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In the present article we examine an inverse probta of recovering unknown
functions being part of the Dirichlet boundary condtion together solving an
initial boundary problem for a parabolic second orcer equation. Such problems
on recovering the boundary data arise in various tsks of mathematical physics:
control of heat exchange prosesses and design oftimal protection systems,
diagnostics and identification of heat transfer insupersonic heterogeneous flows,
identification and modeling of heat transfer in he&shielding materials and
coatings, modeling of properties and heat regimes eeusable heat protection of
spacecrafts, study of composite materials, etc. Ashe overdetrermination
conditions we take the integrals of a solution ovethe spatial domain with
weights. The problem is reduced to an operator eqti@n of the Volterra-type.
The existence and uniqueness theorem for solutiorie this inverse problem is
established in Sobolev spaces. A solution is regulai. e., all generalized
derivatives occuring into the equation exists andra summable to some power.
The proof relies on the fixed point theorem and bastrap arguments. Stability
estimates for solutions are also given. The solvdity conditions are close to
necessary conditions.

Keywords: inverse problem; parabolic equation; bdary and initial condition;
Sobolev space; existence and uniqueness theorérapdity.

Introduction
We consider the parabolic equation

n n
Luzy -3 g 19y +>a(t )y + a(i X f )
i,j=19% i =1
where xOGOR" is a bounded domain with boundafy of the classC? (see the definition, for
instance, in [1, Sect. 1]}0(0,T). PutQ = (0T X G and S=(0,T)xI" . The equation (1) is furnished
with the following initial and boundary conditions:
Uls=0, Uleo =t (%) )

Jdu
N
inverse problem is to find a solution to the problem (1)-(2) and a functiog of the form

Put =zinj:1aij (t,X)L;(j (t, X, wherev =(v;,V,,...,V,) is the outward unit normal t&. The

gzzirzlq(t)dbi (t,X), where the vectorg=(q,.,...,q,) is unknown, with the use of the
overdetermiantion conditions
U D8 (Y= (9, k=1,2,..,m (3)

Inverse problems of recovering boundary regimespanticular, the convective heat exchange
problems are conventional (see, for instance, [B-They arise in different problems of mathemdtica
physics such as the problems of control of heah@xge prosesses and design of thermal protection
systems, diagnostics and identification of heatdfer in supersonic heterogeneous flows, identitica
and modeling of heat transfer in heat-shieldingemals and coverings, modeling of properties arat he
regimes of reusable heat protection of spacecrhi¢sstudy of composite materials, etc. Mathemhtica
models describing these prosesses and the cordiegdnverse problems in both one-dimensional and
multidimensional cases are described, for examplg?]. The essential attention here is paid to
numerical methods of solving inverse problems iegfion and some uniqueness theorems together
stability estimates for solutions. We refer alsottte monograph [3] mainly devoted to numerical
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methods of determining a solution, where in the-dingensional case different inverse problems for
parabolic equations and problems of recovering lbendary regimes as well are studied. The
overdetrermination conditions are the values dflat®n at some points lying inside the spatial dom
These problems are studied in different settingslépendence on the type of the ovedetermination
conditions. It is often the case when these problare ill-posed in the Hadamard sense. In particiila

is true in the case of the overdetermination cdowlt in the form of values of a solution at separat
points or on some surfaces lying in the spatiahao (see [2]). At the present article we examhme t
problems with overdetermination conditions in tleeni of some integrals with weights of a solution
over a spatial domain. Note that these conditiamsean applications and they are often used in
literature. Inverse problems of recovering the trighind side or coefficients of an equation witlegral
ovedetermination conditions are studied in theclkadi [12—18], the monographs [19, 20], and some
other articles. In particular, the existence andjueness theorem of a generalized solution to the

problem (1)—(3) (from the cIas.sDV\éO'l(Q) in the case om=1 and the Neumann boundary condition

was obtained in [9] and a similar result for atkered-mass transfer system including the Navierkedto
system and a parabolic equation for the concémtraf an admixture was obtained in [10]. The #etic

[11] is devoted to a regular solvability K]V\lzl'z(Q)) in the case ofm=1 and the Robin boundary

conditions. The case of the Dirichlet boundary d¢tow happens to be more complicated than the case
of the Neumann (Robin) boundary conditions and ma@tsstudied before. The present article is devoted
to this case. Under some conditions on the dataraee well-poseness of this problem. The article in
some sense is an extension of [21], where the Rmtnindary conditions are treated. Some our auyiliar
statements are taken from this article.

Preliminaries
Let E be a Banach space. Denote by(G;E) (Gis a domain inR") the space of strongly

measurable functions defined c@ with values inE and the finite norm| || u(x) HEHLp(G) [1]. We also
employ the Holder spaces (see the definition fstaince, in [22])C?#(Q), C*? (9, CX(G) and the
Sobolev space®V;(G B), W;(Q B) (see [21, 23]). fE=R or E=R" then the latter space is
denoted by W;(Q. Given an interval J=(0,T), put Wy'(Q=W5(3 L,(Q)n L( I W( &.
Respectively, W3 (§ = W( J (M) n L( I W()). All spaces and the coeffciecients of the
equation (1) are assumed to be real. (&tv) :IGu(>0\( N d, Q¥ =(0,y)xG and S =(0,y)xT .

We endow the space\NS(O,r;E) (s(0,1), E is a banach space, with the norm

r q(t) a(ty)
T e fsp”E dud,. If E=R then we

obtain the  conventional  Sobolev spaceWp(O,r). For sO(1l/p1], we put

VVS(O,T)={qD WpS(O,r): d0)=0}. This class is a Banach space with the nqulﬂl}Ns(Or). We can
50,

define also the equivalent norﬂhq(t)|LN Sor )—H g [T (OT)+<q>§,. The equivalence results from

Lemma 1 of the subsection 3.2.6 [1]. Similarly, van define the spac¥/;(0.7;L,(G)), VVS'ZS(Q’)
comprising , the functions(t, x) in W;(0,7; L, (G)) andeS'ZS(Q’), respectively, such that0, x) = 0.
The new normﬂ|%s(0‘r;Lp(G», ”EHWS'ZS(QT) are defined naturally with the use of the abovemo

W;(0.7).
Lemma 1. Let sC0(1/p,1) and p(1,). Then the following statements are valid.
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1) Let q(t)DWﬁ(O,r) (rO(,T]). Then qOC(J0,7]) after a possible change on a set of zero
measurelf q(0)=0 and § is an extension by zero gf for t <0 then

Il rar = 1 g ()

where the constan; is independent of (0, T] and q.
2) The productq Ly of functions inW,;(0,7) (r0(0,T]) belongs tow,(0,7) and if qDVVpS(O,r)

and VDW;(O,T) then quVVS(O,T). Moreover, the following estimate holds:
¥z 0% & 1 Ao, (< V> sr +1 Yl 0r) (5)
where the constart, is independent off,v, and 7 (0, T].
3) If a functionv is strictly bounded from zero dA,7], i. €. & =inf 0,7V (t) [> O then the ratio
/v of functions inW;(0,7) (z0(0,T]) belongs toW;(0,7) again and
19 ys0,% &1 lysion | Vigsiory (6)
where the constant; is independent off but it depends o, and tends tae asd, - 0.
4) Assume thatq(t)DVV;(O,r) (rOOT]), v()OW,(0,T), and ¢(t,x)DW§'25($. Then
quOWs(0,7), g OW;?%(S), and

15800,y Ol Az | Vs ry (7)
D || < 5 O} , 8
H q “NS,ZS(ST) C4H qHV\bS(OT)H HV\bSZ? 3 ( )

where the constant is independent of (1(0,T].

The proof can be found in [21].
We describe now the conditions on the data usemibélix a numbers=1-1/2p and assume that

p>3/2.
The conditions on the coeficients
8 0C([0, TEW(Q) n k(G WO, 7).0, al &( & \W(O, ), ©)
wherei,j =1,2,..n,1/p+1l/qg=1.
3 DLq(G;V\/;(O,'I')),(i:O,l,.. MO, ad | (G;V\Z 0,T)(i=1,2,. n (10)
Suppose also that there exists a conségrt 0 such that
>a&é =8 |F, 0 x)0Q,0E0R". (11)
ij=1
The conditions on the data of the problem
fOL,(Q) w(HOWP(Q, (12)
gOWS(9, d0, 3=y, (13)
# DWZ(G), @, OWS?S( 9,90, 0 WO, T,( 8,00 WO, T, k1,2,. ;1 (14)

As a consequence of Theorem 9.1 in [22, Ch. 4] é&s® Theorem 10.4 in [22, Ch. 7]) we have the
following theorem.

Theorem 1. Assume thaiG is a bounded domain with boundary of the cl&Ss and the
conditions (9)—(13) hold Then there exists a unique solutiarto the problem(1)—(2) such that

u DW&'Z(Q. A solution meets the estimate
Ul 2 U1 Fllep @ * 1 Woll, 225y *1 Gl

As a consequece of Theorem 1 we have that
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Theorem 2.Assume thaG be a bounded domain with boundary of the claésnd the conditions
(9)—-(13) hold, where f =0 and u,=0. Let yJ(0,T]. Then there exists a unique solutianto the

problem (1)—-(2) such that uDWé’Z(Q"). A solution meets the  estimate
||u\kN[1)‘2(Qy)s cll gHWS’ZS( S,/),where the constart is independent ofJ(0,T] and g .
t,x), tO(-T+y, _
Proof. Extend the functiong by zero fort <0 and put§ = 9(t, %), t0( ry) . Obviously,
g(2y—-t,x),td[y, T+ y]
¢ DWS’zS(S . By Theorem 1, we can construct a solution topttudlem (1)—(2), wherei, =0, f =0,

and g = § such thatuOW;'*(Q. Theorem 1 yields the estimaje |2 . Estimate
p

<c| ¢t
the right-hand side. Lemma 1 implies that
H g ‘LNS'ZS H g” 52%( Ty, 'F+y)><|') (H gH\NSZS( T+y,y)x0)) +|| gHWpSZS((y,T+y)><I'))) < C_LH gH%sZ ? g) .
We employ the additivity of the Sobolev space widéispect to the partition of a domain (see
Remark 3 of Subsect. 4.4.1 in [1]) and the definitbf the corresponding norm.

Basic results
In addition to the above conditions we require that

|de® )£ &, >00t0 [OT ] (15)
where B(t) is the matrix with entries; = Ir a?,\(,X) @, (t,¥)dr, ¢ [r=0(k=1,..,m);
IUO(X)¢k(X) dx= 1, (0), ¢4 (0) = (4, ey )- I %(M @+ (2 ) k=0 (16)

*

where k=1,...,m and L, is a formally adjoint to the operator L,

Low= le 1axI a'Jal( Z| 16‘0& W,

(A) the functions®, (0,x)....,®,, (0,x) are linearly independent dn and uy(X) |- belongs to the

span of these functions.
We can note that (16) is a necessary solvabilindimn of the inverse problem.

Theorem 3. Assume thatGis a bounded domain with boundary of the cl&®% and the
conditions (9)—(12), (14)—(16), and (A) hold. Then there exists a unique solutiofu,d)

(G=(q....,9y,)) to the problem(1)—(3) such thatu DW&'Z(Q), qDWpS(O,T). A solution satisfies the
estimate

m
19z *11 g % CU Tlly @+ 2y *2 0141y 2, 11 (L8l

Proof. Let uDWé’Z(Q) be a solution to the problem (1)—(3), whege zi”:‘lqdbi . The conditions
(15) and (A) imply that there exists a unique adilen of constants ¢;(0) such that
Up |- =Y. 0 (0)P; (0,x). Put Y™ G (), (t,X) = g (t,x) and denote by IW;'*(Q a solution to the
problem (see Theorem 1)

Lv=1f, Vls= g (t,X), Vio = 4 (¥) 17)

Let GOW;(0,T). In view of our conditions ®; DWpS'ZS($. Lemma 1 vyields

q ()P (4, x)DV\ﬁ*ZS( 9 and thusg DWS*zS(S. Make the change of variables= v+ w. The function

a)Dwg'Z(Q) is a solution to the problem
Lw=0, Bwk=9-¢ =0,w|,=0 (18)
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The condition (3) transforms into the form
[t (0dx=g = [ (LAY dedy, k12,0 (19)
By (16), ¢,(0)=0 and we have at least thal,(t) DW%(O,T). Below we demonstrate that

@ (t) DWé+S(O,T) and ¢, '(0) = 0. Multiply the equation in (18) byg, (X) and integrate the result over
G . We obtain thala, ¢, ) = (Lyw, @, ). Using (18), (19), and integrating by parts, weinf

B0 = @Lp)- Y00 2B ar k=1, my 0 =a(- a0
i=1 r

The last inequality can be written in either of tbems

6 (Hhy = (1) + (@, Ly ). (20)
i=1
or
Bq, = F+R®), F=(f.... i)', R =, /), (RQ) =@, b)), (21)

where ¢, = (ql,...,qﬂ) . The functionw in (21) is a solution to the direct problem (18he entries of
B possess the property DWS(O T) and even more we have the inequality

I ‘k/v (OT) |_ rwWa (o, T))||¢' Hé(q
As was noticed in the proof of Lemma 1, the embegldheorems state thWS(O,T) O C([o, T)).
Hence, we can assume thgtt] C([0, T]) . In view of (15), we can write
6. =B'F+R(q). R(@= B'RgQ. (22)
We can determine the vectgg from this equation. Indeed, consider the segmfn®] [0, T]

and estimate the quantltN/RO(oa)\st(Od) The second and third statements of Lemma 1 and the

conditions on the coeffcients and the functigigsimply that the entries of the inverse matBx* also
belong to the cIasWS(O,T). In this case the estimate (7) and Lemma 1 yield

IR(@) g% 1@ 60 23)

Estimate the norm of the expressidw, Lg¢k). The Minkowski and Holder inequalities and
Lemma 1 ensure that

1@ 0019l ison! Pl ugon (24)

In view of our conditions on the coefficients, thest factor is estimated by some constant
independent ob . Estimate the first factor. We have

o|w|” | le(tl’x) C«J(tz,X)I
[ e S(M) x=| j dtdx+ [ | j rer—— df dj dx (25)
The Newton—Leibnitz formula valldates the inequalit
1 112
Bl <co 26
I5@l go=ee el - (26)

Estimate the second summand on the right-hando$izs). To this end, we first make the change
of variables t,=10, t,=7,0 and next use the inequality|ax(X, r)HW (01) clla . 50.)

(a(x, 1)) = w(x,0r)) followed by the inverse change of variables. Aesult, we arrive at the inequality

o0 o
w(ty,x) - w(t,,x) P
m' (.x) (+§p )| dtdt,dx< G[[ [ (t 3| dtdd*’?. (27)
GO0 It -1, |1 GO
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Thus, from (25)—(27) it follows that

p 1/2 1/2
e LU AL i L Ve (28)
Therefore, taking (23) and Theorem 2 into accowetpbtain the estimate
= ) < 051/2 < 12 ~ . 29
IR g% S 1 @lla2py% 071 Ul (29)

Lemma 1 implies the inequality

IR() 0% 602l

5(05)’ (30)

where the constants is independent 0B and ,. Fix >0 such thatd"c; <1. In this case the
operatorR, is a contraction and thereby the equaiton (2RBniguely solvable in the spaWS(O,d), of
course under the condition thaﬂk‘DVV;(O,T). We have that ¢, 'OW,(0,T). Show that

Yok :IGv(t,x)¢k(x) dx] V\ﬁs(o, T) and ¢, '(0) =, (0), i. e., DVVS(O,T). Multiply the equation in
(17) by ¢, and integrate the result ov&r. We infer

Vo) = @ L)~ 20, O 2ar + (1,80, k=1, m (31)
i=1 r

In view of the condition (14) the right-hand side this equality belongs t(WS(O,T) and the
relations (16) and (31) fot=0 yield ¢, '(0) =¢,'(0). Thus, ¢, DVVS(O,T) for all k and thus the

equation (22) is uniquely solvable on the segnjerd]. Find a squtionwDW&*z(QJ) to the problem

(18). Prove (19). Multiply the equation in (18) By and integrate the results ov@r. Using (17), (18),
and integrating by parts, we obtain the equality

(@80 = @)~ Y 0o, 2P ar k=1, . m
i=1 r

0
The vector-functiond, satisfies the system (20), subtracting ktsh equation from this equality

and cancelling, we arrive at the equaljm¢k dx=¢,', k=1,..,m, whose integration with respect to
G
and the intial condition validate (19) ¢@,J] .

We now demonstrate that this solution is extendiblthe whole segmeni0,T]. We have defined
the vector-function ¢, only on [0,0]. Extend d, by zero for t<Oand denote
4. = d, (1), t0(0,0)

° 16,20 -1),t0[3,T]
belongs toWS‘zs(S. Make the changej® = 4, — ¢,. The vector-function with the coordinatqé is a
solution to the system

The coordinates off, are denoted byoP,...,q%. This vector-function

S (Ohe =0 + (@ Lyg) - S P (0. (32)
i=1 i=1

By definition of gj,, the right-hand side in this equality and the ged’ vanish on[0,d] . Let )
— be a solution to the problem

Lay =0, Bay ks =iq?¢i @y {=0=0 (33)
In this case the functionj = w—ay is a solutilo_rll to the problem
Lw =0, Bay ls=_2mlq%¢i @ |=0=0 (34)
=
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By Theorem 1,44 =0 for tJ[0,d]. Thus, the problem of extension @f is reduced to solving the
system

Dot =0+ (a L) (35)
i=1

m
where ¢y ' =@, '(t) + (a)(),L*quk)—Zq? (t)b,and ¢y is a solution to the problem (34). A solution e t
i=1
system vanishes fot < 0. We obtain the same system with zero Cauchy ddteegointt =0 and a
new right-hand sideF . Next, we repeat the same arguments and estimatése segmentd, 2] .

Without loss of generality, we can assume thatdbestants arising in estimating the norm of the
operatorR, are the same. Thus, the system (35) is sohabl), 29]. Repeating the arguments on

[20,30] and so on, we can construct a solution on the aveegmen{0,T]. The estimate in the claim

of the theorem has been actually proven in thefproo

Remark. At first sight, the well-posedness conditions (Idgk rather strange and possibly arising
in the method of the proof. However, employing ottmethods leads actually to the same condtitidns. |
is possible that they are essential.
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OBPATHbIE 3A0AYY Ob ONPEAENIEHUUN TPAHUYHbLIX OAHHBIX
C UHTEIPAJIbHbIMU YCNOBUAMU NEPEONPEQENEHNA"
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PaccmatpuBaercsi obpaTHas 3amada o0 ompeeNieHMH BMECTe C pEIIeHHeM HadallbHO-KpaeBOM
3a1aun s apaboIMYecKoro YpaBHEHHS BTOPOTO TOPSIKA HEW3BECTHBIX (YHKIMHA, BXOSIIUX B
rpaHn4HOe ycioBue Jupuxie. 3agaun Takoro BUAa 00 ONMpPeNeICHUN TPAHUYHBIX TAHHBIX BO3HUKAIOT B
CaMbIX pPa3NIMYHBIX 3a/layaX MaTeMaTH4ecKoW (U3MKHU: yNpaBlieHHE MPOIeCCaMH TEeIIo0OMeHa H
MIPOEKTUPOBAHUE TEIIIOBOH 3aIIUTHI, AMATHOCTUKA U UICHTU(HUKAIIS TEIJIONEPEIaun B CBEPX3BYKOBBIX
TETEPOTCHHBIX TOTOKAX, HICHTHU(UKAIMSI W MOJCIHUPOBAHKUE TEILIONEPEHOCA B TEIIO3AIUTHBIX
MaTepuanax U MOKPBITUSX, MOJCIMPOBAHUE CBOMCTB U TEIUIOBHIX PEKHMOB MHOTOPA30BOI TEIUIOBOU
3aIIUTHl AYPOKOCMHUYECKUX allapaToB, HCCIEJOBAHWE KOMIIO3WIIMOHHBIX MaTepuajoB U T.Mm. B
KaueCTBE YCIOBHUH MepeonpeAeiicHusI OepyTcs HHTETPAbI OT PEIICHHS 10 POCTPAaHCTBEHHOU 001acTu

! [Iy6:MKarus MOArOTOBNEHa B PE3yNbTaTe MPOBEIEHNS HAYIHOTO HCCIENOBAHMA 3a CUET CPENCTB IPAHTA HA PAa3BUTHE HAYUHBIX WIKOJ C yda-
CTHEM MOJOJBIX YUCHBIX (heIepalbHOrO roCyJapCTBEHHOTO OIOPKETHOrO 00pa30BaTeNbHOIO YIPEKACHHUS BEICIIEro oopasoBanus «tOropckuit
TOCYJapCTBEHHBIH YHUBEPCUTET
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Verzhbitskii M.A. with Integral Overdetermination Conditions

¢ Becamu. [IpobGimeMa cBOIUTCS K OINEpaTOPHOMY YpaBHEHHIO THWa BombTeppa. MBI ycTaHaBIMBacM
TEOpeMy CYIIECTBOBAHHS M CIMHCTBCHHOCTH PEIICHWA 3TOH OOpaTHOW 3amadd B MPOCTPAHCTBAX
CoboneBa. Pemienue sBIsieTCS peryisipHbIM, T.€. BCe OOOOIICHHBIC TPOU3BOJIHBIC, BXOMSIIUE B
YpaBHEHHE CYIIECTBYIOT U CYMMHUPYEMBI C HEKOTOpO#l cTemeHblo. Jloka3aTenbCTBO OCHOBAaHO Ha
TeopeMe O HEIMOJIBIXHOW TOYKE W TIIOCIIEAOBATEIHPHOM OKAa3aTEeNbCTBE Pa3pelIMMOCTH Ha MalbIX
MPOMEXKYTKax BpeMeHHU. [IpuBeneHa Takke OIEHKa ycToWuumBOCTH penieHuil. [lonydeHHble yClIoBHs
pa3permnuMocTy OJU3KH K HEOOXOMMBIM YCIIOBHUSM.

Knrouesvie cnosa: oopamunas 3a0aua; napabonuueckoe ypagueHue; Kpaegule U HA4aibHble YCI08U,
npocmpancmeo Cobonesa; meopema Cyuecmeos8anuuss U eOUHCMBEHHOCMU; PA3PeUUMOCb.
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