V(xs)=v(x,t+s), w(xs)=w(xt+s) mpu se|[-r,0], #>0. Ilpu oTom orobpamecuus
DV (x,0) > z(x,0), @, (x,) > z,5(x,t) npu kaxmom xe|0,7], te[0,T] nuneiino u Henpe-

PHIBHO ACHCTBYIOT M3 npoctpatctea C((—,0];R) B R.
HccneaoBanne pa3peiuMOCTH DTOMH 3a/jaud B paMKax HauyalbHOH 3a1aqu

u(t)=h(t), te[-r0], 5
114 oniepatopHO-AuhepCHLMANBLHOrO YpaBHCHHS cOOOCBCKOrO THIIA C 3aM1a3/1bIBAHHCM
Li(t)= Mu(t) +Pu' + f(1), t€[0,T], (6)

Ob10 IpoBeneHo pance B pabotax B.E. ®denoposa u E.A. Omenpuenko [2, 3]. 3accs U, F — 6aHaxoshl
npocTpaHcTBa, ' (s)=u(t+s)npu se[—+,0], oneparopst L:U — F, ®:C([-r,0] ;U) — F nuueitisr

W HempcpeiBHBI, ker L i{()}, oncparop M: domM — F nuHeeH, 3aMKHYT W IUIOTHO onpexaenen B U,

f :[O,T] — F. OcobeHHOCTh THHCHHOTO DBOIOIHOHHOIO YPABHCHHUSA C 3ana3biBaHHCM (6) B TOM, 4TO

OHO ABNSACTCS BBIPOXICHHBIM B CMbICJIC MPUCYTCTBUS ONCPATOPA NPH MPOU3BOJHOM, HC 00paTHMOro B
CHITY HAJIMUYMWs Y HCrO HCTPUBHANLHOTO siapa. Hacrosiunaa pabota npeacrasisiet coboii war x 3asepiic-
HUI0 ECTECTBCHHOIO LMKJIA MCCIICIOBAHUH 3aaau Buaa (5), (6), 3aknouamoumeMycs B pa3pabOTKe 4HC-
NCHHBIX MCTO/IOB PCLUCHHA Kacca 3a/au.

UHCIICHHBIM aclCKTaM MCCICIOBAHMA 33/1a4 Ul yPaBHEHHUH € MOCICACHCTBUCM, B TOM YKCIIC 3a1a4
ans GyHKUMOHaNbHO- MG (P CpeHIHAIBHO-aNTeOPAHICCKHX YPABHEHHI, KOTOpLIC OTHOCSITCS K KJaccy
YpaBHCHUI BHAa (6), mocBsauicHbl padotsl B.I'. [lumcuoBa u cro yuchukos [4-6]. B otux padorax, B
YaCTHOCTH, CKOHCTPYHPOBAHO CCMCHCTBO CCTOUHBIX MCTOIAOB A YMCICHHOrO PCLICHHS DBONIOLHOH-
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MaTemaTtuka

HbIX YPaBHCHHII C, BOOOLIC rOBOPs, HEMMHCHHON (PyHKLMEH 3anas3abiBaHUs HA OCHOBE HACH pa3Ac/ICHHs
KOHCUHOMEPHOH U 6cckoHEUHOMEpHO (Pa30BbIX COCTABNAIOLINX.

C nomoubio pesynstaroB padot [2, 3, 5, 6] aBropamu J1aHHOM CTaTbM MCCACAOBaHA CXOAHMOCTD
SIBHOM pa3HOCTHOM cxcmbl uis 3ajaun (1)-(4). B nepsom naparpadie, cneays uace pasacicHust KOHCY-
HOMCPHOH M OCCKOHCHHOMCPHOI (ha30BLIX COCTABMSIOUIMX, MOKA3aHa CXOAMMOCTL CCTOYHOIO MCTOJA
A5l COOTBCTCTBYHOLICH 3a4auM O¢3 3ana3ablBaHus (CDU =0,1,j=1,2). Bo sropom naparpadc nokazana

CXOIMMOCTh Pa3HOCTHOM CXCMBI, yuuThIBalOILCH 3amazapiBaHue. [lpu HTOM COOTBCTCTBYHOWIAA CXCMC
AMCKPCTHASL MOJCHD OMPCACISICTCS CTAPTOBLIMHM 3HAYCHHAMH, (DOPMYIIOi NPOIABUKCHHA Ha iar W Onc-
PaTOPOM MHTCPMNOASLMH U [ODTOMY OTHOCHTCS K KJ1acCy MOJACICH, UCCNEAOBAHHOMY B [5, 6] B cRA3M ¢
PAacCMOTPCHHCM HCBBIPOK/CHHBIX DBOJIOLHOHHBIX YpaBHCHHH. M, HakoHell, Tpetuit maparpad nocssi-
LLCH KOHKPCTHOM MpOrpaMMHOM pcanu3alid MCTOAA.

2. Jluncapu3oBaHHAN KBA3UCTAUHOHAPHAA CHCTCMA YPaBHCHUH ¢azoBoro noas
PaccMOTpHM HauyalbHO-KPACBYHO 3a4a4y ANl CHCTCMbl YPABHCHUIA

v, (x,t) = Av(x,8) ~ Aw(x,t), (x,0)e[0,7]x[0,T], (7)
0=v(x,0)+(S+Mw(x,r), (x0)e[0,7]x[0,T], (8)
w(0,8) =v(,t) =w(0,n) =w(r,t)=0, rel[0,T], (9)
v(x,0)=e(x), xe[0,rx], (10)

rac f<0, a v, w — uckombic GyHKuMA. 3aMCTHM, YTO HadanbHoe 3HadeHue w(x,0) ans ojHOH w3 Kc-

KoMBbIX (PyHKITMI W He 3aaaHo. OJIHaKo, KaK NokasaHo B [7], 3aaaqa (7)-(10) ounosnauno paspeiiiima. B
clyuac ke 3a4anus obeux Hauanbbix GyHKUMA v(x,0), w(x,0) 3amaua okaspiBacICs NCPCONPE/ICICH-

HO# U HEOOXOAMMO BBIMOJHCHUE YCAOBUI COrnacoBaHus NaHHbIX 3anayuM (7)~10) ans cc pa3pcuimmo-
CTH.
Pa3o6neM OTpe30K npocTpaHCTBEHHOH NEPEMEHHOMN [0,72'] Ha yacTH ¢ warom h=7m /N, onpeacnvs

TeM CaMbIM TOYKH X ,=nh, n=0,...,N. AHanornuynsim 00pa3oM pasoObeM BPEMEHHOH OTpe30K [O,T]
Ha 4yacTH ¢ WwaroM 7 >0, [MoayuuB TouKd pasouenus ¢, =m7, m=0,...,M. llpuOnnKCHHBIC 3HAUCHHA

dGyHKuMi v, w B y31ax ¢ KoopauHatamu (x,.t,) Oyacm obo3nayars uepes v, , w, . Paccmotpum ce-
TOUYHBIA MCTOJ

m+l m m m m m m i
Vn ‘-Vn =vn+]—2vn +Vn—-1 _Wﬂ+1_2wn +‘/Vn_l m:o M_l (11)
T K a
m m m
w 2w +w._
0=y + fw)y +—tl——n =l =0, M, (12)

7
rac n=1,...,N —1, ¢ HAaUaNbHBLIMH YCIOBHUAMHU
0
v, =@(x,), n=0,..,N,
Y MPaHUYHBIMU YCIIOBUAMH
vo =vy =wy =wy =0, m=0,.. M.
Hesszkoit Mmctona (11), (12) HazoBeM ceTounyro pynkuuto W' = (f,;" ¥/ ) , oae
m V(X,, Ll ) = V(X,5t,) V(X8 ) — 2v(X,,L, ) V(X 1.t,)
gn - - 2 +
T h
+ W(xn+1 ’[m ) B 2"'V(xn’l‘m ) + w(xn—t ’tm )
b
e

W(X, 1.0,) = 2w(x,,t, )+ w(x,_;.1,)
02

uepes v(x,,,1,), w(x,,!,, ) 0003HAYCHBI HCTUHHBIC 3HAYCHHA pCuICHUs v, w 3ajauu (7)-(10) B cooTBCT-

n+le

n' =v(x,.t,)+ Bw(x,.t,)+

b

CTBYIOLIMX TOYKAX. ByJacM roBopuTh, UTO HEBsi3Ka UMceT mopsigok 777 + A72 | ecnu cymiccTByeT Takas
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Omenbyenko E.A., lnexanoea M.B,, HucneHHoe pelweHue NuHeapu308aHHOIl keasucmauuoHapHolu
Haewidos I1.H. cucmeMbl ypasHeHul pa30e8020 A0A ¢ 3anaizdbi8aHuem

koHcranta (C, He 3aBucgwas or T W h, UTO u‘P::’

2 SC(t™ +h?)  pna Beex,

n=1....N-1, m=0,... .M -1,

Jlemma 1. Ilycth TouHoc pewenue v, w 3agaun (7)—(10) takoBo, 4ro GpyHKIMS v JBaXAbI HCMpC-
pBIBHO aAn(pdepcHUMpPYeMa N0 ¢, GYHKUUM v, W UCTbIPCHK AL HEMpepbIiBHO AHGdepeHimpyceMbl no x. To-
raa Hessaska mcroga (11), (12) umeer nopsagok 7+ W

Jokasareaberso. C MOMOLIBIO TCHIOPOBCKOro pasnomcHua GyHkunit v(x,r), w(x,t) nonydum
BBIPAXCHUS JUIR HCBAZKU

g

XX Xt

1 1
gnm :—Erv,,+ah2(vxxxx+wxx )7 U:Z?:“le"“hzwxxx

Hceneayem yeToiauBOCTb JTOMH CXCMbI MCTOIOM Pa3Ae/ICHUA NEPCMCHHBIX.
. 2
Teopema 1. [Tycte < 0. Torna cxema (11), (12) ycToiiunpa, cciu BbIMOIHCHO YCIOBUE T <A™,

HokazareabcrBo. O003HAYMB Uepes p[’]” , O';” KOYPHUHUCHTEI g-X TApMOHUK A /H-M CJI0C, HMECM

(X, L) = p(;"e'qx" . w(x,,t,)= O"’;"e"'x” , g=0,£1,+2, ...
[Toncranoska otux yukuuii B (11), (12) npuBeact k paBeHCTBaM
m T m m
oyt =l = 7(2p; (cosgh—1) =207 (cosgh-1)). (13)

207
0=p, +po + h”q (cosgh—1).

P4

U3 NMOCNEAHCTO PABCHCTBA TOJYYHM BBIDAXKCHHC

m

O_m_ pq
-2
7 (I-cosgh)—f

(14)

q
U nojacTtaBuM cro B (13), rorna

prit = pm 1—31(1—cos h)| 1- il (15)
i ! W 7 2(1—cosgh) -k B )|

W3 roro, uro f < 0, cilenyer HepaBeHCTBO

2(1—cosqh)— hz,B

cpasy st Beex g€ N . [lokamem, 4ro 7, = —1 npu mobom ge N . Jlis 91010 1310 1H0KE3aTh, YTO

T W
—(1—cosqh)| 1- > [<S1
h 2(1-cosgh)—-h"f3

2
% Elu%(l—-cosqh)(l— & ]51

10 HEPABCHCTRO BBINOMHACTCA NpH T < A°
B cuny pascHCTB (14) u (15)

2T W
ol 1=""(1—cosgh)| 1— —_—
mt1 P(TH ! [ n [ 2(1—cosqh)—h2ﬂn
o) = =

g -
hzz (1-cosgh)— hzz(l—cosqh)—ﬂ

1
W (1-cosgh)— /3

=0, 1—%;—-(1—cosqh) 1-
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TTooToMy KOO(D(GHUMEHT MEPCXOAa JUIsl BTOPOH HCH3BECTHOH (QYHKIIMM TAKOKC PABCH 7, M I0DTOMY pac-

cMaTpHBacMas pa3HOCTHAs! CXCMa SIBASACTCA YCTOHYHBOH NpH T < K. o
3ameuanue 1. AHanu3 10Ka3aTCABCTBA TCOPCMBI 1 MPUBOAUT K BHIBOAY, 4T0 npu 20 HC npea-

CTABJISICTCS BO3MOMKHBIM JI0KA3aTh YCTOWYMBOCTH NMPCNIOKCHHON Pa3HOCTHOMH ¢XCMbl U HCOOXOMMa cC
MoaU(HKALHA WK BLIOOP APYrOro MCTOAa BbIMHCIICHUSL.

B kauccTBC MTOra MosIyuCHHbBIX PC3YJIBTATOB CHOPMYTUPYCM TCOPEMY O CXOJAUMOCTH, KOTOpas cpa-
3y cacayet u3 kputepust Kypanta [8], nemmbl 1 1 rcopemsr 1.

Teopema 2. [yets <0 u anst pasuocTHoi exembi (1), (12) 7, 4 Takosw, uto 7< A” . Torna pas-

2
HOCTHOC PEUICHHE CXOAUTCH K TOUHOMY pellieHU0 3azauu (7) — (10) ¢ nopsaaxom HC HUKC T+ A~ .

3. CucTema ypaBHCHHE € 32013 bIBAHMCM
BepreMces K HadanbHO-KpaeBoit 3aaadce ¢ 3anasasiBanucsm (1)+4). lns orpeska npocTpaHCTBCHHO#M

nepemcHHoit [0,77] umeem npexkHee paséuchue ¢ waroM h=72/N n toukamu x ,=nh,n=0,...,N .
BpemerHoii otpesox Tenepb umecet Bua [—»,T|. s onpeacacHHOCTH cuntacm, 4T0 7 /7 — pALHOHANL-
HOE  4HCHOo, war  pazOucHus 7=T/M=vr/L, 11 (] L Me N, Touku  pa3OMCHuA
t,=mr,m=—L,...,0,. .. .M. Ilomumo npubnmxcuuii v, ,w, WUCKOMbIX QYHKUMI v, W 1OHAZOOHTCS

TaKKe JHCKPETHAs! MPEIbICTOPHSA B TOUKC X, K MOMCHTY f}

{(V’T’W:’H)}k :{(V,'f,w:):k—LSmSk}, n=0,..,N, k=0,...M.

IpeanonaraeTcs TaKxKe, YTO 3ajaH ONEPATOp HHTCPHOAINAM JHCKPCTHON MPEaBICTOpUH
1:{(v,’7”,w,’1”)}k —>( s ,,) e Q[-r,0]xQ[-r,0]. 3nccy n=0,...,N, Q[-r,0] — MHOXCCTBO KyCOUHO-

HCTIPEpPBIBHBIX GYHKUMH Ha [—7,0] ¢ KOHEYHBIM YMCIIOM TOYCK Pa3pbIBa IEPBOTO POJIA B TOYKAX PA3Pbi-

Ba HENPEPHLIBHBIX CIIpaBa. 3aa/iuM HOPMY: Hg” o[-0 = sup \ g(s)l s ge Q|-+, 0] byacm cuurars,
se[-r

YTO JIMHCHHbIC ONepatopbl P, MPOJOIKMMEI HA NPOCTPAHCTBO Q[—r,O] OTPAHHYCHHLIM 00pa3zoM.

Cnenys padotam [4, 5], OyacM roBopuTh, HTO ONCPATOP HHTEPIIONALMHY UMCET TIOPSILOK NMOIPCIIHO-
cTH 77 Ha TOYHOM PCUICHHH V, W, €CITU CYILCCTBYIOT TAKUC NONOKUTENBHBIC KOHCTAHTH Cy, Cy,uT0 A5
Bcex n=0,....N, k=0,... Mute [tk —r,tk] BLIMOJHAKTCA HCPABEHCTBA

v —=v(x,.1, )( +C,T7,

gh() = v(x,,0)[<C; max

k—L<m<h

L P
= Wyt )|+ CoT

(1)~ w(xn,t)1<C1 max
—L<m<k

PaccMoTpuM pa3HOCTHYIO Cxemy

A I A = 2wl wl
n [ - . rz i S ¢ ) 1T+CD hm, 16)
z h2 e n& 12/ (
m m w:::—l _2w}l:1 +W
0=v, +fw, + 2 Ltd,, gl + DA, (17)
rne n=1,...,N-1, m=0,...M—18(l6)nu m=0,....,M B (17), c HAHaNBHBIMH YCIOBUAMH
=¢(x,.0), Wl =w(x,.0), n=0,..N, (18)
2 (O =@(x,.1), () =y(x,.t), n=0,...,N, te[-r0], (19)
M TPAHUYHBIMH YCIOBUAMHU
vo =vy =wy =wy =0, m=0,...,M. (20)

CornacHo pesyabtatam padoT [2, 3] HCOOXOAMMBIM YCIOBHCM pa3peiumocTy 3anaqu (1) — (4) ssndacres
BBLITIOJIHCHUC YCJIOBUS COIJIACOBAHMUS HAYallbHbIX JaHHBIX QU ¥

0=@(x,0)+ (B +Mw(x,0) + Py(x, ) + P (x,7), x€(0,7).
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Omensyenxo E.A., Mnexavosa M.B., YucneHHoe peweHue NUHeaPU308aHHOU KeazucmayuoHapHou
[flasbidoe M1.H. cucmeMsl ypasHeHul hazogozo nons ¢ 3anazobieaHuem

[To yMONUAHUIO CHUTACM, YTO OHO BBITIONHACTCA.
Hessskoit Mmerona (16), (17) Hasosem cetounyto yukuuto @, = (&7, 7"}, rac
5771 _ V(Xn U )= V(xn ’tm) _ v(xn+1 ol )— 2v(xn’tm) + V(xn-l ’tm) +

»n r hz
wix, 0t )—=2w(x, ¢t )+w(x, ¢
+ ( n+l m) (h; m) ( n—1 m) _q)nvfm(xm_)__cbnwfm (x,,,-,‘)a
. w(x, .0 )—2w(x .t Y+w(x .t
iy =v(x,,, b, )+ Bw(x,. 1, ) + (X170 (h’z’ PRRRLCIE ’")+<D2]v””(x”,-)+CD22w""(xn,').

Tak ke, kax Tcopema 4 B [5], ¢ nomotikto Teopemsl | HacToswicit padorel 00 YCTOWIMBOCTH CXCMbI
(11, (12), rcopem 1 1 3 u3 [5] nokaspiRacTes cacayoyi pelynbrar.

Teopema 3. [Tycrs B<0, T<h*, oncpatop :R**? — Q[-r,0] nunumuce u umcer nopsnok
norpeitHocTH 770 Ha TOYHOM PCIICHMM, HCBS3Ka W, wuMcer nopsaok 771 + h™ . Toraa pasiocthoc
PCLICHUC CXOAMTCA K TOUHOMY PCHICHUIO 3aiauy ( 1)~(4) ¢ nopsaaxom gmtpo-rl oy gz
OTMCTHM JMILb, MTO TPCOYOWIAACS IS 10K23aTe/IbCTBA TCOPCMBI JIMILTHUEBOCThL ONEpaTopos P,

B TaHHOM Ciryyac OUCBHIHA, [TOCKOJABKY OHU JIMHCHHBI U OrpaHH4CcIbl.

4. Uncaennplii JKCHepUMeEnT

[lycts (I)Ug = a,,g(—l) s ge Q[—l,O], i, j=1, 2. lpyrumu cnosamu, cucrema (1)~(4) umeer sua
v, (x,0) = Av(x,8) = Aw(x, ) + ay v(x,t =D +apw(x,t—1),  (x,6)e [0,7]1x[0,T], (21
0=v(x,2) + (B + Aw(x,t) + ay v(x,t = 1) + apyw(x,t —1), (x,0)e [0,7]x[0,T], (22)

1 cHabXeHa KpaeBbIMU M HauyadbHbIMU YCIOBHSAMH (3), (4). PasnocThas cxema (16), (17) ana nee npu
BbIOOpE, HAMIPUMED, KYCOUHO-TIOCTOAHHON WM KYCOUHO-NHHECIHON HHTEPNONALUMY OYAET HMETE BHI

m+l m m m m m m m
Vi VY _ Ve~ 2vn TVt Warl — 2Wn + W, m—1, m—1,
7 = h2 - h2 +anvn +a12Wn . (23)
m m m
W —2w 4w, _ _
0=+ " + -2l h; n o, v Wt R, (24)

me n=1..,N-1, m=0,...,.M-18(123)1 m=0,...,M B (24), c HayankHeIMH ycnoeuamu (18), (19)
# rpanHunbIMH ycroBuamu (20). ITpu oToMm nopsziok norpemHocry oneparopa KyCoOgHO-I0CTOAHHON

HHTCPIIONANMH HA TOYHOM PCHICHHM PABCH T, AN KYCOYHO-JMHCHHOW HHTCPHNONALMH — r? [9]. Mo
QHANOTHK ¢ ICMMOH 1, HETPYAHO I0KA3aTh CACIYIOILEE YTBCPKACHHE.

Jemma 2, Tlycts TouHoc pewieHue v, w 3agaud (21), (22), (3), (4) TakoBo, 4TO QYHKIMS v 1BaX/ibl
senpepbisno anddepeHunpyema 1o £, QYHKUMM v, W YCTBIPEK AL HCIIPEPhIBHO AU epeHUMpPYCMbl No

x. Toraa nemsasxa merona (23), (24) umecT NOpsaoK 7+ W
Teopema 3 Bneyer

Cacacreue 1. Tlyers B<0, < Ah°, MHTEPNONALHS KYCOUHO-IIOCTOSHHA MIIH KYCOUHO-THHEHHA.
2
Toraa pa3HOCTHOC PEIICHHC CXOAMTCS K TOUHOMY PeLUcHUI0 3aaun (1)—(4) ¢ nopsakom 7+ A~.
Ha puc. 1 npeacrasncHo peuicaue (v,w) s napamerpos f =-0,75, 7 =10, M =1000. N =16
¢ HayanbHbIM yestoBueM v(x,0)=sinx, xe[0,7] ans zanauu (7)—(10).
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Jlns 3apauu ¢ 3anasabiBaHucM (1)~(4) npu 3Haueuusax a, =1, g =ay =a,, =0, B =-0,75, T
=10, M =1000, N =16, v(x,/)=(t+1Dsinx, (x,t)e [O,JI]X[—LO] peicHuce (V,w) MMOKa3aHO HA
puc. 2.
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NUMERICAL SOLUTION OF DELAYED LINEARIZED QUASISTATIONARY
PHASE-FIELD SYSTEM OF EQUATIONS

E.A. Omelchenko’, M. V. Plekhanovaz, P.N. Davydov3

For delayed linearized quasistationary phase-field system of equations the numerical method of so-
lution was proposed. The convergence of explicit difference scheme that takes account of delay in the
system under investigation was thoroughly studied. On the basis of the results obtained the implementa-
tion of the method was realized.

Keywords: Sobolev type equation, quasistationary phase-field system of equations, difference
scheme.
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