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K BONPOCY Ob OTJINHUAX B FIOBEJJ,EHMVIUPELI.IEHMVI
NMAHEMHOIO U HENKWHEWHOIO YPABHEHUM
TENNONPOBOAHOCTW'

J1.N. PyGUHaz, O.H. YnbaHoe®

Panee npeaio:KeHHBIM reOMeTPHYECKHM METO/0M MCC/Ie0BAHNS HeauHeii-
HbIX YPaBUEHUIl B HACTHLIX (POU3BOAHBIX UCCAEAYIOTCH JUHEHHOe W HeauHeii-
Hoe ypaBHeHHs TenjonposoaHocTH. [lokasano, ueM 06ycioBlIeHO OTIMYHE B MO~
BE/ICHHH PECLICHHH PaccMaTpMBaeMblX YpPaBHEHHH 1 4TO B CAyUae HeJHHeiHOro
ypaBHEHUSA NPUBO/IUT K 000cTpelinio. BrineiacH HekoTopllil Kiaace penicHuil Jiu-
HeliHOTr0 ypaBHeHUs, NPeCTABIAIOIIHIT MOBEPXHOCTH YPOBHS PACCMATPUBAEMO-
ro HeJINHEHHOro YpaBHEHUS TEIONPOBOHOCT U,

Knoueaoie crosa: nenuneiinbic YpAGHenus 6 Ydennox APOU36001bIX, VPASHCHS
MEARONPOBOONOCINY, MOYHBIC PCUICHUS, NOGCPXTIOCIU YPOGHS.

Beeacnue

MssecTHo (eM., HanpuMep, ceprio padoT [1-5]), 4To HENUHCHHBIC YPaBHCHUS TEMTOMPOBOAHOCTH H
HEKOTOPbIC IPYIHME€ HCITMHEHHBIC YPABHCHHS B YAaCTHBIX TMPOH3BOAHBIX OMHUCKHIBAIOT PCKHMbI, 3HAUH-
TEJIbHO OTJHMYAIOIIKCCA OT TE€X PCIKHMOB, KOTOPBhIC HAOMOAAIOTCA, €CJIH MCHOJIB3YCTCS JMHEHHAS MO-
Jenb npouecca. Hacrto B cilydae HECNMHEHHBIX MoacicH HaOIIOAAIOTCS TaK HA3bIBACMBIC KaTacTpo(dsbl,
NpH KOTOPbIX PCLUICHHC HEOTPAHHYCHHO BO3PACTACT 3a KOHCUHKI MpoMekyTok BpeMeHH [1].

B naHHOM paboTC NMPUBCACHBI HECKOTOPBIE TOUHBIC PCLICHUS Al TMACHHOrO M HCIMHCITHOTO ypaB-
HCHUH TeIUIONpoBOAHOCTH [1], KOTOpbie ABAAIOTCS XOPOLICH WIUIOCTpALUEH OMMCAHHOW BBHILIC (PO-
OneMbl. [lonyueHHbIE OTHUM H TEM JKE FEOMETPHYCCKUM METOAO0M [6, 7] pelucHUA UMCKT OAHHAKOBbIC
HOBCPXHOCTH YPOBHS, HO MX TOBEACHHME 3HAYMTENBHO OTJIMYACTCA, TaK KaK CaMU PELICHHS Y0BJICTBO-
PAIOT Pa3HbIM OOBIKHOBEHHBIM MM hepeHinanbibiv ypasHeauam (O1Y), k koTopeIM CBENEHEl IEPBO-
HayanbHbIE YPABHCHHA TCIUIONPOBOAHOCTH. AHAIOrMYHO IIPH PAaCCMOTPCHHH XapPAKTCPUCTHK YPABHC-
HHMH OTJIMYKE B NPEACTABICHUH UX pelieHuil cBA3aHo ¢ orarurneM OJIY, koropblC 3a/1aK01 YCIoBUs CO-
BMECTHOCTH JJIs1 [IOJIyYCHHUA PEIUCHUS BJIOJIb XapaKTEPHCTUK. BH/ BBIMHCAHHBIX ABHO TOYHBIX pPCLICHHH
JENAeT HArMSAHBIMHU UX OTAHYHA H [MO3BOJIACT JICIKO YBHACTD, MOYCMY B HCIIMHCHHOM Cliydae nabnona-
ercsA 0O0OCTpPCHHUE, a B JIMHEHHOM cllyyac 000CTpeHue OTCYTCTBYCT. [IpHBOAATCS KaPTHHEI TCUEHMH HC-
JMHEHHOr0 YPaBHCHMS TEILIONPOBOAHOCTH B 3aBHCHMOCTH OT MApaMCTPOB 3aJayvd, KOTOPBHIC IMOKa3bl-
BalOT, KaK MOKHO OTOABHHYTb 110 BPCMCHH MOMCHT OOOCTPCHHS B PCIICHHUH WM, MEPEKTIOYAACH HA
JAPYToC PCLICHHC MPH MOAXOAE K 000CTPCHHIO, U30eKATh KaTacTpodbl.

CgejicHUEC THHCHHOTO U HCJIHHCHHOTO YPABHCHUSA TCILTONPOBOJIHOCTH
K 00bIKHOBCHHBIM AH((epeHEIHATBHBIM YPABHCHUAM
bynem pacemarpusarh ABa (JIMHEHHOE W HENMHHCHHOC) YPaBHCHUS TCMAONPOBOAHOCTH [1]
u, = ku,, +qu, k=const, g =const. (1)
3
u, =ku, +qu—ou, a=const. (2)
37ecCh M 1aiee HUKHUE MHACKCHI YKa3bIBAalOT Ha HC3aBUCUMYHO TICPEMEHHYIO, 110 KOTOPOH BbIYHCIACTCS

NPOH3BORHAS.
B ypasHcHusax (1) u (2) caenaeM 3aMmcHy (6] u =, , TOrAa MONYyYUM YPaBHEHUSA

Q,\I = kaxx + qu * (3)
er = kaxx + qu - C(ij . (4)
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PybuHa J1.U., K eonpocy 06 omnu4unx e nogedeHuU peweHull
Ynoanoe O.H. JTUHEedHO020 U HEeJTUHeUHO020 ypasHeH Ul mernonposodHocmu

CuMTacMm, 4TO CYILICCTBYCT Takasi cHCTCMa KoopauHar [6, 7], B kotopoi pyHkuus O 3aBUCUT OT
0AHOHM HC3aBUCMMOM nepemcHHon: O = Q(y(x,f)), Toraa y(x,f)=const — NOBCPXHOCTb YPOBHS pcLic-

Hust Q(x,¢). B »roit cucteme koopanHat ypaBHcHUS (3) ¥ (4) COOTBETCTBEHHO UMEIOT BH/T
kQ'W+ O (—ww, + 3k N+ O (W +hy  +qp ) =0, (3)
Q" —aQ W+ Q (W, +3kw )+ O (~y, +hv,, +qv,)=0. (6)
3AcChb W jancee WTPHX (') YKa3bIBAaCT Ha MPOHU3BOIHYIO O NcpeMcHHOM ¥ . CpaBHUBas (5) W (6), 3amc-

4acM, UTO It ONPCACICHUSA (YHKUMH W(X,!) UMCCM OJIHH M TC KC YPABHCHMS, CC/IM HOJIOKUM, 4TO
v, %0 [6,7]

-, +3k - +ky +
l//f . Wxx :fi(y/)’ W,\f W:,;,\)( ql//x

3aces fi(y), f2(¥) — npownsBonbHbic QyHKUHK. bynem ycTaHaBnuBath, KOraa cuctema ypaBHeHui (7)

=LW). (7)

- 2
coBmecTHA. U3 nepBoro ypaBHeHUsA cucTembl ¥/ = (W, + fir D) /(3k). 1lpoanddepeHumpycm 310 coot-
HOLICHHC MO NCPCMCHHONH X M MOMYYCHHYIO MPOM3BOAHYIO ¥/, TOACTABUM BO BTOPOC YPABHCHUC CHC-

TCMbI. Pa’SpClﬂl/lB NOAYUCHHOC COOTHOIICHUC OTHOCHUTCIIbHO ﬂpOl/BBOIJHOﬁ . » HIMCCM

2
v, + [Vs 3 3 1 R N e R I
=y =—qy + W — /W e LA — =1 8
Ve 3t Vi =54Y. S 3k.f,t//_vn f 211 3kf1 2fu ®

Cootnouienns (8) 6ymyT 3a/1aBaTh NPOU3BOAHBIC BTOPOrO MOPsAKA OAHOM U TOMH ke PYHKUHH, ecnu
CMCIIAHHbIC NPOM3BOAHBIC PaBHbI (¥, =/, ). DTO yCJOBUC BbIIOIHACTCA, KOrA

3 '
Wi =2V, + 5 R 30+ S Ja= 200434, ©)

Yrobbt Bce MOJTYUEHHBIE BTOPHIC MPOH3BOAHbLIC ObUTH APOM3BOAHBLIMM OAHOH GyHKUMH W/, , HUX
CMCHIAHHBIC NMPOM3BOIHBIC TOKHBI ObITh paBHEL TpebycMm, 9Tobbl I , =¥/, . YCIoBUC GyAET BbiliOl-
HATBCSL, ECIIH

6 £ Wi +6/WF +3k(fo+ fifal bW =0. (10)
3ameuaem, uto ecnau f; =0, cooTHoweHue (10) oOpamacred B Toxacctso. [lonyucHusie pesynbra-
Tbl NPUBOJSAT K CIEIYIOLIEMY YTBEPKIACHHUIO:

Yrecepxacuue 1. Cucmema (7) cosmecmua, ecau emopwvle npouzeooivie gyukyuu W(x,t) onpede-
amiomes uz coomitowenui (8), (9 u f, = f1 /3+ 2f12 19k), fily) — npouseonsuas gynryus. B amom
ciyuae ypasHenusi (3), (6) umerom 6ud coomeemcmeento

kQ +Q £+ QLS 13+ 242 19K)]=0; (kQ" —aQ )+ Q' fi+ O£ /3+21 (9)]=0.

Ecin f; #0, To, BeInMCaB auddcpeHuManbHble CieACTBUA cooTHOWEHUs (10) u noacTasus B no-
Iy4CHHbBIC BbIPAKCHHS BTOPBIC NMPOHU3BOAHbBIC U3 (8), (9), nony4uum, uto ¥, =g (¥), ¥, = g,(¥). llo-
TpcOOBAB PABEHCTBA CMEIIAHHBIX MPOM3BOHLIX, OyaeM uMeTh g, ()= Cg(w),C =const. Toraa cnpa-
BCIVIMBO

Yreepwaenue 2. Fcny f3#0, mo w=y(ax+bt), a=const, b=const. Tocda, max rax

11=Q\=Q'(1//)z//d\ W), mo u=ulax+bt) u ypasnenus (1) u (2) umerom sUO COOMBEMCMBEINO

~bu_ + ka2u: +qu=0, —bu_+ kazu:: +qu — o’ = 0, z=ax+bt.

OThIcKaHue NOBCPXHOCTECH YPOBHSA AJI5t YPABHCHUI TEMIONPOBOIHOCTH

[lonoxum, 4TO Npou3BONBHOC f; =const U f, = 2f12 /(9k)=const. Toraa ycnosuc (10) BbIMONHS-
crest. M3 cooTHomicHus (9) HaxoauMm ¥/, , cunTas, 4to x — napamerp. [lpenpapurcnbHo nonaras, 4to
v, # 0, 3amuwem (9) B Buac (1/y,), +1,5g(1/y, ) = f,/(3k) . Pciuacm 5TO JIMHCHHOC YPaBHCHMC U nONy-
sacm, uto Y, =1,5qC (x)exp(3qt/2)/[1- f;C(x)exp(3g¢)/(3k)]. 3aTcm M3 BTOpPOro cooTHowicHHs (8)

oupcacasem ¥/ . [lonywacm, urto
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w, =C, exp3qt/2)/[1- f,C(x)exp(3gt/2)/(3k)].
TpcOys TOKAECCTBCHHOIO BBITOJHCHHSA [ICPBOIO COOTHOWICHAUA (8), NPHUXOAUM K YPABHCHUIO JUIs ONpC-
aencuns  C(x): C,, =qC/(2k). Orciopa C(x)= A exp[txy/q/(2k)]+ A, exp[Fxq/(2k)]. 3nccwb
Ay =const, A4, =const. Jlancc nonoxum, uto 4, =1, 4, =0 4 BBIIHUWICM JUIA DTOrO Cliydas OKOlYa-

TEALHbIA BUL ¥, U ¥/,

_ 3qexp[(3qt/2) £ xq/(2k)]/2 g /(2k)exp[(3gt /1 2) £ xyq [(2k)]
Vi 1— £, exp[(3qt /2) £ xJq /(2k) 1 /(3k) W“1—j;exp[(3qt/2)ix,/q/(2k)]/(3k)'

B BLIPAXKCHHH N1 ¥/, 3HAK Nepeh YHCIIHUTCIICM BbIPOKCHHUS COBNANAcT CO 3HAKOM B NOKA34TCIC

CTCICHHU DKCIIOHEHTHI. [lanee, HaxoauMm, 4TO MOBCPXHOCTE YPOBHA B DTOM Cly4ae HMEET BU,
w=-3kIn{l— fiexp[(3qr/2) £ x/]q /(2k)1/(3K)}/ f;. (11)
HMonoxum f, =0. Torna fi(y)=3k/QCy+y,). ¥, =const (cM. yrBcpaacHuc 1). Tpebyem aance,
yTOOBI BTOPBIC MPOW3BOAHbIC QYHKIMH W(X,f) yAOBIACTBOPAaH ycnosusaMm (8), (9). Pcwas ypasHcHuC
(9) u BTOpOC ypaBHCHUC K3 (8) U CUMUTast MPH DTOM, 4TO X — MAPaMCTP, NOJYyYacM, YTo
W, =20+, [M(x)+3q2y +y, /2], w,= N(x)J2w +w, exp(3qi/2).

TpeOyst TOX/IECTBCHHOTO BBINIOJIHCHUS TICPBOTO YCIOBHS (8), OKOHUATETLHO NOTyYaem

2
2k* q 3 g | M| v
=——t,|[—exp| =gt x,/— |-— | ——*, M =const, i, =const. (12)
v qu: Vak p(zq 2% ) 3k| 2 v

3aMeTHM, 4TO 3HAKH MCPEJ] IKCIIOHCHTOH M B FIOKA3aTCIIC CTENEHH DKCTIOHEHThI COBMAAAloT.
U3 ycnosua f, =0 cnenyer, uro ¥, —ky, —qy = A=const. HeTpyaHo npoBepHTb, UTO CCH

v, =4M % /(9¢™), To moacTaHoBKA GyHKUNH W (x,7) U3 (2) B ypasHcHue (1) jaer 4 =0, Hrak, umeem

Caencreue 1. Pewenue u(x,)=(2k> /q*){£Jq/(2k) exp[3q1 /2 £ xJq/(2k)]— M /(3k)}? —w, /2
nuHenHozo  Oupgepenyuanvnoco  ypaswenus  u, =ku, +qu+C, 2c0e M =const, W, =const,
C=C(g,M,y,), asraemcs nogepxHoCmoio YpoGHI VpasHerus (2).

CaeacrBue 2. Pewenue u(x,t)=(2k> /qz){i\/qT(ZT) exp[3gt/2 % x\/qT(Zk_)] -M /(Bk)}2 -y, /2
MUHEHo20 Juhepenyuanbhozo ypasHeHus (1) aensemca nOGEPXHOCIbIO YPOGHA YpagHeHus (2), ecau
w, =4M?/(94%).

[lonoxum, uto f, = aQuz(l//) , TOTJia COTJIacHO YTBEPKAeHHIO 1 cucrema ypasHenu (7) coBmect-
Ha, CCIH

AI3+2/219k) = f,=aQ?. (13)

C apyro# cTopoHbl, ypaBHEHHE (6) B DTOM ciydac OyJeT UMCTh BH/I ka + Q" J1=0. Bripaxas ot-

Cl0Ja f| M MOACTaBJifAs MOMYUYCHHOC 3HaUCHUC B (13), NPHXOAHUM K 3aBHCHMOCTH
Q"0 -507/3+30Q Q% k=0.
Pewas oTo ypaBHEHHe, 1107y4aeM HYaCTHOC PCLUICHHC O =32k oy +yy,), rac ¥, =const. [la-

ace w3 (13) onpeaensiem, uro f; = 6k /3y —w,) . TpcOycm, uToOb1 BBINOMHANUCE COOTHOLICHHS (8), (9).
B pe3ynbTaTtc OKOHYATCABHO MOJNYYacM, YTO

1| 2 3 q
=—| ——exp| —qt £ x| |-
v 3[3q p[zq ZkJ

TouHble peuieHUs] YPABHCHUH TCNJIOMPOBOHOCTH
Onpeacnsem Q(y) u3 ypaBHeHu# (cnyvail f; = const)

KO O [+ QA 13+2119k)]=0 5 (kQ -0 )+ 0 fi + O£ /3+ 247 (9k)]=0.

Pcwas nuHciHHOC ypaBHeHue 1y Q(Y) , HAXOQHM, 4YTO

3
——=, c=const. (14)
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Py6una f1.4., K eonpocy 06 omauvusax e nogedeHuu petueHuUl
Yneavoe O.H. NUHEHOo20 U HeNuHelHo20 YpasHeHull menonposodHocmu

Q' =Cexp[-fw /(3K)]+ C, exp[-2 i /(3k)], C,=const, C, =const.

YuursiBad, uTO pcuicHUC ypaBHCHHUA (1) u =0, = QW , noay4yacm

+. g /(2k 3t/ 2+ 12k
u= NCRXPBGIRT NG IR ot e 1G3RY] + Cy expl-2/ /GRS,
1— fiexp[3qt/ 2+ xq/(2k)]/(3k)

[loacraBus croaa BoipaxcHuc o ¥ u3 (11), umeem

u== iexp 3—qtix,,i C+C, l—iexp iclt‘irx KNS
2k 2 2k - 3k 2 2k

Peinacm HenuuciiHoe ypagHeHue ains Q(y). [Moaaraem, uto Q = p(¥), a 3arcM 1oJjaracM, 4to

p'=r(p). B pesynbraTe NpHXOAMM K yPaBHCHHIO krv), +f1r:a'p3 —2_f]2p/(9k). Haxoaum HacTHoc
PCLICHHC JAHHOIO YPaBHCHUS BUAa F = ap2 +bp, rac a=const, b=const. [loayuacm, u4TO
a=ta/(2k), b= f;/(3k). Bo3spawasics Kk ncpBOHAYaILHOMY YPABHCHHIO, HMCCM
= Si1/GK) , C =const.
+/a/(2k) = Cexp[ fiw /(3k)]

YuntbiBas, 4TO pemnIcHHE ypaBHeHus (2) u=Q, = QY , BLIIHMIICM OKOHYATCIBHO PEIICHUE ypaB-

HeHHUS (2)
. H A /BN q/ orexp[3qgt /2 x\]q /(2k)] CoiC a (15)
1-C, —[f, /3k)]exp[3qt /2 £ xJq/(2k)) N2k’

3Aech 3HAK YMCAUTENS HE 3aBHCUT OT 3HAKA B NOKA3aTeE DKCMOHEHTHI, TO ¢CTh (haKTHIECKN HMC-
€1CA YETBIPE PELUCHMSI

Y= [/1/(3k)q/xexp[3qt/2+xyq/(2k)] - ~[ £, /(3k)\ g/ axexp[3qt/ 2+ x\Jq /(2k)]

1-Cy —Lf, /3K)]exp[3qt /2 £ xJq/(2k)]  1=Co —Lf, /(3k)]exp[3qt/ 2+ xJq /(2k)]’

o LA/GBOWg/ aexp[3qt /2 —x4q (2k)] . A /BRI g/ aexpl3qt/2—x\q/(2k)]
1-Cy —[f; /(3k)]exp[3qt /2 £ x\/q /(2k)] ’ 1-Cy = £ /(3k)]exp[3qt /2 £ x\/q /(2k)] .
Mg cnyuas, koraa f, =0 ypaBHCHHC (5) UMCCT B Qm +3Q" /2y +,)=0. Pelas »To ypaBHc-

(16)

e, onpezcnsieM, uto Q =C,—C, /2y +y, , C, =const, C, =const. Torna OKOHYATCILHO MONYyYa-

eM, yUuTbIBast (12), 4to

2k 3 q q 3 g | M 3 q
=—C exp| —gtxtx,|— || T |—exp| —gt Lt x,|— |-—— |- C,exp| —qgt T x,[— |.
PR p[zq xVZk}{ Vzkep(zq 2k ) 3k | PR T

Ecnn f, =0, To ypaBHCHHC (6) UMCCT BUA (Qm —(){Q'3 Ik)+30 Iy +y,)=0. Beimuiucm yacr-

Hoe pelicHUC HTOro ypasuenus: O =++/2k/a[1/(2y +y,)]. COOTBETCTBYIOIICE PEICHNHC YPABHCHHUS
(6) byact MeTs BHI

-
q [2k 3 q q 3 q |_M
" k\]anp[zq ! ZkJ{ Vo TP 2" N2k T {an

Ecin nOBCPXHOCTE YPOBHS ONMpeacaseTces BbipakeHUcM (14), pecuicHuc ypaBHEHHA (2) UMCCT BH/L
— f -1 —
u=1t.Jg/aexp[3qr/ 2+ x\q/(2k)]{exp[3qt /2t x\/q/(2k)]—c} ", c=const. (18)
3cch 3HAK TMEped BBIPAKCHHEM JUIS ¥ MOXKET HC COBMajaThb CO 3HAKOM B HOKA3aTCNIC DKCIIOHCHTbI
(imeeM, GaKTHUCCKH, YEThIPE PCILICHUS).

Jpyroii noxo/1 K H3y4CHUIO NOBC/JACHUA PCHICHH HCJTMHCIHHOrO YPABHCHHUSA TCIJIONPOBOAHOCTH
[Tokaxem, uto xapaktcpuctukamu ypaBHeHWH (1) n (2) ABIAKOTCS MTMHKH ¢ = const .
UroObl JoKa3aTh ITO YTBCPXKIACHHEC, B ypaBHCHHH (2) mepeiijacm ot dyHkuuu u(x,t) K QyHKUHH

tu.x)[8]. TTonyuum
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MaTtemaTuka

)= (qu—ou ) =0. (19)
B ypaBuenuu (19) cacnaem 3aMeHy HE3aBUCUMBIX MICPEMCHHBIX U —@(x)=&, x=n:
2 2 2 5
1: +k[tz(t,, = 250, +1:Q, —1:0 )= 2Uc(l, — 10Nz —Lex@ )+ 12U, —t;q)x)’]
(& +@)—a& + 9y =0.

[Tonarad, uro & =const — xapakTcpucTHKa ypaBHCHHS (19), BLIMHIICM BBIPAKCHUC MICPC MPOH3-

2 2 2
1+ k(5 =20 8,0, It

XTutXxu X Hu

BOJHOM f¢z M MPHPABHSCM cro Hysmto. [lonyuum, uto ¢, =0. Orctoaa CicaycT, 4TO HA XapPaKTCPUCTHKC

&=const umeeMm ¢ =const . Toraa, 4To0b ypaBHCHUC (19) HMCIO PCUICHUC, BIOMb XapaKTCPHCTHKH
3 3

JOJDKHO BBIMOJIHSTBCS YCJAOBHE COBMCCTHOCTH tg ~ktzp,, —[q(&+ @) - (S + ) ]tg =0. Pcuas >to

OV, B ciyuac, koraa o =0 (ypaBuchue (1)), 1 3amcHgs &+ @ =u, 10ay4acM, YTO BJIOJbL XapaKTCPH-
CTHKH ! =const JOIKHO BBIIOMHATLCA COOTHOLLUCHUC
u(t,x) = {wy(t)+ ¢y (£)sin[H(x + e, (g k1) /4,
¢y (1) =const, wy(f)=const, ¢ (f)=const. (20)
[TonpodHce OCTaHOBUMCST HA PELLUCHUM ypaBHCHHUS (2). BeimuilicMm Bua ypaBHCHHS, CUUTAs, 4TO
x(u,t) — HC3aBMCHMAas IIEPEMEHHAs

> _Jx,, +(qu—oa’)xd =0. (21)

)C', xu

Korna a#0, TpeOys BBHINONHEHHS BAO/Ib XapaKTCPUCTHKH = const YCJNOBHS COBMCCTHOCTH, IPUXO-
JHUM K BBIP2XKEHHUIO

-+ du .
\/au4 (4k)— qu2 /(4k) +wou +c,
3acch, BoOOLIC TOBOPS, MOXKHO MONOKUTL ¢ =¢((1),c5 = ¢y (1), Wy = Wy(t) M, NOACTaBIAA NONYYEHHOC

BBIDQXKCHHE B ypaBHeHue (21), MOTYUHTH COOTHOLUCHHS IS OTPEACIEeHUsi HCH3BCCTHBIX (DYHKIWI
¢, =¢1(1),¢; =¢5(t), Wy = wy(t). UToOBI MPEeACTaBUTE B DTOM CIYHac Xapaktcp M3MCHCHHA HHTEPECYHO-

X =

(22)

el Hac QyHKUUH u(x,t), Tpeo0dpa3yemM BbIpaXXCHUE 1101 3HAKOM KOPHS B UHTCrpanc (22):
ou® [(4k) — qu* [(4k) + wou + ¢, = [ (3k)[[u? + 2a(t)u — (q/ & = 2a° (¢} — b(t)][u’ - 2a(t)u

~(q/o—2a* () +b(1))]
H TAKUM 00PA30M BbIUMCICHUC UHTErpasia (22) npuBEACM K BBIPAXKCHUIO Cro YCPC3 MUIMNTHUECKHH HH-
TCrpan McpBoro ponaa, oOpaTHOM QyHkuueil kotoporo siensActcs Qynxuus Belepwrpacca [9]. Che-
JIOBATC/bHO BjI0JIb JII0O0M XapaKTCPUCTHKM f =const HMceM u(x,t) = x) ((x) — dyuxuus Beicp-
wrpacca). U3pecTHo Takxe [10], uto pynkums Beiiepiurpacca MMCCT 1101110ChI, TPUOAMKCITHE K KOTO-
PbIM, OYCBHIOHO, OY/ICT NPUBOAHUTH K OOOCTPCHUIO B PCUICHUH, YTO HE HaGAKMLACTCH B peilicHun (20)
JTUHCHHOTO ypaBHCHUS (1).

3akioucHue

M3 nojy4cHHbIX PEIICHUH ypaBHCHUA (2) CACAYET, UTO KaracTpoda B NpoLCcccax, KOTOPbIC ONKChI-
BAlOTCS JaHHbIM YPAaBHCHHCM, BO3ZHHMKACT TOr/A, KOTAAa 3HAMCHATCI/b PCLUCHUA (a2 OH MPUCYTCTRYCT B
PCLICHUAX HCNUHEHHOro ypaBHeHud (15)—(18) u y dyHxuuu Beliepiwrtpacca) CTpeMHTCS K HYJIHO.

Ha puc. | nokasaHo NOBCACHHE PEILICHUS HCIUHCHHOIO YPAaBHCHUS B 3aBUCUMOCTH OT BPEMCHHU (/:
t=0;2:¢=035;3:t=1; 4:¢t=1,5 5:¢t=2; 6:t=2,5). Ha puc. 2 umecM BUJ1 pCLICHUS B 3aBUCUMOCTH
OT BPCMCHH JijIsd NUHEHHOro ypasHeHus (/:1=0; 2: 1= 0,1;3:¢= 0,5, 4: ¢ = 1; 5: 1= 1,5).

B BbipaskeHusx (15), (17), (18) cpa3y BrjCH yNpaBsiolMH NapaMcTp, BbIOOP KOTOPOro no3BoJIsET,
Mo KpalHCH Mepe, OTOABUHYTH KaTacTpody B cilydac HEJIHMHCHHOIO YpPaBHEHHS — DTO MPOMU3BOJbHAS
MOCTOSHHAA B 3HAMEHATENE PCLICHUSA HENMHCHHOIrO YpaBHCHMA (CM. puc. 3, BUA u(Xx,f) Ui PasHbIX
[POU3BOJBHBIX NOCTOSIHHBIX ¢ B 3HaMcHatcne peweHus npu ¢t =1 (/: ¢ = 100; 2: ¢ = 1000; 3: ¢ = 2500;
4: ¢ =4000; 5: ¢ = 7000).

BenvunHa npou3BOALHOW MOCTOSIHHOM B 3HAMCHATCIIC CBA3aHA CO 3HAYCHHMCM PCLUCHHUS B TOUYKC

{x=0,r=0}. Tak, B pcuicHuu (18) c=[*/q/ @ —1(0,0)]/u(0,0). Ecau u(0,0)=Fg/a, 10 ¢=0 wu
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Py6una J1.4., K eonpocy 06 omnuyusax e nogedeHuu peweHul
Ynesnoe O.H. nuHeliHoz20 u HeNuUHelHo20 ypasHeHuld mennonposodHocmu

u(x,1) :const:$\/q/7. Kartactpogbl ypacres m30ckaTh TAKKC, CCAM MPH CTPCMIICHHH 3HAMCHATCIIS
BBIDAXKCHHS K HYJIIO CMCHUTb 3HAK B YUCIHTCIIC HA MPOTHBOIOJOKHbIN (pHC. 4, Bua pelucHus u(x,1) B
C/Iy4ac 3aaHus pasHbIX MPOM3BOJILHBIX MOCTOAHHBIX ¢ B 3HaMenartese pewenus, 12 ¢ = 1600; 2: ¢ =
2800; 3: ¢ = 4900). 3xceh BO3PACTAIOLMC BCTBU PCIICHHMH MOIYUCHBI, KOTAA nepea Bolpaxkendem (15)
3HAK MUIIOC, a yOBIBAOLIMC YYacCTKH PCLICHHH MOJIyYCHbI, KOrJa mcpes Bblpaxkenuem (15) sagasancs
3HaK MHUHYC (cM. (16)). [lpu kaxkmom 3anaHHOM 3Haucuuu #(0,0) yBCIMUYCHHUC BPCMCHH NPOLIECCa BCICT

K 1IpHOJIMAKCHHIO KaTtacTpo(bl (puc. 1, cpaBHUTC C NOBCACHUCM PELICHMS B 3ABUCHMOCIH O1 BPCMCHY B
¢lly4ac IMHCHHOIO YPaBHCHUSA puc. 2).

5 4 321
u U=
0,12
0,08 -
0,04 -
0,00 -» 0,0 1 T r T I T | T l
0,00 2,00 4,00 6,00 8,00 X -4,00 -2,00 0,00 2,00 x
Puc. 1. Bua peweHnA HeNnMHEMHOTO YpaBHeHUA Puc. 2. Bug pelueHUA NUHENHOro ypaBHeHUA
u - u -
1 2
. ] .
4
12,00 — 300,0 — 3
- ) 3 -
8,00 — 200,0 -
1
400 — 100,0 —
0,00 = r 1 T 1 0,0 =
0,00 4,00 8,00 X 7.0 8,0 9,0 10,0 X
Puc. 3. Bug peweHus npu pasfinyHbiX NOCTOAHHLIX Puc. 4. Buag pellueHUn npu cMeHe 3HaKa

2013, Tom 5, Ne 2 57



MaTtemaTuka

u - u - 1 2
5
- 34
0,12 - 0,3 ’

0,08 — 0,2 5

0,04 -~ 0,1 -

0,00 - 0,0 T T | T ]
0,00 2,00 4,00 6,00 8,00 x 10,00 12,00 14,00 16,00 X
Puc. 5. 3aBucmocCTb pelueHua oT napaMeTpa ¢ Puc. 6. 3aBucUMOCTL pelleHUA OT napameTpa o

Ha puc. 5 moka3ana 3aBUCHMOCTh PCUICHHS OT TIAapaMeTpa ¢ . YBEIHYEHUC ITOro MapaMcTpa npu-
Gnukact karactpody ([:g=1;2:9q=2;3:q=3; 4: g = 4; 5: g = 5). U3smeHeHue napamctpa ¢ ciabo
BIMSACT HA PCLICHHE, HO OONbIIME €ro 3HAYCHWA 3aMCTHO OTOJABHMTraioT karactpody (cm. puc. 6; [:
a=1;2:a =40; 3: o =200; 4: & =500; 5: a = 1500).
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Py6una N1.U., K sonpocy 06 omnuvuax e nogedeHuu pelieHull
Ynesarnoe O.H. NuHeliHo20 U HenluHeliHO20 ypasHeHull mennonpoeodHocmuy

TOWARDS THE DIFFERENCES IN BEHAVIOUR OF SOLUTIONS OF LINEAR AND
NON-LINEAR HEAT-CONDUCTION EQUATIONS

L.I. Rubina', O.N. Ul'yanov?

The linear and non-linear heat-conduction equations are analyzed by the previously initiated geo-
metrical method of analyzing linear and non-linear equations in partial derivatives. The reason of the
difference in behavior of solutions of equations under consideration was stated, as well as the reason of
aggravation of the non-linear equation. A class of solutions of linear equations that represents the sur-
faces of the levels of non-linear heat-conduction equations was excluded.

Keywords: non-linear equations in partial derivatives, heat-conduction equations, exact solutions,
surfaces of the level.
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