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YCTOUYMBOCTb 3BONMOLUMOHHOIO JIMHEMHOIO YPABHEHUSA
COBOJIEBCKOI'O TUNA

I1.0. Mockeu4yeesa
FOxHO-Ypanbckuli eocydapcmeeHHbIl yHugepcumem, 2. HensbuHck, Poccutickasi ®edepauyusi
E-mail: pelageia@bk.ru

YpaBHeHus1 c000JIEBCKOI0 THINA SIBJISAIOTCH YaCThI0 OOLIMPHOI 00JIACTH He-
KJIaCCMYeCKUX ypaBHeHMil MaTemMaTudeckoil ¢puznku. OHU BOZHUKAIOT NPHU MO-
JAeJTMPOBAHUM PA3JIMYHBIX MPOLECCOB B €CTECTBEHHBIX H TEXHHMYECKUX HAyKaXx.

Hccnenyercst ycTOHYMBOCTH CTALMOHAPHOIO pelIeHUs] JBOJIOLHOHHOIO
YPaBHeHHs, BO3HUKIIEr0 B TeOPUH (pMIABTPALNHU H 32JaHHOTO0 B OIPAHHYCHHOI
o0saactu. /1A JaHHOTO YypaBHEHHUs paccCMaTpUBaeTcs HAYaJbHO-KpaeBas 3a1aya.
ITony4eHbl yc10BUsl, IPH KOTOPBIX HYJ1eBOE PellieHHe YPABHEHHUSI YCTOHYHMBO.

Kniouesvie cnosa: ypasnenue cobonesckozo munda; OMHOCUMENbHO p-CEKMO-
puanvHvle onepamopul; yCmouuugocms, @yukyuonan Jlanyrnosa.

Beenenne
YpaBHeHue
(A=A)u, = 0Au— BN u+yu+ f (1)
OIHCHIBACT BOJIIONHIO (OPMBI CBOOOAHON MOBEPXHOCTH (PUIBTpYIOIIEHcs wuakocTH (cM. [1]). 3xech
¢byHkms u =u(x,t) uMeer (PU3MUSCKUN CMBICI MOTEHIUANIA CKOPOCTHU JBIIKEHUS CBOOOTHOW TOBEPX-
HOCTHU. BeliecTBeHHbIE TapaMeTphl ¢, 5,7 U A XapaKTepu3yIOT CBOWCTBA Cpelbl, puueM o, 5,7 >0, a
A MOKET IPUHUMATH KaK IOJIOKHTENbHBIE, TAK ¥ OTPUIATEILHbIE 3HAYEHUS.

IIycts Q C R" — orpanndenHas obnacth ¢ rpanuueii 0€2 knacca C” . Jlng ypasuenus (1) Ha 60-
K0Boii rpanune 02X R mumuaapa QX R 3a1aauM KpaeBble yCIOBHS
u(x,t) =Au(x,t)=0,(x,1)€ 0QXR, 2)
a TaKke HavYaJbHOE YCIIOBHE
u(x,0)=uy(x)=0,xe Q. 3)
Hac unTepecyeT yCcTOMYMBOCTH HYJIEBOTO PEIICHHUS OJHOPOAHOrO ypaHeHus (1) (T. e. Takoro, y
kotoporo f =0). YCTOWYMBOCTH MBI OyZeM MMOHUMATh B CMbICIIE JISmyHOBa.

OtMernM, 4TO paHee ypaBHeHHe (1) M3ydanock B pasmudHBIX acnekrax. Hampumep, B padote [2]
WCCIIEZIOBAIach Pa3peIIMMOCTh HadyalbHO-KOHEYHOW 3ama4n ais ypaBHeHus (1). YcroiumBocTh ypas-
HeHus (1), 331aHHOr0 Ha KOHEYHOM CBSI3HOM OPHEHTHPOBAaHHOM rpade, B TEpMUHAX SKCIOHEHINAILHON
IUXOTOMHUH paccMaTpuBajiach B [3].

Cratps, KpOMe BBEIEHHUS U CITUCKA JIMTEPaTyphl, COCTOUT U3 JIByX dacTell. B mepBoii mpoBoauTCs
penykums 3agaq (1)—(3) k 3agaue Kommn

u(0) =u, 4)
JUTSE aOCTPaKTHOTO JTMHEWHOTO YPaBHEHHUS COOOJIEBCKOTO THUIIA
Lii=Mu+ f. )

3areM TPHUMEHSIOTCS METOIBl TEOPHH OTHOCHUTEILHO p-CEKTOPHAIBHBIX OmMepaTopoB. Bo BTopoii
YacTH MPOBOJMUTCS WCCIICIOBAaHUE yYCTOWIMBOCTH HyseBoro pemenms 3amadu (1)—(3) merogoMm ¢hyHK-
nuoHana JIsanyHoBa, aganTHPOBAHHOTO JUIS CITy4dass HOPMHPOBAHHBIX MpocTpancTB. [1ogpoOHO 3TOT Me-
TOJ onmcaH B pabote [4], B KOTOpO# oTMedaeTcst TOT (haKT, 4TO MPH MEePeXoie OT MOTHBIX METPHUECKUX
MIPOCTPAHCTB K HOPMHPOBAHHBIM IMPOCTpaHCTBaM (0e3 TpeOOBaHUS WX IOJHOTHI), C OTHON CTOPOHEI,
TEPSIETCS PaBHOMEPHOCTh B YCTOWYMBOCTH M ACUMIITOTHMYECKONW YCTOMYMBOCTH, a C APYrod — 3HAYU-
TEJIFHO PACIIMPSETCs JUana3oH pelraeMbIX 3a1ad.

®a30B0€ NPOCTPAHCTBO
ITycte U u F — 6anaxoBbl mpoctpadcTBa; omepartop L :U — F saBiseTcs TMHEHHBIM M HEIIpe-
pbiBHBIM, a oniepatop M :U — F siBusieTcst TMHEHHBIM, 3aMKHYTBIM U TUIOTHO OIpE/eIeHHbIM. Pac-
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CMOTpPUM L-pe3onsBeHTHOE MHOECTBO pL M)={ueC:(uL-M )_1 :FF— U nuneen
unenpepsisen} u L-crextp o (M) =C\ p*(M) oneparopa M [5].

Bekrop-dynkmmo 1€ C'((0,T);U) Gynem HasbiBath peuwenuen 3amaun (4)—(5), ecnu oHa, BO-
MIEPBBIX, YIOBIETBOPSAET YPAaBHEHHUIO (5), a BO-BTOPHIX, tl_i)r&u(t) =u.

B cnyuae (L, p)-cekTopuaiabHOCTH onepaTtopa M cyllecTByeT aHAIUTHYECKas pa3peliaonas mno-

JIyrpynmna abCTpakTHOTO JIMHEWHOTO OJHOPOJHOTO YPaBHEHHUS COOOJIEBCKOTO THIIA
Lu=Mu.
OmHOM U3 TaKUX MOIYTPYII OYIET CEMEHCTBO OTIEPaTOPOB

v =2Lm-f (UL—M)"'Le*du,te R,.

O6osuaunm U° =kerU' ={pe U:U'p,te R,},U' =imU" ={ve U: lim U'v=1v}. Amnanornuxo

t—0+

F°(F") - sinpo (06pa3) aHATHTHYECKO TOTYTPyIIITBI

F! =ﬁ j L(uL—-M)'e"du,teR,.
/4

ycts P(Q) — npoexrop Ha U'(F') Broms U°(F"). Beenem 0603HaueHNs

H=M;'Ly,R' :ﬁ [uL-my"e"du.te R,.
V4

Teopema 1. ITycmo onepamop M (L, p)-cekmopuanen u U @U' =U, F* @ F' = F. Toz0a

p -
ors mooex Te R, f€ C"([0,TFF) u uye ue U:(I-Pu==Y H'M;'(I-0)"(0)} cyue-
q=0
cmeyem eouncmeennoe peuterue U 3aoayu (4)—(5), npeocmasumoe 6 sude
D t
u(t)=Y H,My' (1= 0)f )+ U'uy + [ R Of (s)ds.
q=0 0
st Toro uToOBI pemyrupoBath 3anaqy (1)—(3) x 3agade (4)—(5), BBemeM B pacCMOTpeHHE OaHAXO0-
BBI TIpocTpaHcTBa U ={u€ sz (Q):u(x)=0,xe dQ} nu F =L,(Q), a taxxe onepatopsl L=A—-A un
M=0A- ,BAZ + . Ilpuuem oOnacTs onpeneneHus oneparopa M ecThb
domM = {ue W, (Q):u(x) = Au(x) = 0,x€ 0Q}.
O6o3naunM {@, :k€ N}— OpTOHOPMHPOBAHHBIC B CMBICIE CKAISPHOTO HPOU3BEACHHS () B
L,(Q2) cobctBeHHble GyHKIMU 33mauu U |yo=0 mna ypaBHeHns Au =0 B obmactu €2, 3aHyMepOBaH-
HBIE [10 HEBO3PACTAHMIO COOCTBEHHbIX 3HaueHuit {4, : k€ N} ¢ y4erom ux KpaTHOCTH.

ITo moctpoenuto omepatop L:U — F u M :domM — F JuHEWHB W HEMPEPHIBHBI, a 3HAYNUT
oneparop M :U — F nuHeeH 3aMKHYT ¥ IUIOTHO ompezeneH. Pexykius 3anaun (1)—(3) k 3agaue (4)—
(5) 3akoHueHa.

Teneps mokaxem, 4to oneparop M (L, p)-cextopuaines. [TockomabKy
S (- 00) o

(uL—-M)™"' = :
;ﬂ(ﬂ_ﬂk)'i'aﬂk +ﬂ/113 -7

TO CIIEKTp orieparopa M HMeeT BUJ

2
ot (M) = {uk Pty

t7. A7 =
G-7) ke N{l:A-4, O}}
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B cminy Toro, 4to ToukH cnekrpa omeparopa Jlamutaca {4, };_; BellecTBEHHBI, JUCKPETHBI, KOHEY-

HOKPATHBI 1 CTYIIAIOTCS TONBKO K +0o , TO OTHOCHTENBHEIN criekTp o~ (M) 061amaet TeMu %ke CBOHCT-
BamHu. A u3 popmyn
< \"> P ) Pr - IR > Pk ) Pr
Rﬁ=zu,(ﬂL—M) 'LvL-M)" =) ) )
=1 M~ My o (U= )V =V ) (A= 4)

aHaJIOTUYHO [5, T1. 5] cnenyer cunbHas (L, p) -CEKTOPUATLHOCTH orepaTtopa M , 3 KOTOPOU BBITEKAET

(L,0) -cexTopHanbHOCTh oreparopa M, a TaKke BBITIOJTHEHUE yCIIOBHI

U'@U'=U, F’® F' = F u cymecTBoBanue JuHeiiHOTO HenpepbisHoro oneparopa L' : F' — U'.
Takum 06pa3om, H0Ka3aHa CICAYOLIas TeopeMa.
Teopema 2. IIpu niobvix &, 3,7y € R, ,A€ R maxux, umo nubo A ne saérsemcs kopnem ypasHenus

aa+ ﬂa2 —y=0, mbo A¢ {4} onepamop M cunvno (L,0)-cexmopuanen.
®dazoBoe npocTpancTBo 3amaqn (1)—(3) umeer BUT
U,eciu A¢ {4},

{ue U :(u,p,)=0,A={A,} ulue apusercsa kopaeM ypaBuerus a + fa’ — y = 0}.

YcroitunBocTb

[lycte H — HOpMHPOBAHHOE MPOCTPAHCTBO. byneM roBoputh, uto Ha H 3a/iaH nomok, eciu CyIe-
CTBYET OTOOpaXkeHHe S Takoe, 4To A Jo0oro u€ H U HEeKOoToporo 7 =7(u)E R, BBIIOIHEHBI Clle-
IYIOIIME YCIOBUS:

(1) S=S(t,u)e H npu Bcex te (-7,7);S(0,u) =u;

(i) S+ s,u)=S(S(s,u)) npu Bcex t+se (-7,7).

Touka ue H , Takas, 9To

(ii1) S(t,u)=u,t€ R, HA3BIBACTCS CMAYUOHAPHOU MOYKOLU TTOTOKA S.
Omnpenenaenue 1. CtarmonapHas ToOUKa # IMOTOKa S HA3bIBACTCS
(1) yemotiuueoii (no A.M. JlsanyHoBy), eciau aist 1000 okpectHOocTH O, TOUKHU U CYIIECTBYET

(BO3MOXHO, Apyras) okpectHOcTh O, TOM *xe Touku, uto S(¢,v)e O, ma mobsix ve O, n t€ R, ;
(i1) acumnmomuuecku ycmotivugou (mo A.M. JIAmmyHOBY), €ClIM OHAa YCTOWYHBA U, KPOME TOTO,
st OGON TOUKK V U3 HEKOTOPoi okpectHoctH O, ToukH u Bbinonueno S(¢,V) —u npu t — oo

Onpenenenne 2. dyukuuonan V e C(H,R) Ha3bIBaeTCs QyHkyuoHanom Jlsanyrnoea notoka S, eciu
; —1
V(u)= lim -(V(S(t,u)—V(u)))<0
t—0+¢

s Beex ue 0, .

Teopema 3. [lycmv u — cmayuonapnas mouxka nomoka S na O,, eciu 015 nomoka S cyujecmsy-
em yukyuonan Jlanynosa maxoti, umo

W V(w)=0;

i)V () 2 p(|v—ul).
20e @ — cmpoeo sospacmarowas Henpepvienas ynkyus, maxas, umo @(0)=0 u @(r)>0, moeoa
MOYKA U YCMOUYU8dA.

Teopema 4. Ilycmo evinonnenst yciosua Teopemuvl 3 u cywjecmgyem cmpozo 803pacmaioujas He-
npepvignas gynkyua y, makasa, ymo y(0)=0 u w(r)>0 npu re R, npuvem V(V)S—l//(”v—u”),
mo20a mo4Ka U ACUMAIMOMUYECKU YCIMOUYUBA.

Teneps mpuMmeHnM TeopeMbl 3 u 4 K Hamied 3amade. {11 3TOro mMOCTpOMM HOPMHUPOBAHHOE IPO-
crparcTBo H. B mpoctpanctee U 3amamumM HOpMy npocTtpaHcTBa L, . Takum oOpasom, Ha H Oyzer cy-
MECTBOBATH IOTOK, KOTOPKIH 3agaeTcst popMyIIoi
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S(t.u) = ﬁ [REMuedu e R
Y

31ech 3aMKHYTbIil KOHTYD 7 O'paHHYHBAeT 0071aCTh, KOTOpask COAep Ut L-criektp " (M) oneparopa
M, a oneparop-pyHKIHSI Rfl M)y=(uL-M )_IL . O4eBUIHO, YTO TOYKA HYJIb — 3TO CTAIMOHAPHAS TOY-

Ka JaHHOTO MOTOoKa. 3amaaumM GyHKIuo JIsmyHoBa popmyoit
V()= [ (u} +Au*)dx.
Q

Ouesuano, uto V' (0) =0, a B cruty Teopemsl BioxeHuss Codomnena V(u) = c||u H2 . [Tocne ckamsipHO-
ro yMHOXeHUs B L, ypaBHeHus (1) Ha u ¥ IPUMEHEHUs] MHTETPUPOBAHUS 10 YACTAM C yU4ETOM YCJIOBUH

(2) MBI OAYYIHM, YTO
ij. (u? + Au*)dx = —aI uidx—ﬂj. ul dx — 7Iu2dx
dt g, Q Q Q

WIH
Vi <—cllul,
rae ¢ =maxi{a, 3,7} .

Takum 00pazom, JoKazaHa CIEAYIOIIAs TeOpeEMa.
Teopema 5. Hynesoe pewenue 3aoauu (1)—(3) acumnmomuyecku ycmouuugo 011 100ObIX

a, B, Y€ R, u A>0.
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STABILITY OF THE EVOLUTIONARY LINEAR SOBOLEV TYPE EQUATION

P.O. Moskvicheva
South Ural State University, Chelyabinsk, Russian Federation
E-mail: pelageia@bk.ru

Sobolev type equations are a part of extensive area of non-classical equations of mathematical phys-
ics. These are equations that are not solved respective to the highest derivative with respect to time. Re-
search of different problems for equations of the given type nowadays are very relevant, as such equa-
tions appear during modeling of different processes in natural and engineering sciences. In this article,
stability of stationary solution of an evolutionary equation, which appeared in the filter theory and which
describes development of form of the filterable liquid’s free surface, is researched.

For this equation, an initial boundary-value problem in limited area is considered. The article con-
sists of an introduction, a list of references and two parts. In the first part, general concepts and theory
assertions concerning p-sectorial operators are given. After that, reduction of the considered problem to
the Cauchy problem for a Sobolev type abstract linear equation, by the means of selecting the corre-
sponding Banach spaces and linear operators, is carried out. Then the phase space of our problem is de-
scribed.

In the second part, general concepts of the stability theory such as flow, stationary point of the flow,
and Lyapunov functional, are given. Theorems of stability and asymptotical stability of a stationary
point of the flow are given. In this article, the method of Lyapunov functional, modified for the case of
complete normalized spaces, is used. It should be noted, that modification of the method lies in transi-
tion from incomplete normalized spaces to complete normalized spaces. As a result, the uniformity of
stability and asymptotic stability is lost, but the class of problems being solved gets considerably ex-
panded. The main result of the article are conditions formulated as a theorem of stability and asymptotic
stability of zero solution of the considered problem.

Keywords: Sobolev type equation; relatively p-sectorial operators; stability; Lyapunov functional.
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