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In previous works of the article’s authors on devapment of the Galerkin
method, linear formulas for calculating the approximate eigenvalues of discrete
lower semi-bounded operators have been obtained. €formulas allow calculat-
ing the eigenvalues of the specified operators ofng number, regardless of
whether the eigenvalues of the previous numbers at@own or not. At that, it is
possible to calculate the eigenvalues with large mbers when application of the
Galerkin method is becoming difficult. It is shownthat eigenvalues of small num-
bers of various boundary-value problems, generatedy discrete lower semi-
bounded operators and calculated by linear formulasand by the Galerkin
method, are in a good conformity.

In this paper we use linear formulas to calculate pproximate eigenvalues
with large numbers of discrete lower semi-boundedperators. Results of calcula-
tion of eigenvalues by linear formulas and by knowrasymptotic formulas for two
spectral problems are given. Comparison of the re#ts of calculations of the ap-
proximate eigenvalues shows that they almost coimtg for sufficiently large
numbers. This proves the fact that linear formulas can be wsd for the considered
spectral problems and sufficiently large numbers oéigenvalues.

Keywords: spectral problem; discrete operatorssemi-bounded operatorsgi-
genvalues and eigenfunctions of an operator; Gatenkethod.

Introduction

It is known that the spectrum of a discrete operatmsists of isolated points that have no limit
points other than infinity. Moreover, each eigeeabf a discrete operator has finite multiplicity.

Let L be a discrete semi-bounded from below operatdmetkin the separable Hilbert spadelts
eigenvaluesu are determined by finding non-trivial solutionstioé equation:

Lu= uu, (D)
which satisfies the given homogeneous boundaryitond. Enumerate them in order of increasing val-
ues of eigenvalues, taking into account the miigl { .}~ .

To find the eigenvalues of the operatlorwe use the Galerkin method. Consider a sequence

{Hn}°°_ of finite dimensional spaced,, 0 H, which is complete itl. Suppose, that the orthonormal
n=1

basis of spacéd,, is known and consists of functim{mg(}rl::l. Wherein the functiongg must satisfy

all boundary conditions of the problem. Followirge tGalerkin method, we will find the approximate
solution of the spectral problem (1) in the form:

n
U, =2 3 (N4 2)

k=1

The following theorems were proved in [1].
Theorem 1 Let L be adiscrete semi-bounded from below operator acting iseparable Hilbert

space H. If the system of coordinate functitﬁr@}ﬂzl is a basis in the space H, then the Galerkin

method applied to the problem of finding the eigéums of the spectral problem (1), construabecdthis
system of functions, converges.
Theorem 2.Let L be a discrete semi-bounded from below operatting in a separable Hilbert

space H. If the system of coordinate functk{r@} is an orthonormal basis in the space H, then

k=1
2,(n) = (Lgg. @) + O, ®3)
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n-1
whete &, =3[ i1 (n-1) =z (n)], & (n) is the Galerkin approximation of order n to therespond-
k=1

ing eigenvaluesy, of the operator L.

Formulas (3) allow, as shown in [1], to calculate approximate eigenvalues of discrete semi-
bounded operators with high computational efficiendnlike classical methods, they drastically rezluc
the amount of computation, solve the problem odiifig the eigenvalues of any matrices of high order.
Also formulas (3) allows to find eigenvalues redesd of whether know eigenvalues with lower num-
bers or not and solve the problem of calculatinghatessary points of the spectrum of discrete semi
bounded operators.

Numerous eigenvalue calculatiofg of boundary problems generated by discrete sennidbed
from below operators fon< 50 calculated by formulas (3) and the Galerkin methozlin good agree-
ment [1].

In this work, for further verification of the dewgled methodology for calculating the eigenvalues
of discrete semi-bounded operators using formBasKe compare the results of their calculatiomgsi
these formulas with the calculations using knowyngstotic formulas for the following spectral prob-
lems.

1. Asymptotic formulas for the eigenvalues of thepectral problems under consideration
Consider the classical spectral problem of the form
Y )+ AN Y= % =A% or u=S*, 0< x<m 4)
with boundary conditions
y(0)=0, y(m)=0, ®)
or
y(0)=0, y(7)- hy7)=0 (6)
with the requirement that the potentilX) , satisfying the condition:
Vs

[x|a()] dx<co.
0

In the thesis of Z.M. Gasimov [2] it was shown,ttfar eigenvaluesy, of spectral problems (4),
(5) and (4), (6) the following asymptotic formulas:

m
Uy =A2, A = n+ij' qo(t)sin? (ntydt+ O( ), @)
ﬂnO
4= S§=mo5—n 4 1 ”c()sinz[(ﬁ-OS)]tdf ab ®)
no " mn-0,5) m(n-0,5) ’ :
are true respectively. Here:
1 2/n 1 m
fo==+ry, 1= [tla@ldt+= [ |a®]dt
n 0 n1/2|’1

To find the approximate eigenvalues of the spegirablem (4), (5) we construct a system of coor-
dinate functions, each function of which is an afgaction of the spectral problem

-9 (X) = BAX), 0< x<m,
#0)=0, ¢(m)=0.

It is not difficult to show, that the spectral plem (9) has a set of eigenvalu@ﬁ} , which cor-

00
n=1

(9)

responds to an orthogonal system of eigenfunct{@sin(nx)}:zl. ConstantsC, are found from the

normalization conditions.
To find the approximate eigenvalues of the spegirablem (4), (6) we construct a system of coor-
dinate functions, each function of which is an afgection of the spectral problem:
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~@ () =px), 0< x<7,
@0)=0, ¢(m)-hy(r)=0.
The set of eigenvaludsyn}:’;’=l of the spectral problem (10) has no finite limifnds. All the eigen-
values are real, non-negative, simple. They aredbis of the transcendental equation

Jreod mly)-hsi{m/y)= 0 (11)

and the corresponding system of eigenfunctionsrtisogonal and have the forl{rCn sin(\/y_nx)}ml.
n=

(10)

ConstantsC,, are found from the normalization conditions.
In case you need to find the eigenvajjewith a sufficiently large number it is difficulotuse the
transcendental equation (11), because it is negegsaonsistently find all the valueg, with smaller

numbers. This leads to a sharp increase in conmpugdtcalculations. Therefore, in such cases liteis-
essary to use asymptotic formulas, which can bdyeabtained from formulas (8), assuming that

q() =0:
_c2 — _ h ~ ~ :1
=S § m0S T Q¢). - (12)

2. Numerical experiments
Denote byji the approximate eigenvalues of spectral problefhs(b) and (4), (6), found by the

Galerkin method, by the eigenvalues found by formulas (3), bythe eigenvalues found by asymp-
totic formulas (7) or (8). In all the above caldidas it was assumed that =0.

In tables 1 and 2 the eigenvalues of problem §)),found by formulas (3), and asymptotic formu-
las (7) with potentialy(X) = % —5x+13- sin(6x)+ 2& are given.

Table 1

n 7 fhn Hn |ﬁn _ﬁn| |/&n _/_‘n|

12 166,712 166,503 167,382 6,70510 8,792-10
13 191,685 191,507 192,257 5,719%10 7,494-10
14 218,663 218,511 219,157 4,935'10 6,463-10"
15 247,646 247,513 248,076 4,302'10 5,632-10"
16 278,632 278,515 279,010 3,78410 4,951-10"
17 311,620 311,517 311, 956 3,354'10 4,386-10"
18 346,611 346,519 346,910 2,99310 3,913-10
19 383,602 383,520 383,871 2,687110 3,512-10"
20 422,595 422,521 422,838 2,426%10 3,170-10"
43 1871,545 1871,529 1871,598 5,261°10 6,863-10F
44 1958,544 1958,529 1958,595 5,025°10 6,554-10F
45 2047,544 2047,529 2047,592 4,804%10 6,266-10°
46 2138,543 2138,529 2138,589 4,597%10 5,097-10°
47 2231,543 2231,529 2231,587 4,40%°10 5,744-107
48 2326,542 2326,529 2326,584 4,222210 5,508-10F
49 2423,542 2423,529 2423,582 4,052210 5,285-10F
50 2522,541 2522,529 2522,580 3,892°10 5,076-10°
51 2623,541 2623,530 2623,578 3,740°10 4,879-10°
63 3991,538 3991,530 3991,562 2,448:10 3,197-10°
64 4118,537 4118,530 4118,561 2,366°10 3,098-10°
65 4247537 4247,530 4247,560 2,294°10 3,004-10°
66 4378,537 4378,530 4378,559 2,20810 2,913-10°

12

Bulletin of the South Ural State University

Ser. Mathematics. Mechanics. Physics, 2019, vol. 11, no. 1, pp. 10-15




Kadchenko S.l., Zakirova G.A.,

Ryazanova L.S., Torshina O.A.

Calculation of Discre

te Semi-Bounded Operators’
Eigenvalues with Large Numbers

End of the Table 1

n fn ﬁn Hin |Il:2n - ﬁn| |ﬁn _ﬁn|
67 4511,538 4511,530 4511,558 2,045310 2,827-10°
68 4646,539 4646,530 4646,558 1,849°10 2,744-10°
69 4783,543 4783,530 4783,557 1,34810 2,665-10°
70 4922 577 4922,530 4922556 2,05310 2,590-10°
71 5063,898 5063,530 5063,555 3,426-10 2,517-10°

Table 2
n i Hn, |:[‘n - /_‘n|
1000 1000022,531 1000022,531 1,269%10
1001 1002023,531 1002023,531 1,267°10
1002 1004026,531 1004026,531 1,264%10
1003 1006031,531 1006031,531 1,262°10
1004 1008038,531 1008038,531 1,259*10
10000 100000022,531 100000022,531 1,268.10
10001 100020023,531 100020023,531 1,267-10
10002 100040026,531 100040026,531 1,264.-10
10003 100060031,531 100060031,531 1,268.10
10004 100080038,531 100080038,531 1,268.-10
100000 10000000022,531 10000000022531 1,269-10
100001 10000200023,531 10000200023,5B1 1,269-10
100002 10000400026,531 10000400026,5B1 1,269-10
100003 10000600031,531 10000600031,5B1 1,269-10
100004 10000800038,531 10000800038,531 1,269-10

Numerical calculations showed that the resultsabfudations of eigenvalues in three ways are in
good agreement. As the number of eigenvalues isesedhe difference between them decreases.

The results of calculations for sufficiently larngembers of the eigenvalues of the spectral problem
(4), (5) are given in the table 2. The calculatafneigenvalues with such numbers by the Galerkin
method causes difficulties due to the large dinmrsiof the matrices with which you have to work.
Therefore, a comparison is made between the appatei eigenvalues found by formulas (3) and the
asymptotic formulas (8). Far> 100 000 the values, andz, are almost the same.

In Tables 3 and 4 the approximate eigenvaluesegpiectral problem (4), (6) calculated by formu-
las (3) and asymptotic formulas (8) whtx 0,5 andq(x) = X —4 x+ 5— cos(X }+ & are given.

Table 3

n fn :&n Hn, |ﬁn _ﬁn| |ﬁn _ﬁn|

8 78,633 78,572 78,742 1,097-10 1,740-10"
9 96,619 96,572 96,708 8,864-10 1,362-10
10 116,610 116,572 116,683 7,314%10 1,114-10
11 138,603 138,572 138,665 6,137710 9,280-10°
12 162,598 162,572 162,650 5,221%10 7,849.10°
36 1338,574 1338,571 1338,581 6,287°10 9,177-10°
37 1412,574 1412,571 1412,580 5,057210 8,694-10"
38 1488,574 1488,571 1488,580 5,653110 8,248.10"
39 1566,574 1566,571 1566,579 5,371310 7,836-10"
40 1646,574 1646,571 1646,579 5,110°10 7,454-10°
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End of the Table 3
n fln fn Hn |ﬂn - /7n| |:&n - /7n|
66 4428,572 4428,571 4428,574 1,771°10 2,764-10°
67 4562,573 4562,571 4562,574 1,561°10 2,683-10°
68 4698,573 4698,571 4698,574 1,108°10 2,605-10°
69 4836,577 4836,571 4836,574 3,285310 2,530-10°
70 4976,588 4976,571 4976,574 1,42210 2,459-10°
Table 4
n fn Hn |/2n - ﬁn|
1000 99906,571 999006,571 1,221°10
1001 1001006,571 1001006,571 1,219°10
1002 1003008,571 1003008,571 1,216°10
1003 1005012,571 1005012,571 1,212°10
1004 1007018,571 1007018,571 1,211°10
10000 99990006,571 99990006,571 1,226-10
10001 100010006,571 100010006,571 1,226-10
10002 100030008,571 100030008,571 1,218-10
10003 100050012,571 100050012,571 1,218-10
10004 100070018,571 100070018,571 1,218-10
100000 9999900006,571 9999900006,571 1,229-10
100001 10000100006,571 10000100006,571 1,220-10
100002 10000300008,571 10000300008,571 1,220-10
100003 10000500012,571 10000500012,571 1,220-10
100004 10000700018,571 10000700018,571 1,220-10

The results of calculations of the approximate migéues of the spectral problem (4), (6), given in
Tables 3 and 4 are in good agreement.

Conclusion

Comparison of the results of calculations of thprapimate eigenvalues of the spectral problems
(4), (5) and (4), (6), carried out according tanfiafas (3) and asymptotic formulas (7) and (8), skiwav
for sufficiently large numbers the results are atrtbe same.

In previous papers in the development of the Galenkethod linear formulas for calculating the
approximate eigenvalues of discrete semibounded below operators were obtained by the authors of
the article. Formulas allow you to calculate thgeaevalues of the specified operators with any efrth
numbers, regardless of whether the eigenvalues thighprevious numbers are known or not. In this
case, it is possible to calculate the eigenvalu#s large numbers, when the application of the €kate
method becomes difficult. To test the new methaddalculating the eigenvalues of discrete semi-
bounded operators, computational experiments wenducted, which showed that the eigenvalues of
small numbers of various boundary-value problemsutated by linear formulas and the Galerkin
method are in good agreement. For further verificadf the obtained linear formulas, it became sece
sary to find out how they behave when calculatigervalues with large numbers when asymptotic
formulas begin to work. In this paper we use linkeamulas to calculate approximate eigenvalues with
large numbers of discrete semi-bounded from belperators. The results of calculating the eigenalue
by linear formulas and by known asymptotic formuiaistwo spectral problems are given. Comparison
of the results of the calculations of the approxargigenvalues show that for sufficiently large iens
they almost coincide. This confirms the fact tha¢ér formulas can be used for the considered ispect
problems and sufficiently large numbers of eigeueal

In the spectral problems considered, linear forsge the same result as asymptotic formulas.
This confirms the possibility of applying linearrfoulas to the approximate calculation of any eigen-

value of a discrete semi-bounded operator. By @it the linearity of formulas, finding eigenvalues
becomes computationally efficient compared to dagsical method.
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BbIYUCNEHUE COBCTBEHHbIX 3HAYEHUW C BONbLUMMU HOMEPAMU
ANCKPETHbIX MONYOIrPAHUYEHHbLIX ONEPATOPOB
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B mpeppiaymmx pabotax aBTOpOB CTaTbU B Pa3BUTHHM MeTojaa ['alepkuHa MONydYeHBl JTHMHECWHBIC
(hOpMyJTBI JUISI BEIYUCIICHUH MPUOIKEHHBIX COOCTBEHHBIX 3HAUCHUH JUCKPETHBIX MOJIYOTPaHUYCHHBIX
CHHU3y omepaTopoB. POPMYIIBI TTO3BOJISIOT BEIYUCIATH COOCTBEHHbIE 3HAUYEHUS YKAa3aHHBIX OIEpaTopoB
M000Tr0 HOMEpa HEe3aBUCHMO OT TOT'O, U3BECTHBI JIM COOCTBEHHBIC 3HAUCHUS C MPEILIECCTBYIOIUME HO-
Mepamu WK HeT. [Ipr 3TOM MOKHO BBIUMCIATH COOCTBEHHBIC 3HAUYCHUS U C OOJBIIUMHU HOMEpaMH, KO-
I/1a IpuMeHeHne Metona [ anepkuHa CTaHOBUTCS 3aTpyAHUTENbHBIM. [loka3aHo, 94To coOCTBEHHBIE 3HA-
YeHUsT HEOONBIINX HOMEPOB PA3NMYHBIX KPaeBbIX 3a]ad, MOPOXKICHHBIX JUCKPETHBIMU MOIyOTrpaHU-
YCHHBIMH CHU3Y OIepaTOpPaMH, BBIYUCIICHHBIC TIO JIMHEHHBIM QopMyinaMm u metonom [anepkuna, xopo-
IO COTJIACYIOTCSI.

B pabote nmpuMeHeHbI THHEHHBIE QOPMYIIBI JUIs BEIYUCIICHUS TPUOIMKEHHBIX COOCTBEHHBIX 3HAYE-
HUH ¢ OONBIIMMU HOMEpPaMH JAUCKPETHBIX MOTYOTPaHHMUYCHHBIX CHHU3Y OnepaTopoB. [IpuBecHBI pe3yib-
TaThl BBIYMCICHUH COOCTBEHHBIX 3HAYCHHU IO JIMHEHHBIM (hOpMYyJiaM U MO0 M3BECTHBIM aCUMIITOTHYE-
CKuUM (popMyrnamM Jisl IByX CIEKTPajbHBIX 3aj1a4. CpaBHEHHE PE3yNIbTATOB MPOBEACHHBIX BHIYUCICHHI
MPUOIMOKEHHBIX COOCTBEHHBIX 3HAYCHUN ITOKA3BIBACT, YTO JUIS JIOCTATOYHO OOJBIIMX HOMEPOB OHH
MPAKTUYECKU COBIAIAIOT. DTO MOATBEPKAAET TOT (aKT, YTO ISl PACCMATPHUBAEMBIX CIICKTPAILHBIX 3a-
Jlad ¥ JIOCTaTOYHO OOJBINUX HOMEPOB COOCTBEHHBIX 3HAYEHUN MOXKHO HCIOJNB30BaTh JIMHEWHBIE (Bop-
MYJTBL.

Knioueswie cnosa: cnexmpanvhas 3a0aua; OucKkpemHvie Onepamopbl; NoLy0epaHudenHvle Onepamo-
Pbl; coOcmeeHmble Yucia u coocmeentvle Qyukyuu onepamopa, memoo I anepxuna.
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