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THE BARENBLATT-ZHELTOV-KOCHINA EQUATION
WITH BOUNDARY NEUMANN CONDITION AND MULTIPOINT
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The article is devoted to the study of the uniqueddvability of the Baren-
blatt—Zheltov—Kochina equation, equipped with the Mumann boundary condi-
tion and a multipoint initial-final value condition . This equation is degenerate or,
in other words, it belongs to the Sobolev type eqtians. To study this equation,
the authors used the methods of the theory of degerate operator semigroups,
created by Prof. G.A. Sviridyuk, and further develged by him and his students.
We would also like to note that the equation undestudy is supplied with a mul-
tipoint initial-final value condition, which is not just a generalization of the
Cauchy problem for the Sobolev type equations. Thisondition makes it possible
to avoid checking the consistency of the initial da when finding a solution.
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Introduction
Let 2 and § be Banach spaces; operatot]£(2;5) (i.e. linear and continuous), and operator

M OCI(2;F) (i.e. linear, closed and densely defined). Follayvj1], we introduce into consideration
L -resolvent set,oL(M)={,uD(C :(yL—M)_lﬂﬂ(%;QL)} and L-spectrum o-(M)=C\ p"(M) of
operatorM . The following statements are true.

Theorem 1.[1] Let operatorM be (L, p)-bounded,p{0} O N . Then there exist such projectors
P:A-2 and QF-3F, that operators LOEL(kerP;keQ)n £ (imP;imQ, and
M OClI (kerP; kerQ) n Cl (imP; imQ..

Introduce the following condition

n
o-(M)= .DOajL(M),nDN, what is more; NI #0 , there exi (A)
J:

a closed contouy; U C , bounding a domiajn] aj" M (),
such, thaD; nog M ¥O D, nD =0 Ojkl= 1.nk#l

Theorem 2.[2] Let operatorM be (L, p)-bounded, p00{0} ON and condition (A) is fulfilled.
Then there exist projecto 0£(2A) and Q; JL(F), j=1,...n having the form

—i — -1 :i — -1 i=
Pj—zm.}[(,uL M)~ Ldy, Q 2ni{L(m_ M) dy, j=1,..p

Moreover, one more statement is true.

Corollary 1. Let conditions of theorems 1 and 2 are satisfigteifPB =R P=PF, j=1..n,

RBR=RR=0, kI=1..nk#l; QQ=Q Q=Q, 7L.n,Q Q= Q QR=0, k,1=1,..n k=l
Put

n

R=P-2 R.Q=Q> Q,
k=1 k=1

due to corollary 1 operato®, 0.£(2), Q,0£(F) are projectors.
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Thus, let condition (A) is fulfilled, fixrj OR (rj <rj+1), vectorsuj O for j=0,..n, and con-
sider multipoint initial-final value condition [Zkee more [3])

Pj(U(Tj)—Lﬁ)z(), j=0,..n, 1)

for linear Sobolev type equation
Lu = Mu+ f, (2)

where vector-functionf OC” (R;J) will be defined below.

A vector-function ud C*(R;2(), satisfying equation (2), is calleal solution of equation(2).
Solution u=u(t), tOR, of equation (2), satisfying conditions (1) is edlthe solution of multipoint
initial-final value problem(1), (2).

In this paper we present the results of the Sobtylee equations theory witfL, p) -bounded op-

erator M [1] and the unique solvability of problem (1), (2]. Then the abstract results will be applied
to the study of the solvability of Barenblatt—ZlosttKochina equation

U, —xAy, =VvAu+ f, 3)
defined in cylinderQxR™ with boundary conditions
g—uu(x,t)=0(x),(x,t)DaQ><R (4)
n

and with multipoint initial-final value conditionfdhe form (1). HereQ O R™ is a bounded domain
with the boundary of the class” , and n=n(x), x00Q, is the unit normal external to domagh.

Thus, the subject of the paper is divided into paas. In the first part the information on thevsdilility
of problem (1), (2) is given, and in the second pawblem (1), (3), (4) is considered.

Note, that the Neumann conditions are a speci@ oashe “flow balance” condition for Sobolev
type equations considered on a connected oriemggghgthat is in the one-dimensional case. This the
ory is currently being actively developed, thetfsgidies were conducted in [4]. Sobolev type dqnat
with Cauchy—Neumann conditions in a bounded domadre studied in [5], but studies for the case of
replacing the Cauchy condition by a multipointiadifinal value condition for such a problem areneo
sidered here for the first time.

We also note, that equation (3) models the dynawiidbe pressure of a fluid, filtered in a frac-
tured-porous medium [6]. Herg is a real parameter characterizing the mediwmis the piezo-
conductivity coefficient of the fractured rock, wif R, vOR,. function f = f(x) plays the role of

an external load. In addition, equation (3) desgithe flow of second-order liquids [7], the heatc
duction process with “two temperatures” [8], theishare transfer process in the soil [9].

1. Abstract problem
Let A and § be Banach spaces, operators]£(2(;F) (i.e. linear and continuous) and

M OCI(;F) (i.e. linear, closed and densely defined). Suppwsaddition, operatoM is (L,o0)-

bounded (for terminology and results see [1]), ttheare exist degenerate analytical groups of résglv
operators

t_ 1 L t_ 10
U —EIyRu(M)e‘“ du u F _ajyl_y(l\/l)e/’t du,
defined on space®l and § respectively, moreoved ® =P, F° =Q are projectors. Here is a con-
tour, bounding a domai®, containingL -spectrumo® (M) of operatorM ; R/b (M)=(,uL— M)_1 L
is aright, and L, (M)=L(uL-M )_1 is aleft L-resolventof operatorM . For degenerate analytical

group the concepts dfernel kerU- = kerP = ketJ' . for all tOR andimageimU: =imP =imU" for
all tOR are correct. Denote by’ =kerU:, A'=imU-, and A’ =kerF-, F =imF", then
A°0A =92 and F°0OF =5 . Also denote byL, (M, ) the restriction of operatot. (M ) on F*

(domM n 2¥), k=0,1.
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Theorem 3.[1] (Splitting theorem)Let operatorM be (L, p) -bounded. Then
(i) operatorsL, OL(AX;5%), k=0, 1;

(ii) operators M, OCI(A%; 5%, M, Og@%3H;

(iii) there exist operatord;* 0 £(F52Y and Mo*OL(5%2%).

PutH =M, L, 0£2%, S= L*MOL@Y . Itis true

Corollary 2. [1] Let operatorM be (Lg) -bounded. Then for alzJC\ D

(UL=M)" =3 fFH MY Q)+ Y S 15'Q
k=0 k=1

An operatorM is called (L, p)-bounded pO{0} ON, if HP 20, andHP* =0. Let condition
(A) is satisfied. Then takes place:
Theorem 4.[2] Let operatorM be (L, p)-bounded, pD{O} ON, and condition (A) is fulfilled.

Then
(i) there exist degenerate analytical groups

1 o
UﬁzﬁjR};(M)e‘“dﬂ, j=1n
4

(i) U'U=U '=uU forall s, tOR, j=1n;

(i) UUP=U U= O forall s, tOR, k, 1 =1n, kzI.
n
PutUg=U'->"U,, tOR.
k=1
Remark 1. Units P, EUJQ v =0,n, (constructed by virtue of condition (A)) of degeate analyti-
cal groups{U} :tD]R} v =0,n, are projectors by corollary (1). We call the aers Py, Q; , j =0,n,
relatively spectral projectors.
Consider subspacex'! =imP,, e =imQ;, j =0,n. By construction

n . n .
at =0 oY andgt=0FY
j=0 j=0
Denote byL,; the restriction of operatdr on A =0,n, and byM,; denote the restriction of
operatorM on domM n Y | | =0,n. Since, as it easy to show, thetp]  dem if pLJdomM ,

then the domaidomM,; = domM n %Y is dense i, j=0,n.

Theorem 5. [2] (Generalized spectral theorenbet operatorsLO£(;§) and M OCI(2;5),
operator M is (L, p) -bounded,p {0} ON, and condition (A) is fulfilled. Then

(i) operators Ly; O &M ;59), My, Oe@™;3Y), j=0n;
(ii) there exist operatordy; 0 £(F";2Y), j=0n.
Theorem 6.[2] Let operatorM is (L, p)-bounded, pD{O} ON, moreover condition (A) is ful-

filled. Then for all f OC*(R;3J), u 0L, =0,n, there exists the unique solution of problem (2),
having the form

p n . n t
u(®) = - HIMGHI- Q) FO()+ DU Ty + > [ UTLEQ (3 ds (5)
q=0 j=0 i=0r,
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2. Concrete interpretation
Reduce problem (3), (4) to equation (2). For thissst

2l=(uDV\/2m+2 :Z—”zo onan F=W", niIN
n

All functional spaces are defined on the dom@inLet us set the operatots=1- YA, M =v4, more-
over L, MOL(A;F) forall YAR\{0} , vOR, and operatok is Fredholm (i.eindL = 0).

Denote by{/lk} the set of eigenvalues of homogeneous Neumanngmdior the Laplace operator
4 in the domainQ, numbered in the order of non-increasing withwaace for their multiplicity, and
by the{gok} denote the set of orthonormalized (in the senshe@Spacel, ) corresponding eigenvec-

tors. Note, that the first eigenvalue of the honmagis Neumann problem for the Laplace operator in
domainQ is zero, and the corresponding eigenfunction rstant.
Lemma 1.[5] For all y, vOR\{0} operatorM is (L,0)-bounded.

Note, that

{o, it x'O{A},

kerL = _1
spar{g =4}

By theorem 1 we construct a projector
I, if x70{A},
PE1i- > g, it x0{4},
Ly 1=A)

where([TJ is the scalar product ih? . ProjectorQ has the same form, but it is defined on the sgace
The relative spectrunr-(M) of operatorM has the form
L _ _ VA
o (M)= =
(M) (/Jk 1y
Choose such the partst(M), j =0,n, of the relative spectrum of operatht , that condition (A)
is satisfied (it is clear that this can done in entiren one way). Build the projectors

P = Z (L)@, 1=0n.
e 00 (M)
Take 7; R (7j<7j,q), u;0A, j =0n, f OC®(R ;¥) and for problem (3), (4) the multipoint
initial-final value condition is given
Y U 9-U(R,806=0, j=0,n. (6)
k:,ukEIO'IJ-‘(M)
By lemma 1 and theorem 6 it follows
Theorem 7. Let condition (A) is fulfilled. For allyOR, vOR\{0}, fOC”(R;J), u; 02,

,kDNJ.

j=0_,n, equation  (3) with  conditons (4), (6) has the qus  solution
uOC”(R;2) , which has the form

n et ” b a(ts)
um=@Q-nfMm+y > € (Yogode+y, 2 | ETTIC A8 o
=04 0ot (M) 1204 Oo-(M) 7
In conclusion, the authors consider it their pleaskty to express their sincere gratitude to Rrofe
sor GA. Sviridyuk for interest in the work and productidiscussions.
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C FrPAHNYHbIM YCJTOBUEM HEMMAHA
N MHOIMOTO4YEYHbLIM HAYAJIbHO-KOHEYHbLIM YCITOBUEM
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[locBsmeHa W3y4YeHHUIO OJHO3HAYHOW pa3pelMMOCTH ypaBHeHHs bapenOnarra—KenroBa—
KounHoii, cHabXeHHOTO KpaeBhIM ycioBHeM HeliMaHa W MHOTOTOYCYHBIM HAYaIhbHO-KOHEYHBIM YCIIO-
BueM. OTMeTnM, uTo ypaBHeHHe bapenOnarra—KentoBa—KounmHoi MomenupyeT TMHAMHUKY JTaBJICHHS
KUAKOCTH, (PUIBTPYOIIEHCS B TPSIIMHHOBATO-MOPUCTON cPeae. KpoMe Toro, 0HO OIMUCHIBAET TEUCHUE
SKUJKOCTEH BTOPOro MOPSIAKA, OPOLECC TEIUIOMPOBOJHOCTU C «IBYMs TeMIePaTypPamu», mpoLecc Bla-
rorepeHoca B mouBe. JlaHHOe ypaBHEHHWE SBISIETCA BBIPOXKIEHHBIM WM, JPYTHMH CIOBaMH, OHO TIPH-
Ha/JIS)KHUT K ypaBHEHHUSIM COOOJIEBCKOTO THMA. /s viccenoBaHus N3yd4aeMoro YpaBHEHHS aBTOPHI BOC-
MOJIL30BAIMCh METOJAMH TCOPHH BBIPOXKJCHHBIX MOJYTPYII OIEpaTopoB, pa3pa0OTaHHOH mpod.
I'.A. CBupuatokoM, ¥ pa3BUTON ero ydeHHKaMu. OTMETHM TakXKe, YTO MCCIIEAyeMOe ypaBHEHUE CHa0-
JKEHO MHOTOTOYEYHBIM HadaIbHO-KOHEYHBIM YCIOBHEM, KOTOPOE SIBISIETCS HE MPOCTO 0000IeHreM 3a-
nmaun Kommm anst ypaBHeHU# cOOOJIEBCKOTO TUNA. YKa3aHHOE YCIOBHE JaeT BO3MOXKHOCTH H30€raTh
MPOBEPKU COIIACOBAHUS HAYaJIbHBIX TAHHBIX NPU HAXOXKICHUH PEIICHHUS.

Krrouesvie cnosa. ypasnenue bapenoramma—rKenmosa—Kouunotii; ycirosue Heiimana, mnocomo-
YyeyHoe HauAIbHO-KOHEUHOe YCL08Ue, 0OHO3HAYHAS PA3PEUUMOCHb.
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