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The optimal control problem for a Sobolev type equation of higher order
with a relatively polynomially bounded operator pencil is investigated in the pa-
per. The results are applied to the study of the optimal control of solutions to the
initial-final problem for the model of linear waves in plasma. The first results on
the investigation of equation that describes the linear ion-acoustic waves in an
unmagnetized plasma and on the study of some properties of these waves were
obtained by Yu.D. Pletner. The initial-final conditions posed for the fourth-order
Sobolev type equation are the generalization of the conditions in the Cauchy
problem that is unsolvable at the arbitrary initial values. The research is based
on the phase space method developed by G.A. Sviridiuk and the theory of rela-
tively polynomially bounded operator pencil developed by A.A. Zamyshlyaeva.
The article considers an equation that describes ion-acoustic waves in a plasma in
an external magnetic field.
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Introduction
Let Q=(0,a)x(0,b)x(0,c) = R®. The article investigates the optimal control of solutions to the
following problem:

(A =AY Xy (S,1) = (A= A") X (s, 1) + a%+ u(s,t),seQ,te(0,7), Q)
S3
X(s,t) =0, (s,t)eoQ2x(0,7). @)

Model (1), (2) describes ion-acoustic waves in plasma in an external magnetic field [1]. The
parameters in equation (1) relate such physical quantities as the ionic hydro frequency, the Langmuir
frequency, and the Debye radius. The function x(s,t) represents the generalized potential of an electric

field, the function u(s,t) represents an external effect.

Problem (1), (2) is investigated in the framework of the theory of relatively polynomially bounded
pencils of operators [2]. Consider a high-order abstract Sobolev type equation

AX™ =B x"Y 4. +Byx+y+Cu, ?3)
where the operators A B, ;,...,ByeL(X;Y),CeLU;Y), the functions u:[0,7)cR,—U,
y:[0,7)cR, > Y(r <), X,Y,U are Hilbert spaces.
Supplement equation (3) with initial-final conditions [3]
P (xR (@) -x7)=0,

me“Rﬂ—xO:o,k_Om " @
where B, ¢, are some projectors in space X . Thus, the optimal control problem is to find a pair (%,0),
where X is a solution of (1), (2), and G €U, is the control for which the relation
J(R0) =mingy ey, I(%U) ()
holds.

Here J(x,u) is some specially constructed penalty functional, and U4 is a closed convex set in the
space of controls U.
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Many non-classical models of mathematical physics [4-9] are based on Sobolev type equations. For
example, they occur in problems of hydromechanics, plasma physics, atmospheric physics, filtration
theory, theory of electrical circuits, and others. In the work, to find the optimal control of solutions to
linear Sobolev type equations of high-order, the ideas and methods obtained by G.A. Sviridyuk [10] and
his students [11-13] in the study of first-order Sobolev type equations are used. Here the initial-final
problem [14] is investigated. A distinctive feature of this problem is that one projection of the solution is
specified at the initial moment of time, and the other at the final point. The initial-final problem for the
first-order Sobolev type equations was considered by G.A. Sviridyuk and S.A. Zagrebina.

1. Polynomially A-bounded operator pencils and projectors. Strong solutions
By B denote the pencil formed by operators B4, ---» Bg. The sets pA(B)={ueC:(u"A-

"B, —...—uB, —By) e L(Y; X)} and o”(B)=C\ p*(B) are called an A- resolvent set and an
A-spectrum of pencil B, respectively. The operator function
R7(B) = (u"A- "B, ; —...— uB, — By) ™ of a complex variable with domain p*(B) is called an A-

resolvent of pencil B.
Let the pencil be B polynomially A-bounded. Introduce an additional condition [15]
I,ukRﬁ‘(é)d,uEO, k=0,n—2, (6)
V4

where » is a contour that bounds the domain containing the relative spectrum of the pencil B . Then the
operators

P=o [ REEAdu Q= [ i AR )
are projectors in spaces X and Y . Denote X°=kerP, YO =kerQ, X'=imP and Y!=imQ. If the
pencil of operators is polynomially A-bounded, < is a pole of order pe{0}UN of the A-resolvent of
pencil B, then the pencil of operators B is called (A, p) -bounded.
Let the pencil B be polynomially A-bounded, (6) hold and the following conditions be satisfied:
o"(B)=op (B)Uof (B),o (B) =Dk =01,
and thereisacircuit y, cC,

7
bounding the domain I', < C such, that 0
Iy Nog (B)=og'(B).oNoy (B) = 2.
[ #"RH(B)du=0,m=0,n-2 (8)
"

Operators
1 Ao
Pin _Z_MJﬂR“(B)AdﬂE L(X)
0

and B, = P —Py, € L(X) are projectors in space X [15].

Definition 1. The vector-function x e H"(X)={x e L,(0,7; X):x™ e L,(0,7; X)} is called a strong

solution of linear non homogeneous Sobolev type equation
A =B x"Y 1 4 Byx+y, 9)

if it turns the equation to an identity almost everywhere on interval (0,7). A strong solution x = x(t) of
(9) is called a strong solution to (4), (9), if (4) holds.

Theorem 1. If the pencil B is (A, p) -bounded, p<{0}UN, conditions (6)—(8) are satisfied, then
for arbitrary xlf,xlf eX,k=0,n-1 and y e HP™(Y) there exists a unique strong solution to (4) for
equation (9).
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2. Optimal control for the model of linear waves in plazma
Consider problem (4) for equation (3), where the functions x, y, u lie in X, Y and U,

respectively.
Introduce the control space
- p+n

H U)={ueL,0,7;U):u®" eL,(0,5;U),u®(0)=0,q=0, p},
p e{0}UN. It is a Hilbert space with inner product

pn .
[v,w] = q;)fo <v(q) W@ >U dt.

- p+n
In the space H  (U) single out a closed convex subset U,4. A vector function G eU,, is called

an optimal control of solutions to (3), (4), if (5) holds.
Let us prove the existence of optimal control G4 Uy, minimizing penalty functional

n p+n
- 1@ _ (@ g2 ‘ (@ (@
J(x,u) ,qu:;)J‘OHX K@ dt+vq§:(;)jo<|\|qu u >U dt. (10)
Here u,v>0, p+v=1 NyelLU), q=0, 1, ..., p+n, are self-adjoint positively defined

operators, and X(t) is the target state of the system.
Theorem 2. If the pencil B is polynomially A-bounded, conditions (6)—(8) are satisfied, then for
arbitrary xlf, xg e X, k=0,n-1 and yeHP™"(Y) there exists a unique optimal control of solutions to

problem (3), (4).
Reducing problem (1), (2) to equation (3) put
X ={xeW,"2(Q):x(s) =0,5€ 0}, Y =W, (Q),
2
where W2I (©2) are Sobolev spaces. Define the operators A=A-A, B,=A-1", By = a;; :
X3
B, =B, =0. Operators A Bs,B,,B,,B, € L(X;Y) forall | e{0}UN.
IS,

. . s, . 7k
Denote by ¢, = {sm 131 jn 1% i 75
a

Si b } the eigenfunctions of the Dirichlet problem for the
c

Laplace operator, where i, j, keN, and the corresponding eigenvalues are denoted by

S ORORG)

Since {@j} < C* (), then we get

2
& , K
W A- 1By — 1°B, — B —~By = > [(/I—ﬂq-jk)ﬂ4+(/1 _ﬂijk)ﬂz_a(T) }(/’ijk"”ﬂijk’
i jk=1

where <-,-> is an inner product in L(Q).
Lemma 1. [15] Let one of the following conditions be satisfied:
() A¢o(A);
(i) Leoa(A)A(A=A).
Then the pencil B is polynomially (A,0) -bounded, and conditions (6) are fulfilled.
The A-spectrum of the pencil B consists of solutions /uiljk 1=14 of equation

2
(g~ A)id* + Ui~ A —a[’%"j ~o. (11)

Construct the projector
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I, if (i) holds,
P=11— 3 (o) i if (i) holds.
A=A
To construct the projector P, choose a domain I'y = C, containing, for example, a finite set

o4\ (B) of points s of the A- spectrum of the pencil B and such that o'y N (B) =@. As it is easy

to see, the domain I", can be chosen such that o'y =y, is a contour. Thus, condition (7) is satisfied.
Consider the initial-final problem

> B <X(',0)—X81(Pijk > @ik =0,
A i €07 (B)

> B <% (-0 = X, @ > @i =0,
Kk # A iy € (B)

Z - <Xtt(‘a0)—Xga€0|jk>(/’|jk:Ov
j1'j|<;"&/1uuiljk’50'1A(B)

> RV ng(oijk > gy =0,
Kk # Aty €f(B)

> <X(7) = X0, Gk > @i =0,
ﬂijkiﬂ,ﬂi'jkEG@(B)

> <X (1) =X o > ¢ = 0,
Kk # A iy €56 (B)

Z - <X (+7) = X2, @i > @ik =0,
i 2 i €06 (B)

Z <Xt (4 7) = X3, Pk > @ik =0,

= 12
Kk # Aty €54 (B) (12)
for equation (1) with boundary conditions (2).

Theorem 3. For anya e R and A eR such that the conditions of Lemma 1 are fulfilled, and for

anyreR,, XE, X € X, k= 0,3, there exists a unique solution to the optimal control problem for equation
(1) with conditions (2), (12) that minimizes functional (10).
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ONTUMAIbHOE YNPABNEHWE PELLEHNAMW
HAYAJIbHO-KOHEYHOWU 3ANAYU
AnAa MOAENU IMHEWHbLIX BOJIH B MNNA3SME

A.A. 3ambiwnsneea, O.H. lbinneHkoea
FOxHO-Ypanbsckuli 2ocydapcmeeHHbIl yHusepcumem, 2. YensbuHck, Pocculickas ®edepayusi
E-mail: zamyshliaevaaa@susu.ru

B pabore uccnenopasa 3a1aua ONTUMAIBHOIO YIPABJIECHUS JUIsSl ypaBHEHUSI COOOIEBCKOIO THIIA BbI-
COKOT0 TMOpSAAKa C OTHOCUTEIBHO NMOJMHOMHUAIBHO OIPAaHMYEHHBIM ITyYKOM ONEpaTopoB. Pe3ynbraTs
MIPUMEHEHBI K UCCIIE0BAHUIO ONITUMANIBHOTO YIIPABJICHUS PELICHUSIMU HaualbHO-KOHEYHOH 3a7auu s
MOACIIH JIMHEMHBIX BOJH B IIa3ME. HepBHe PE3YIbTATHI IO YPAaBHCHUIO, KOTOPOEC OMMMCHIBACT JIMHEHHEBIE
HNOHHO-3BYKOBEIC BOJIHBI B He3aMarHu4eHHOM I1a3sMe, 1 U3YUYCHHUIO HEKOTOPBIX CBOMCTB DTHX BOJIH OBI-
mu nonydensl 0./l [InerHepoM. HayanpHO-KOHEUHBIE YCIOBUS, MTOCTaBICHHBIE I ypaBHEHHUs! CO0O-
JIEBCKOTO THIIa YETBEPTOTrO MOPAIKA, ABISAIOTCS 0000IIeHneM yciaoBuid B 3aade Kormm, koTopsie Hepas-
peImrMbI TIPH TMPOU3BOJIBHBIX HAYAJIBHBIX 3HaUeHMsIX. PaboTa ocHOBBIBaeTCs Ha MeTonae $a3zoBOro Mpo-
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CTpaHCTBa, pa3zpaboranHoro I'.A. CBUpHIIOKOM, U TEOPHUU OTHOCHUTEIHHO IMOJITMHOMHAIHLHO OTPaHUYCH-
HBIX ITy9KOB OIIEPaToOpoB, pazpadoTtaHHOW A.A. 3amMbIuIsgeBoil. B cratee paccMoTpeHO ypaBHEHHE, KO-
TOPOC OMMCBIBACT NOHHO-3BYKOBBIC BOJIHEI B IJIa3M€ BO BHCIIHEM MAarHMUTHOM I10JIC.

Knroueswie cnosa: YPAaeHEeHUA c0001e6CK020 MUNA 6bICOKO20 I’lOp}ZOKCl C omnocumenbro nNOJUHOMU-
A/lbHO OCPAHUYEHHbIM NYYKOM onepanopos, MOOe/ib TUHEUHbIX 6OJIH 6 nuasme, onmumaivbHoe ynpaeie-
HUe, HauyalbHO-KOHEeYHble YCH0oBUAL.
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