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ON DETERMINATION OF MINOR COEFFICIENT
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An inverse problem of recovering the minor time-depndent coefficient in a
parabolic equation of the second order is considede The unknown coefficient is
the controlling parameter. The inverse problem liesn finding the solution of an
initial-boundary value problem for this parabolic equation and this time-
dependent coefficient using data of the initial-bondary value problem and point
conditions of overdetermination. Cases of the Dirtadlet boundary conditions and
oblique derivative conditions are considered. Contibns under which the theo-
rem of existence and solution uniqueness is appligke for the given inverse prob-
lem is described; the numerical solution method idescribed, and its justification
is given. All the considerations are carried out inrSobolev spaces. Solution of the
direct problem is based on the finite element methiband the finite difference me-
thod. The proposed algorithm for the numerical soltion consists of three stages:
initialization of the massive that describes geomst of the area and the boundary
vector; implementation of integrative calculation d the desired coefficient using
the finite element method; implementation of the fiite difference method. Re-
sults of numerical experiments are presented, andumerical solution of the mod-
el inverse problem is constructed in the case of Nmann boundary conditions;
dependency of an error in calculation of the contrting parameter on the
variation of the equation coefficients and the no&s level of the overdetermination
data for domains with different number of nodes tha depend on an observation
point is described. Results of the calculations shoa good convergence of the
method. In the case when introduced noise level i) %, the error between the
desired and the obtained solution increases from ® 35 times, though the graph
of recovered coefficient remains close to the soloh graph and repeats its out-
lines.

Keywords: finite element method; parabolic equatiorerse problem.

Introduction
We consider the question of recovering a lower iocdefficient in the parabolic equation

u-A(xtDu+ fdu= f( x3).(x}0 & &(0, 7. (1)

where G is a bounded domain iR" with boundaryr C? and A is a second order elliptic operator
of the form

AxtD)u= 3 4 (x )y, + 2 ol x) g+ al ¥

i,j=1
The equation (1) is furnished with the boundary mitéal condition
U-o = Uy, Bus = o[ t ¥, SSTx(0, T, (2)

where Bu=u or Buzg—u+a(x,t) u. Here y=(y1(x,t),...,yn(x,t)) is a smooth nontangent vector
14

field on S. The overdetermination condition is written as
u(x, ) =g (1). (3)
Thus, the problem can be stated as follows: giwewtionsy , u,, g, find a solutionu to the
equation (1) and the functiop(t) such that the equalities (1), (2), and (3) holde parameterp is

actually a control parameter. This inverse probieia classical problem and numerous examples can be
found in [1-6]. The existence and uniqueness tmegref solutions to this inverse problem are exposed
in [7-10]. The articles [7, 8] contains the corai of global (in time) solvability of this probleamd
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the local solvability theorems can be found in10] and some other articles. At last, the arti¢lgls-
20] are devoted to numerical calculations of sohsito this problem. The main approach to numerical
solving is a reduction of the inverse problem iresiion to a linear inverse problem by means of the

change of variablai = vexp(—ﬁ p(r)dr). After the change we arrive at a new inverse mobbf re-

covering the source function of the forg{t) f (x,t) (the functionqg= exp(j; P )dr) is an unknown

function). The latter problem under the naturaldibons on the data is always solvable. Howeveg, th
inverse change of variables in certain sense islmays possible, since it is not known a priosttthe
result of recovering, i.e. the functiay, is positive (in this case we can determine theetion p). The

global existence theorems (the most essentialtselalongs to Prilepko A.l. [7]) rely on the maximu
principle and rather rigid conditions for the dafée do not use this change of variables in contmast
other article and this all allows to treat largkrsses of the data.

The main numerical methods used in the above-aitédes are the finite difference methods and
variational methods. In some cases only some muadllems are discussed. In this article we use the
theoretical results of the articles [9, 10] whigk aonstructive and can serve as the base of ariuaine
algorithm. The numerical realization relies on fimte element methods. We expose a numerical algo-
rithm and the results of numerical experiments.

In Sect. 1 we present the theoretical justificatadrthe method. Section 2 is devoted to the algo-
rithm of solving the problem. Section 3 contains tlescription of the numerical realization of thgoa
rithm and the results of numerical experimentsdigplayed in Section 4.

1. Basic assumptions and auxiliary results
We use the Lebesgue spades(G),L,(Q), the Sobolev spacads (G) W5( Q (1< p<w), the

Holder space” ((_3) , and the spacelsp(O,T;E) with E a Banach space. The latter space consists of

strongly measurable functions defined @]T) with values inE . The definitions of these spaces can

be found in [21].
Describe some theoretical results. First, we ptetbenconditions on the data.

Let the symbolB;(x,) stand for the ball centered & of radiusJ. DenoteQ” =(0,7)xG, and

Gs = B;s(%). A parameterd >0 is called admissible whenevé; (x,) O G.
The conditions on the coefficients &f, B are as follows:

3 0C(Q a0 L(Qno0C(§ p r2 (@)
8 0L, (0T:W(G)). a0 (0T W( §)).i.i=12..nk=0L.p (5)

for some admissiblé >0 and s> n/ p. We also require that the operatéris elliptic, i. e., there exists

a constant, >0 such that
n
> a&é 24|¢0é0R,0(% )0 Q
ij=1
We assume that

Up () OWS2P( ), g W e'o( $, B 0) ¢( k= (.90 O, (6)
wherek, =1-1/2p in the case of the Dirichlet boundary conditiond &, =1/2-1/2p otherwise;
U () pr2+s—2 P( G )forsomeadmissiblé> Oans> f p (7)
wOW;(0.T), (%) =¢(0). t)
o (%) >0 ©)

Now we can state the existence theorem [10].
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Theorem 1. Let the conditiong4)—(9) hold. Then, for some numbef 0(0,T], on the interval
(0,7°) there exists a unique solutidu, p(t)) to the problen{1)—(3) such thatu[] Lp(O,TO W2 ( G))

u, O Lp(QTOj, q(t)0L, (O,TO), i=1..m.  Moreover, uOL, (O,TO ;Wﬁ*s( Gdl)) :

b 0L, (07w (G )) forail & <5
Next, we present some elements of the proof ofttlésrem. First, we construct an auxiliary func-
tion
D+ L@ = ((x1)0Q),Peo=U( X, BPs= g (10)
The classical results on solvability of parabolicolgems ensure that® prz'l(Q),
@, 0L, (0T:W5(6)). 0L, (072" (G5 )) for all & <4 We have thae, WS (G L, (0,T)

and thus we can assume tthDC((_S; Lp(O,T)). The functionw=u-®, with u a solution to the

problem (1)—(3), is a solution to the problem
Lw=-p(t)®=F((% )0 Q), wo =0, Bw =0, (11)
(. t) = (1) =g (1) - @5, ) TWE(0,7). (12)
Fixing the function p(t)0L,(0,r) and finding a solutionw to the problem (11) on the interval

(O,T) , We construct the maw = W( p) = L*F. This map is nonlinear. Taking= % in (11), we infer

@ = AW(x, )+ p( ) =—H §( %, 3. (13)
which can be written in the form
p(t) =46 (1) + R( D)o 9 =ﬁ)wt +W1t) A %, ), (14)

where the functionw is a solution to the direct problem (11). Notetthmview of our conditions
w(t) >0 on some segmerﬁt),ro] . This equation is actually of the Volterra type.

The following theorem was justified in the proofidieorem 1 in [8].

Theorem 2.Let the conditions Theorem 1 hold. Then, for soomeber 7° 0(0,T], on the interval

(O,TO) the operatorR( p): L,,(0,75) - L,(0.7,) is a contraction and thereby the method of suéegess

approximationsp™™® =g, (t) + R( d‘) converges as n .

2. Description of the algorithm

Describe a numerical algorithm. We employ the Neumboundary condition. In other case the
changes in the algorithm are inessential. We take?2 and rewrite the equation (1) and the data in the
form

u—div(c(x)0u+  x 0w 4 xY o ple |

T
ou du (15)
b(x t) = ), 0| — —
(x)=(R(x1,B(x79) U:(axl asz
ou
Ui_q = Uy ( X),— =g (16)
0 =to() ONlaex(0,T)
wheren is the unit outward normal td6’. We also have that
u(%.t)=¢/(1). (17)

The algorithm is iterative and it is based on ihéd element method (FEM).
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Given a triangulation 06, the nodes of the grid are denoted@s..., X, . The symbolg¢g (x}
stand for the corresponding piecewise linear biasistions. Without loss of generality we can assume

that the pointx, is a mesh node, i. ex= X, for some j, . We thus hava;q(xj ) =g, , whereg; is the

Kronecker symbol.
An approximate solution to the problem (15) is teritin the formu,, :Zi":‘lci ()i () . Itis de-
fined from the system (we integrate (15) o@with the weightyp; ).
(Uneo#) + [ D0 ot [(1) yy+ ay+ py)g dx [ oo, t)g Td=[ of; (18)
G G r

G
This system for the vector-functioB(t) = (¢ (t), & (1)..... (1)) can be written in the form

MCi+KC+ pMC= F+ G (19)
where M and K are matrices with the entries M;; :J‘Gqﬁl ¢, dx,

Kii ZJ‘G(CD¢I g, +blg g +ap g )dx, F and G are vectors with coordinate§G fp,dx and

jrcgwjdx, i,j=1,2,..m, respectively. Let Uz(uk(g),w(&),...,w(xn)), and thus

U (0) =(up (%) Up( %) .- t( %,)) - An approximate solution to the system (19) isgsby the finite

difference method. We replace (19) with the system

Ci-Gia
r

where N is a positive integerK; =K (iz) and F;=(F+G (). Thus, a piecewise constant approxi-

M +Ki§i+Mp6=E,EO=U‘t=O,i=1,2,..,N,T:T/N, (20)

mation of a solutiorﬁ(t) to the system (19) is equal to the ved®ron the se{(i —1)r,ir]. From (17)
and the overdetermination condition we have anapprate equality

Vot + [ Ay Og; dx+ [(B1 g+ ay)g, dx o ¥=[ 4, d (21)
G G G
whereV, = IG(DJ-O. Hence, we obtain that
p=((] f¢;,dx- [ yDg; dx (B y+ ap)g; X y-@)/w, (22)
The equality (22) |c; an ananGg of the equatign €y is used in successive approximations.

3. Numerical realization
Given a triangulation of5, we define the nodeg;, x,,..., %, of the grid and construct the corre-

sponding piecewise linear basis functic{gbs(x} . Next, we define the quantity=T /N and construct
the matricesM,K and the vectors; . We employ the predictor-corrector arguments. ppraximation

of the function p(t) is a piecewise constant function equay on ((i-1)7ir). Let
Po =( F(%.0)+ Aly)( %.0) =44 () k(9. For simplicity, it is possible to take jugt, =1. We take
also Co=U(0). Assume that we calculate the vectoGy,Coz,...,G and the constants

P Po.---, A (1< N). Put P = A - Next, we define the quantitiqs,jﬂ(l =1,2,...N) from the equality
" 1 o
Pl = V_((FI+1)jO = (K1Ghj )~ (1+D7) |1 (1 + D),
0

where the symbo(g) io denotes thg, -coordinate of the vectog , and the quantitie§|j+1 are defined
as

Claa =(M + (K + M) H(T oy + MG), 1=0,1,..N - 1
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<g&,, where g, is a prescribed small number. Next, we

This process continues until ‘ pitt—pl,
put p;, = plj;rll and Ciy1 = C/:rll . As a result, we obtain the vectors 61,62,...,61\/ and the constants

Di>D3»---» Py Which define an approximate solution to our problem for a given triangulation and a pa-

rameter 7.

4. The results of numerical experiments
The characteristics of the computer used: processor Intel(R) Core(TM) i7-3517U, CPU @ 1,90 GHz
2,40 GHz, RAM 10,00 GB, 64-digital operation system Windows 7 Ultimate.

To simplify the exposition, we present the results of calculation of the function p(¢) only. We con-
sider the model problem, where u= (x2 +y2+ 1)(1+t), U_o=x"+y*+1, u,=x>+y* +1. The do-

main G coincides with the unit disk centered at (0,0). We consider different points x, as well as dif-

ferent grids (see the fig. 1).
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Fig. 1. The grids:
a) Ny=442;b) N, =442 ;¢c) N;=423;d) N,=437;e) Ns=405;

f) Ng=1731; g) N, =1731; h) Ny =1653; i) Ny =1706;j) N;, =1578

We examine two groups of the data. For the first group, we have p(7)=(¢+1), a=1/(1+1),
b =x/(2(1+1)), by =y/(2(1+1)), c=1/(1+1),
Jdu

=2(x2 + yz). Proceed with the results of
s

F=2t+22 + 252 420 4 207 + 1+ 4AxT + 4)7 -1,

calculation for the first group of the data for two grids and the data without noise (6 =0) and &, = 107
(an error defined by the user). Denote by 7, the time of calculations in seconds. One more error is the

, where i=1,2,...,N. We take T=1 and N =100,

quantity € = m[)k — p(iT) v € = max; ‘ﬁk - p(it)

7=T/N (see the Fig. 2).
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Fig. 2. The results of calculations for the first g roup of the data:
a) Ny, £=0,0415 7,=4,37;b) N5, £€=0,024, 1, =2,81;

c) Ng . £=0,0101, 7, =190,63; d) Ny, £=0,0058, , =124,85

As we can see in Figs. 8- d, the presented graphs of the functiqn(s) and its approximations
practically coincide. Next we change the parameggrand  to describe the dependence of the error
£ on the leveld of errors of the data and the parametgr We add thel0 % random noise to the

overdetermination data (Fig. 3y =y, (1+ randorr( }DO,?} O)J, with randon( ) is a random num-
ber from[0;1].

22 22

0.8 0.8
0 01 02 03 04 05 06 0OF 08 08 1 0 01 02 03 04 05 06 07 08 08 1

t t
a) b)
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08
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t t
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Fig. 3. The results of calculations for first group of the data:
a) N;, £€=0,2141, 1,=5,22;b) Ny, £€=0,2161, 7, =4,42;

c) Ng, £=0,2336, 7, =271,12; d) Ny,, £=0,1885, r,=122,13

The results of calculations with a noise are diggibon Fig. 3a—d. The table 1 contains the results
of numerical experiments for the first group of tfeta with fixedg, =10 and different parameters
0>0.

Table 1 Table 2
The results of numerical experiments The results of calculations for the first group
for the first group of experiments
No exp.| Grid 0 e T No exp.| Grid 0 & T
1 N, 0 0,0415| 4,37 1 Ng 0 0,0101| 180,371

2 N, 0,05 | 0,1033 4,85 2 | Ny | 005 | 01071 224,66
3 N, 0,1 | 0,2141 5,22 3| Ng 0,1 | 0,2336| 271,12
4 N, | 0,05 | 00995 4,79 4| N, 0,05 | 0,1057] 211,27
5 N, 0,1 | 0,2163 5,02 51 N, 0,1 | 0,2055 233,22
6 N; | 005 | 01062 4,18 6 | Ng 0,05 | 0,1231 180

7 N, 0,1 | 0,2115| 4,56 7| Ng 0,1 | 0,2092] 200,92
8 N, | 005 | 0,039 4,08 8 | Ng 0,05 | 0,1007] 163,29
9 N, 0,1 | 0,2136| 4,41 9 | N 0,1 | 0,1993| 170,97
10 Ng 0 0,024 | 281 10 | Ny 0 | 0,0058| 124,85
11 Ns | 005 | 01213 3,34 11| Ny, | 005 | 0,089| 119,83
12 Ng 0,1 | 0,2161 4,42 12 | Ny 0,1 | 0,1885 122,13

The error of calculations increases withand the proximity ofx, to the center of the circle (see
the table 2).

The input data for the second group are as followgt +1), az(tx+1), b, =(x+1) {1+ t),
b, =(x2—2t), c=(x2+t), f=2x% - 4x%(t+1) + 2y* - z(t+ xz)(t+ - 23( 2- ><2)( t+ )+ 2.

Since the error increases when the pontis closer to the center of the circle, we consttierre-
sults in both case with theD %-noise and without it (Fig. 4). The results aretiiged below.
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Fig. 4. The results of calculations for the second

group of the data:
a) Ny, £=0,0224, r,=4,51;b) N;, £€=0,1085, 1, =5,34;

) Ng, £=0,0057, 7,=189,95; d) Ng, £=0,1492, r,=218,82
We can see on Fig. 4 that the results of calculataf p(t) are close to each other for different
(Fig. 4,a—d). The results are similar to those above (setstile 3).

Table 3
The results of calculations for the first group of experiments
No exp,| Grid 0 & T
1 N; 0,05 | 0,0591 5,23
2 N, 0,1 0,1085 5,34
3 N, 0,05 | 0,0965 5,34
4 N, 0,1 0,158 5,27
5 N3 0,1 0,1435] 4,95
6 Ne 0,05 | 0,0904 211,76
7 Ne 0,1 0,1492| 218,82
8 N; 0,05 | 0,0851] 221,11
9 N7 0,1 0,185| 214,44
10 Ng 0,1 0,1301] 174,98

The use of the grid§Ng; — N;, leads to smaller errors (up to 4 times withousaand= on 0,02
with noise), but the time of calculations is appnately 20 times more than that for the gridg— Ns .
We should take into account the fact that the nunobarodes in the gridsNg — N, is =3,86 times
more than in the grid&\; — N5 . The change of, as well asr leads to smaller time of calculations.

The 10 % noisé increases errors of calculations frer8 times tox 35 times.
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Ob ONPEAENEHUN MINAAOLWENO KOQ®PULIMEHTA
B MAPABOJIMYMECKOM YPABHEHUU BTOPOI'O NOPALOKA

E.UN. CaghoHos
KOz2opckuli eocydapcmeeHHsIl yHUsepcumem, 2. XaHmbl-MaHculick, Pocculickast ®edepayusi
E-mail: dc.gerz.hd@gmail.com

PaccmatpuBaercst oOpaTHast 3ajiadya BOCCTAHOBIICHUS Muaiiero koddQuimeHTa, 3aBUCSIIETO OT
BpEMEHH, B TapabOIMYecKOM YpaBHEHHWH BTOPOTro mopsaka. HewsBecTHbI KOX(PUIMEHT SBISETCA
yropasisionM napamerpoM. OOpaTHas 3ajgada COCTOUT B HAXOXKICHHM PEIIeHHs HadallbHO-KPaeBOM
3aJlayd ISl 3TOTO MapabOoIMYecKOro ypaBHEHHUS W 3TOro Kod(duiMeHTa 3aBUCSIIETO OT BPEMCHH C
WCTIONF30BAaHMEM JIaHHBIX HAYaIbHO-KPAaeBOM 3aJaydl M TOYEYHBIX YCJIOBHH TEepeomnpeaeeHus.
PaccMmoTpens! ciaydan KpaeBBIX YCiIOBHM Jlupuxiie W YCIOBHH C KOCOW Tpom3BOAHOW. OIHCaHbI
YCIIOBUSA, TPHU BBIMIOJIHEHUH KOTOPBIX HMMEET MECTO TEOpEeMa CYIICCTBOBAHUS U €IUHCTBEHHOCTH
pelIeHnH JaHHOW OOpaTHOW 3ajayu, ONMUCaH METOJ| YHCISCHHOTO pEIICHHS W TPUBEICHO €ro
obocHoBanue. Bece paccMmorpenust mpoBoasaTcs: B npoctpancTtBax CoOonesa. Perenne mpsimoit 3amaun
OCHOBAaHO Ha METOJIC KOHEUHBIX 3JIEMEHTOB U METO/I€ KOHEUHBIX pa3HocTel. [IpeanokeHHbIN anropuT™
YUCJICHHOT'O PEIICHUs COCTOUT U3 TPEX ATAIOB. MHULIMATIU3AMKA MACCUBA, OMUCHIBAIOIIETO TEOMETPHUIO
00JIACTH M TPAaHWYHOTO BEKTOPA; PEAM3alliM MTEPAIMOHHOTO pacuera MCKOMOro Koddduimenta C
WCTIONB30BAaHMEM METO/la KOHEYHBIX JJEMEHTOB; peann3alus MeToJa KOHEYHBIX pa3HOCTEH.
[IpeacraBnensl pe3ynbTaThl YUCICHHBIX IKCIIEPUMEHTOB, MOCTPOCHO YUCICHHOE PEIICHHE MOJCIBHOM
o0OpaTHO# 3a7auu B CiIy4ae KpaeBhIX ycIIOBMI HeiimaHa, omrcaHa 3aBHCHMOCTH OIMOKH BBIYMCIICHUS
VIPaBIISAIONICTO TMapaMeTpa OT W3MEHEeHUs KO3()(UIMEHTOB ypaBHEHHS W YPOBHS 3aIlyMJICHHOCTH
JAHHBIX TIEPEOIPENEICHUs Ui O0JIaCTEH C pa3IUYHBIM KOJIWYECTBOM Y3IJIOB, 3aBUCSIIMX OT
PaACIOIOXKEHHSI TOYKH HaONIOJCHUS. Pe3ynbTaThl BBIYHUCICHHN ITOKA3BIBAIOT XOPOIIYID CXOIAMMOCTH
MeTona. B ciyuae BBenmenus 10 % crmydaifHOTO IiymMa MOTPENTHOCTh MEXJY UCKOMBIM PEUICHUEM H
HalileHHbIM yBenmuuBaercst oT 8 70 35 pa3, HO rpaduK BOCCTAHOBJICHHOI'O KOX(QQUIIMEHTa OCTaeTCS
OJIM3KUM K rpauKy pemieHus U TOBTOPSET €r0 KOHTYPHI.

Knrouesvle cnosa: memoo koneunvix snemenmos, napabonuyeckoe ypagHenue, 0opamuas 3a0a4d.
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