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The role of subharmonic functions in such sectionsf analysis as complex
and real analysis is very significant. Such classed functions are closely related
to analytic harmonic functions and make an importan contribution to the gen-
eral theory of potential and mathematical physicsin the works of R. Nevanlinna
and W. Heiman, parametric representations of subhanonic classes in the plane
of functions, whose characteristic has a power grav at infinity, are obtained.
The question of whether similar representations arérue for weighted classes that
admit a stronger growth at infinity (for example, the exponential growth) arises
in the theory of entire and meromorphic functions.In this article, classes of sub-
harmonic functions with Nevanlinna characteristic hat is summable with expo-
nential weight in a complex plane are introduced foconsideration, and the rep-
resenting measures of functions of such classes atedied. When proving the re-
sults, methods of complex and functional analysisra used. An important role in
the study is played by potentials based on the famis of the modified Weierstrass
product. The proof of the main result is based onhe use of auxiliary assertions
formulated in the form of lemmas.

Keywords: subharmonic function; harmonic functioepresenting measures; the
Nevanlinna’s characteristic.

Introduction
Let C be the complex pIanéSHaya(C) (o, a are positive numbers) be the class of subharmonic

+00

functionsu in C such thatj T(r,u)e“”a dr< +oo | whereT(r,u) is the Nevanlinna’s characteristic of
1

Vs
subharmonic functiom, that isT(r,u)z%TJ‘ u*(rcosp r sing dg, u” =max(u,0 (see [1-4]).
-

In complex and real analysis, potential theory arathematical physics the value of subharmonic
functions is very significant (see [1-3, 5]). Irettwvorks R. Nevanlinna and W. Hayman (e.g., see [1])
the obtained definition of a class of subharmonidhe plane of the functions, the characteristics o
which have exponential growth at infinity. The oti@s of whether faithful same parametric representa
tion for the weight classes, allowing for strongeowth at infinity, say exponential growth, occims
the theory of entire and meromorphic functions (§ée

This paper studied the representing measures dutiaions of cIassSH,M(C), as well as the
necessary and sufficient condition for such measure

Statement of the main result
Let o,a>0, z{OC, {20, p(|Z|) = max[a|(|a 1} where[a] is the integer part of a real num-

bera.

()] j
%(z()z[l—?} exg Y. —_[—Zj is a factor of the modified product by K. Weieass (see
j:]_ J

[7, 8]).
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Theorem 1.Let ull SH,,’U( C) , 1 is representing measure of a functian Then y satisfies the
condition:
+j3° n(tye "

ta

dt<+oo, (1)
1

wheren(t) = u(Dy), |7 <t.
The opposite is also true: lgt is some non-negative Borel measureCin satisfying the condition

(1), then it is possible to build explicitty subharnonfunction of class SHD,’OJ(C),

Od': o >é+ae”, for which 1 will be a representing measure.

Proof of auxiliary assertions
We require some auxiliary assertions for the pajdhe theorem.

Lemma 1.Let l//(R) is a non-negative monotonically increasing fumatifor which

[ (x)e ™ dx< +oo, ®)
1
wherea >0. Then
- @(R)ET _
FI{linoo i =0. (3

+00

Proof. The convergence of the integral (2) implies thatFllim I t//(x)e"’xa dx=0.
— +oo
R

Let ¢(R) = Iz//(x)e"”‘a d>. It is clear thatg(R)z¢/(R) .[ &7 d. We find the asymptotics of the
R R
last integral by applying the L'Hospital's rule.

+00
—gx?
j e dx oo L
lim B = jim - =,
Roo o OR R- o e R o1y . e—aR" (a—l) aa
Ra1 Ro1 R
a

Therefore, lim

R- o Rka

The lemma is proved.

Lemma 2.Let ¢(x) =€, xOR,, R ={xOR %0}, &, =ia. Theng(x+g,) = &™) @™,
X

=0. Thatis lim w(R)e°F R1=0.

where S(x) = o[lj whenx — +oo .
X

Proof. It follows easily from the following simple arguntsn It is clear that

a
(1+ y)”=1+ay+ o(f) wheny - 0. So U(X+€x)a=ax"(1+g—;j =a)g+a_;‘+{

L J when

Xa+2

X - +oo,
Then, (&) = (¥ of¥) where B(x) = o[%j when x — +o .

The lemma is proved.
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Lemma 3.Let u is an arbitrary subharmonic function i@, while it admits a representation in
the form:

u(z):jln‘ﬁb( 20)| (<) + 1 1.

z, 0C, ,u(Z) is an arbitrary non-negative Borel measureGn such thatj n(t) dt< 400 |
1

n(r)=u(D,), >0, a>0, h(z) is harmonic function irC , for which
+00 T
Ie_ar” Hh( ré¢)‘d¢ dr< +oo .
1 -

ThenuOSH, , (Q whenOo’: o>t ioe
' ea

Proof.

LetV IIn‘Ab 4 ‘qp .Thenu(z)=h 2+ \6( 1.

It is obvious thalh( z) belongs to the class under consideration. Weshiw thatV,, (z) also included
in the classSH, - ( C) for Do’ =o' (a) >
We apply the estimate (see [1], p. 94):

G
, {#0, z{OC. (4)
,[P(<1)
Let's get thatu(2)< |5 du(¢)
c
To continue the evaluation of the function, we gaautition the complex plane into sets:
+00 p(i¢1)
A, :{ZD C:2"<|i< 2k+1} 8o ={z0C:[4<3 . Then u(2)< Y | ? du(?).
k=0Ak

Each of the ringg\, is divided into small rings and we use Lemma 2.
Let & :{zD C:2+ j27%% <|4< 2+( j+ ) Zk”} , 0< | s[zk(‘”l)*l} where[a] is the integer

NH
part of the numbea. ThenA, O U Jk’j , whereN, :[Zk(a+l)+1J _
j=0

p(¢1) N
Therefore, I Z

Ay
By Lemma 2, we obtain

. p(<1) p(‘(

{

S|l=

A=l

p(<’| XK4(j+2) 27
( )n(2k+(j+1) Z°%)<C,

)
d

n(2k +(j+1) Z""), where{ is a point of &, ;.

i
") 2P0

It is obvious tha{i* n(t)dt, k=0,1,...

2k +(j+l) Z—ak

f(t) {3 d.

P(‘(D Ny O, j+
)sC> j
&,

j=0

2k+l

tz‘ {) dt< Cj

Thereforej Z
By
Summing overk , we get:

i
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+00 p(t)
u(z)< CJ n( 9 dt. (5)
1

Let us estimate the last integral. According towg)have that

+o0 " T y +00 aJa+oo r p(t)
e?" [u(ré?) apdrs C[ &F (—j dtd.
feor fole)wos o I 0
Having established the convergence of the lasgratewe prove the Lemma.
To do this, imagine the inner integral as a sum:

T({jp(on(t)dt:efr(%)p{o n(t) dt++j:(r?)p(t) n(§dt= |+ .

1 1
Let us prove the boundedness of the second integral constant, independently af . Indeed,

)P r
(?j =expp(t) In?.

However, when% <el In% <-1. Thenexpp(t) In% < ex{-p(1)).

z
t

p(t)= [dta]. so p(t)= o’t” -1. Therefore,exp(-p(t)) < cet”

—gt?
_na @
eat <

o >0, n(t)se 7,

+00 p(t) +00 " +00 ot?
[[5] ngeesc g e ax cf e d
er t er er t

We estimate the integral.

er p(t)
_fr
1, = {(?j n(t)dt.
Consider the estimate for the integtalwe get that

fer fu(e)os [ e J(0)"
e’ | u(re?) dp< | e (—) f } dtd.
1 - 1 1 t

To calculate the largest value of the functierpp(t)(Inr-Int) on an interval[Ler] we put
x=Inr n y(xt)=p(t)(x=Int).
1

Y (x,t)=p(1)(x=In t)—@:aat”_l( x-Int)-ogt™*= aat”'{x—ln[teﬂnzo.

1
That is Inr:In[te”J, t=re @, t?=r%"1. This point is the maximum point, therefore

y(x,t)zy[x, re_clflz ;{re_;}(ln r—In re_;}.

r\P(Y) r
Becausemax(?) < , then

1
re @
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'@
a
r"er

er r p(t) er 1\ e er 7 rt
jn(t)(?j dtsjn(t)[e"} def i) e dee] p

1

+Ie“” eraaTr(t)dtdr—j e( e JGT f } dtde

-clj dt[e[ e

er a
In view of Lemma 1, we write thaﬁ n(t)dt< cele)” g1,
1
Using the last estimate, we clarify the valugs that ensure the convergence of the integral:

¢ -[ﬂ-i)f"er re 1 1
Ie e« jn(t)dtdr: ogr?-oler)’ -—>0, r"(a’—ae”——j>0, o >—+oée.
1 ae ae ex

The lemma is proved.
Let us prove the auxiliary theorem 2.

Theorem 2.Let u is an arbitrary subharmonic function in the claS#l, ,(C), x({) is an arbi-
trary measure of the functiom, in this case/(D;) =n(t), 0<t<+w. Then
+J‘-’° n(t) g’
v

Proof. We integrate the integral by parts. Using the dtyuaf Jensen for subharmonic functions
(see [1]), it is enough to estimate the integral:

| = Tﬁwjém” dt.

1\1
+00 t
.\ Ie_ma{l_aa[jn(r)dr}“ng)Jdt
t7 T t
According to Lemma 1, we have:

I:+Jjoe_ma[1t—aaj;n(rr)dr+ntg[)}dt:a_10( ) +oo oot [Jt,n }dt

By the hypothesis of the theorehx C.
It is clear that inO<a <1 the theorem is proved, since from the conditioh i(Bplies that

+0 —gt?

dt <+oo .

We integratel by parts:

_ 1 [e in(r)dr
- E[ o If]

1

+00

1

n(t)dt<+oo .

Supposex >1. Then by Lemma 1:

+00 _mﬂ +00 _010/

—ot _1 Cl_[ 2a1

1
+00 —0’ta

n(t)dt< +oo.

1
The theorem is proved.
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The proof of the main result

The proof of the direct assertion of theorem 10ieB from theorem 2.

The validity of the converse follows from Lemma 3.

That proves theorem 1 completely.

From Theorem 1 directly follows

Theorem 3.Let >0, SH, , = U SH,,. Thenclass SH, ., coincides with the class of subhar-
>0

,00

monic functions inC , representable in the fornu(z) =_[In‘ A z()‘ () + 2, where u is non-
c

negative measure irC, such thatn(t)=u(D,), D, ={z:|4< § and also satisfies the condition
+j3° n(tye "

" dt<+co for some a =0, h an arbitrary harmonic function irC , for which there exists

1

0>0: Te“”" ﬂr‘(ré"’)‘ow dr< +oo .
1 /s
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ONUCAHME HEKOTOPbIX BECOBbIX 3KCMMOHEHLUWAIBbHbIX KITACCOB
CYBrAPMOHUYECKUX ®YHKLUNA

O.B. OxsniynuHa

BpsiHckull 2ocydapcmeeHHbIl UHXeHEePHO-mexHomoau4deckul yHueepcumem, 2. bpsiHck, Poccutickasi
®edepavus

E-mail: helgal31081@yandex.ru

Pomnp cybrapmonnvecknx (yHKIMH B TaKWX pa3leiax aHaM3a, Kak KOMIUIEKCHBIM M BEIIECTBEH-
HBII aHaN3, BeChMa CyIIeCTBeHHA. Takue Kiacchl (DYHKIUMM TECHO CBSA3aHBI C aHATUTHYECKUMHU TapMO-
HUYECKUMH (PYHKIUSIMU U BHOCSIT Ba)KHBIM BKJIAJl B OOIIYIO TCOPHIO MOTEHIMAIA U MaTeMaTHYEeCKYIO
¢bmsuky. B tpynax P. Hepamnmmanel, Y. XeliMaHa MoIydeHBI MTApaMeTPUICCKUE TIPEICTABICHUS KIacCOB
CyOrapMOHHYECKHX B IUNIOCKOCTH (PYHKIWH, XapaKTEPUCTHKA KOTOPHIX UMEET CTETIEHHON POCT B OECKO-
HeyHOCTH. Bompoc o ToM, BEpHBI JIW aHAIOTUYHBIEC TPECTAaBICHUS ISl BECOBBIX KIacCOB, KOTOPHIE 10~
MyCKaroT 0oJiee CHUIIBbHBIA POCT B OECKOHEYHOCTH (HAIPUMEp, SKCIIOHEHIIMAIBHBIA POCT), BOSHUKAET B
TEOPHH IENBIX U MepoMOp(dHBIX (QyHKIUH. B cTaThe BBEJCHBI B pACCMOTpPEHHE KIIACChl CyOTapMOHHYe-
CKUX (YHKIUH C XapaKTepUCTHKOW HeBaHIMHHBI, KOTOpas CyMMHUpyeMa ¢ SKCIIOHCHIIMAIBHBIM BECOM
Ha KOMIUICKCHOH IJIOCKOCTH, a TAK)KE M3YUYCHBI MTPECTABIIIONINE MEPhl (DYHKINI TakuX KiaccoB. [Ipu
JI0Ka3aTeNIbCTBE PE3YJIbTATOB MPUMEHSIOTCS METOJbl KOMIUIEKCHOTO W (DYHKIIMOHAILHOTO aHaju3a.
CyIlecTBEHHYIO POJIb B MCCIICOBAHUN UTPAIOT MOTEHIUABI, TIOCTPOCHHBIE HA OCHOBE (haKTOPOB MO-
TUQUITMPOBAHHOTO TTpou3BenieHus Beliepiirpacca. Jloka3aTenbCTBO OCHOBHOTO pe3yiibTaTa 0a3upyercs
Ha MCIIOJIb30BAHNN BCIIOMOTATENBHBIX YTBEPXKICHUH, CHOPMYITUPOBAHHBIX B BHJIE JIEMM.

Kniouesvie cnosa. cybeapmonuveckas (GpyHKyus; 2apmonudeckas QyHkyusi, npedcmaegisiowue me-
pul; xapakmepucmuka Hesannunnoi.
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