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This article studies a mathematical model of reaabn-diffusion in a tubular
reactor based on degenerate equations of reactionfiision type defined on a
geometric graph. It is precisely the degenerate casthat is studied, since when
building the mathematical model it is taken into acount that the speed of one
sought function is significantly higher than the sped of the other. This model be-
longs to a wide class of semilinear Sobolev-typegtions. We give sufficient con-
ditions for the simplicity of the phase manifold ofthe abstract Sobolev-type equa-
tion in the case ofssmonotone andp-coercive operator; we prove the existence
and uniqueness of a solution to the Showalter-Sidov problem in the weak gen-
eralized sense, and the existence of optimal controver weak generalized solu-
tions to this problem. On the basis of the abstradheory, we find sufficient condi-
tions for the existence of optimal control for a mthematical model of neural sig-
nal transmission.

Keywords: Sobolev-type equations; phase manifdidw&lter—Sidorov problem;
reaction-diffusion equations; optimal control prebt.

Introduction

Take a finite connected oriented gra@= G(V; E) with vertex setV ={V} il\/I:l and edge set
E={E} *f:l, where each edge is of lendik» 0 and transverse cross-section atea0. Consider o1t
the multicomponent system of reaction-diffusion atpns
Viji = OqVijss + By (Ve Voo Yo )+ Uy
Vojt =0 oVajss + Foj (Vi Vg oy Vj )+ Ug

Vit = AVigss T Fig(M js Vo joee o M) + U,

0= + f + (1)
=0Vt jss T Fren) j(Vaj Vojo e Vim )+ Uge 1)
0= Vmjsst T miM V2 e s Vi) Uy

forall sO(|;)t0R,j=1K,

with positive parameters, i = 1,m and some functiogLUC”(R™,R) for i = 1m andj = 1,K . Here the
functionsv; = vi(s, t), i = 1_k andv; = v(s, t), i = k+1,m characterize the concentrations of reagents

(activator and inhibitor)p;, i = 1,m are the diffusion coefficients; the functiofiscorrespond to the
interaction between the reagents; the prescribedtifinsu; = u(s, t) characterize exterior actions. For

(1) at each verte¥; fori = 1,m impose flow balance and continuity conditions

> dvgO.- > dv(l.)=0, 2
j:EjDEa(Vi) rE DE“)(\{)
V(0.0 =v 0=y G 1)=v k1) ©)

for all E;, UE*(V;) andE,, E.UE”(V). HereE““)(V;) stands for the set of edges starting (ending).at
Conditions (2), (3) and the system (1) constitutie mathematical model of reaction-diffusion in a
tubular reactor. Complement (2), (3) with the ShibevaSidorov initial conditions

Vi (80) = (9 forall &1(0,j1), i=1,k j=1K @)
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Initially, a nondegenerate system of equationsiefreaction-diffusion type
{g\/t =alhv+ fi (v, W+ y, 5)
W = fAw+ (v W+ .
was obtained in [1-3], depending on the two dedwedtionsv = v(s, t) andw = w(s, t). These systems
model a large class of processes. In the case

fLV,W)=y—(@+1v+ VW H(ywW=dw GV (6)
the system (5) describes the Lefever—Prigogine d&dasor [1], proposed as a model of an autocatalyti
reaction with diffusion. The FitzHugh—Nagumo mof&I3] is of this type with

R W) =AW=k B4 W =B, w-k v . (7)
The first qualitative analysis of the system (5peared in [4] under the assumption that the rate of

change of one concentration is much greater thah a@h the other. This assumption leads to the
degenerate system

{ 0=alAv+ f (v,W)+ U,

8
W = fAw+ (v, W+ . ®)

The analysis of the morphology [4] of the phasecspaof the degenerate FitzHugh—Nagumo
model (7), (8) and the Lefever—Prigogine Brussel#6), (8) on open bounded regions showed that
these phase spaces contain fold and cusp sinigdad]. Multicomponent reaction-diffusion models
are studied in [5, 6]. They usually involve manigibitors. Models with three and four components on
activator and two or three inhibitors, and theabdity were studied in [5]. Goal of this article ieseach
of multicomponent reaction-diffusuin with differemumbers of inhibitors and activators not only
inhibitors.

Consider two Banach spac¥sandU. The preimage of the degenerate system (1) witididons
(2), (3) is the abstract semilinear Sobolev-typeation

%LH M(X) = u, ker L# {0}, )

HerelL is a continuous linear operator aMdis a smooth nonlinear operator to be specifiec&e Th
analytic and qualitative aspects of initial (muttipt initial-final) value problems for linear and
semilinear Sobolev-type models are studied in [J-C2mplement (9) with the Showalter—Sidorov
initial condition

L(x(0)-x,) =0. (10)
Considering this initial condition instead of tHassical Cauchy condition
X(0)=x (11)

in the case of degenerate equation (9), we cardabei lack of existence of a solution for arbitrary
initial data [8]. Condition (10) directly generadz condition (11) since Cauchy and Showalter—Sidoro
problems are equivalent in the case thatexists and is continuous. However, condition (tels to
guarantee the uniqueness of solution to problem (), for instance in the cases that the phase
manifold of (9) lies in a Banach manifold with sirgrities [4, 8]. Thus, to find conditions underiakn
the solution is unique, we must study the structiirdie phase manifold.
Our goal is to study the optimal control problem

J(x U) - min (12)
by the solutions to (9), (10) in the weak geneedlizense [13, 14]. Hed¢x,U) is a certain purpose-built
quality functional with controlliU,y, whereU,y is a closed convex set in the control spacélhe
optimal control problem for linear Sobolev-type atjons with the Cauchy initial condition was
originally posed and studied in [9]. That artiahitinted a series of studies of optimal controlippeons
for linear Sobolev-type equations with variousiaticonditions [10-12]. Sufficient conditions fdnet
existence of a solution to problem (9), (10), (&®enL is a Fredholm operator were obtained in [11].
We give sufficient conditions for the simplicity tife phase manifold of problem (1)—(3) in case not
Fredholm operator. Optimal control problems in was reaction-diffusion models are studied in [12].
The Showalter—Sidorov problem and the optimal anproblem for degenerate two-component
FitzHugh—Nagumo model (7), (8) is considered ir] jhZzhe case that, < 0 andp; = k.
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This article is organized as follows. In the fisgiction we talk about abstract semilinear Sobolev-
type equations and discuss sufficient conditiomgtie simplicity of the phase manifold of the ahstr
equations (9) in the case sfmonotone andp-coercive operatoiM and prove the existence and
uniqueness of a solution to (9), (10) in the weahkeagalized sense using the Galerkin method. In the
second section we construct a mathematical modedauition-diffusion in a tubular reactor basing on
the initial-boundary value problem for degeneraaction-diffusion equations defined on a geometric
graph. In the third section we study the optimattoa problem for a mathematical model of neural
signal transmission and give sufficient conditiémsthe existence of a solution to it.

1. Abstract semilinear Sobolev-type equation in thease of s-monotone and p-coercive operator

Consider abstract semilinear Sobolev-type equg@pwith the Showalter—Sidorov initial condition
(20). All our arguments in this section will be bdn the general theory of abstract Sobolev-typa-e
tions, which is described in sufficient detail By [L1]. Take a separable real Hilbert speice (H;[-,])
identified with its adjoint, as well as an adjopuir (A; A") with respect to-[] of reflexive separable
Banach spaces such that the embeddings

AO HOA (13)
are dense and continuous. Take a selfadjoint nativegdefinite operatdcLIL(A;A") with
HO kerL = cokeil. 0 H, A=kerL O coimL , A = cokerL O imL . (14)

Remark 1. Condition (14) is satisfied, for instaricethe case thatLIL(A; A) is a selfadjoint non-
negative definite Fredholm operator [11].
Take ans-monotone andp-coercive operatoMLIC'(A; A) with r>1 (tha_tl is, M'xx]>0

(XYLA0} and [ Cy, € O, such that (9, X] = Culx|® and M ()], <4 wherep> 2)

possessing symmetric Fréchet derivative. Note ¢laty strongly monotone operatorssnonotone,
while everys-monotone operator is strictly monotone. In tunerg p-coercive operator is strongly co-
ercive.
By condition (14), there exists a projectiQralong cokel onto imL. Make the assumption that
(I =Q)u is independent of J(0,T). (15)
Consider the set

M:{{XDA'( I-QMx=(1-QUu, ifker L0} (16)

A, if  kerL ={0}.
Introduce
coimL ={x0 A:[ x #] = 00¢ O ker L \{0}}.

Denote byP the projection along kdr onto coimL. Given a pointM put x}) =PxlicoimL.
Definition 1. [8] Call a seMa BanachC'-manifold atx,LJMwhenever there exist neighborhoods
OLIMandQ, LI coim L of the pointsxg and x}) = Px, respectively and &'-diffeomorphismD: O—O

such thaD™ is the restriction of the projectidhto O. Refer to the paif, O,) as a chart. The sbtis
called a Banack'-manifold modeled on the space cdinwhenever each of its points admits a chart.

Theorem 1. [8] Suppose that condition (15) is nret [ is smonotone angb-coercive operator.
Then the seMis a BanaclC'-manifold projecting diffeomorphically along k&ronto coimL every-
where with the possible exception of the origin.

The proof of the Theorem 1 is analogous to thefppdbdheorem 1 in [8].

Remark 2. Observe thatxf= x(t) for tLI[0,T] is a solution to (9) then it must lie M Refer toMas
the phase manifold of equation (9).

Since the spacA is separable, there is an orthonormal systemh@rsense off) of functions {;}
which is complete iA. Construct Galerkin approximations to the solutioif9), (10) as

n
x"(s9)=>a(94 (9, (17)
i=1
where the coefficients, = g(t) fori = 1,... n are determined from the following problem:
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[L&”,¢i}+[M(X”),¢.]=[u,¢.], (18)
[L(x”(O)— >q)),¢i] =0,i=1,.. n (19)
Lx"(0) - Lx, for n - +e0 strongly in the subspace im (20)

In the case dimkek < +owo it is necessary to have> dimkerL. Equation (18) constitute a degenerate

system of ordinary differential equations. SuppibseT,LIR ., T,= T(Xo), andA" = span{1,¢,,...,¢n}.

Lemma 1. [17] LeM be s-monotone ang-coercive operator. For everyLIA there exists a unique
local solutionx"LIC'(0, T,; A") to problem (18), (19).

The proof rests on the existence Theorem for swiatto a system of algebraic-differential equa-
tions with the Showalter—Sidorov condition [17].

Construct the space

X ={x| xU L,(0, T;coimL)n L, (O,T; A), %0 L, (0, T;coim L)}

Definition 2. [11] Call a weak generalized solutit; (9) the vector functiorlIX satisfying the

condition

T T
Jo(0)] S Lxs M3, w]de= [p(o]u o 60 v 4090 L0, ) @1)
0 0

Call a solution to (9) a solution to the Showal&derov problem whenever it satisfies (10).

Theorem 2. [11] LeM be ssmonotone ang-coercive operator. For everyl A, TUR., ullL,(0, T,
A)) there exists a unique solutign/X to problem (9), (10).

This goes in several stages and relies on the rapivity method of [13, 14].

Assume that all requirements of the previous sedi@ satisfied and the embeddikhg H is com-

pact. Construct the spatk= L0, T; A), l+1 =1 and define in it a nonempty closed convexlgt
p q

Consider the optimal control problem

J(x,U) > inf, uldUy (22)
defining the objective functional as

T T
I u =B X= 7Y, dt- (1=B)f| )
0 0

Herez; = z4(t) is the required state.
Definition 3. [11] Refer to a paifX, 0) OXxU,y as a solution to the optimal control problem (9),

(10), (22) if

} dt0(0,1), (23)

J(%U) =inf J(x U,
(x,u)

where the pairsx( u) LIXxXxU,q satisfy (9), (10) in the sense of Definition 2|l the vector functiond
the optimal control.

Remark 3. Refer as an admissible element of prolg®m(10), (23) to a paix(u) LIXxU,q, satisfy-
ing problem (9), (10) with

J(X, U) < +oo,

If Uyg 20 then for everyullU,4 LI U by Theorem 2 there exists a unique solutienx(u) to prob-
lem (9), (10). Hence, the set of admissible elesenthe problem is nonempty. Using the results ob-
tained in the paper [11] we can show that

Theorem 3. [11] LeM be ssmonotone angb-coercive operator. GivexplLIA andTU R, , there ex-

ists a solution to problem (9), (10), (22).

2. A mathematical model of reaction-diffusion in aubular reactor

In this section we construct a mathematical modieeaction-diffusion in a tubular reactor basing
on the initial-boundary value problem for degeneragaction-diffusion equations defined on a
geometric graph and reduce it to the abstract Shew&idorov problem (9), (10), we construct
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functional spaces and establish the main propestieperators. Take on finite connected orientegplr
G the multicomponent system of reaction-diffusioruaipns (1) with flow balance and continuity
conditions (2), (3) and the Showalter—Sidorov atitionditions (4).

Consider the Hilbert space

L(G)={9=(g% %--» G-, &): g0 (O, })}
equipped with the inner product

(9,h = d;

EJDE

gJ(Sh($d»

1

O'—o-—

Construct the Banach space

H={g=(g, ..., (o &) gU V\j(o, i) and conditions (3) holds
with the norm

'
Il = 3 o J(ga(9+ F(9) de
EjDE 0
Put
Lo(G)={9=(g % - Gjoo-ry &)1 g0 L (O, | )}
The set,(G) is a Banach space with the norm

|
J

o) @= 2 di[lg(9F ds

ok, = %] 13

By the Sobolev embedding theorem, the spAlée (0J;) consists of absolutely continuous func-

tions, and sad is well-defined, dense, and compactly embeddemllin(G). Fix a>0 and construct the
operator

g
(Ag,h= > di[(ge(9h(3+ ag( B f()F ¢ g.hOH.
EJ-DE 0
The operatoAUL(H;H") is bijective, its spectrum is real, discrete fiofte multiplicity, and accumu-
lates only at 40, while its eigenfunctions constitute a basis fug spaced [15]. Denote by §;} a se-
quence of eigenfunctions of the homogeneous Detgdoblem for the operatéy on the graplG, and
by {u} the associated sequence of eigenvalues in déngeasier with multiplicities taken into account.
Consider the Hilbert space

H=15(G) ={v= (% V..., ¥n): YO L(G)}
equipped with the inner product

[v.¢] :i”' 2

and identified with its adjoint. By analogy, constr the spacé& = H™ and denote bA" the adjoint toA
with respect to the inner producthh Writing x = (v4, Vo,... Vi), £ = (&1, &, -+, &n), @andu = (Ug, Uy, ... ,Un),
define the operators
[Lx =)+ + (M), %40 A
M), {1= a1(Vs, {19+ TR, T +a A Vag {09 +( TR, 2+
(Vs ¢ g+ F X, 3 xC O A
Lemma 2. (i) The operatarLIL(A; A) is selfadjoint and nonnegative definite.
(i) Suppose thaf; LIC*(R™, R) fori = 1,m andj = 1,K . ThenMLIC*(A; A").
Proof. Claim (i) follows from the construction bf The containmerLIC*(A; A) is a classical re-
sult [16].
'[Fhl]s, problem (1)—(4) reduces to the Showalter—+8idproblem (9), (10).
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3. Optimal control problem for a mathematical modelof neural signal transmission
In the this section we apply the abstract resuitthe second section to study the optimal control
problem for a mathematical model of neural sigmahsmission, which can be obtained from a
multicomponent reaction-diffusion model (1)itake as (6). Proceed to a mathematical modelwfahe
signal transmission based on the FitzHugh—Nagurstesy

Viji —OqVyss + BraVy + BNy Tt B\ T K 1\;1 = Uy

Vojt = QoVojss + BoVaj + BoNg oot B gy Uy + K 2\?3 = Uy,

Vigt = Vigss T B\ j+ BieVa j+ -t BimVmit K k\;ka Uy

—QisVie)jss T BrenVijt Bue V2t -t B e omVin = Uk »

(24)

_amvmjss+:8rmvl j+IBnQV2 j+---+:8 mY mi— U mij
forall sO(0,1),t0R, j=1K,
defined on a finite connected oriented gr&pltand complemented with conditions (2), (3), whére t
matrix B = {$;} im,jzl has the property
[Cg,Cs >0:C[ x <[ Bx k= C[ x k. (25)

By analogy with Section 2, consider the Hilbertape=(L ' (G), [-,-]) and the Banach spase= H™

By the Sobolev embedding theorem, there are deas@naous embeddings (13); furthermore, the
embeddin@A LI His compact. Writex = (v, V,... Vi), £ = (1, &, -+, &m), @ndu = (Ug, Up,..., Uy). Then the
operatoM = M; + M, becomes

[M1(X), (1= a1(Vis, {19 +H{Brvit BaN ot A BVin {1+ @ §Vald 2+
HBovit BoNot...t BV 2+ + 0 1 Ving{ md +
HBuaVi+ BrVat -+ BV md ms XU A
[M5(X, 1= K, {) +KAVRE p + 4 K (.0, XC 0 A
where Vv = (V3 Vig,..., V3.
Lemma 3. (i) Suppose thatOR, fori = 1,m and condition (25) is satisfied. Then the operator
M,LIC”(A; A) is ssmonotone and 2-coercive.

(i) Suppose thatOR, fori = 1,k. Then the operatdv’lzl_lc""(Lﬁ(G), L'fl(G)) is ssmonotone and 4-
3

coercive.
Proof. The Fréchet derivatives i andM, atxLIA are defined as

[M1,&,{1= 01615 {19 +(Brf 1+ B1f 5t Brf md 1+
+05(S25:¢29) T Bk 1t Bof ot * Bafmd 2+ F
+am<§tmsvzm§+<:8 mf1+l[3 m£2+---+,3 mél n( >m X'ZDAv
[Moy&, 1= 3Ky (VEEL ) + 3K AV 2 3+ + 3G (& £\, x{ O A
Then the continuous embeddM@(G) U Lx(G) yields

[ M. JClél el
[ M2, | )\ s
[ Mok (&.62).¢ [ & €| €A I I 1
[ Mo (&.62.63).¢ | £ €| I€ 4 AIEdA1¢0 € =max
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whereM';, andM', stand for the Fréchet derivativeshdf andM, atx. SinceM {2 =0 andM$? =0, the
operatordM; andM, areC*-smooth. Since

[M$, €= 01($16: 19 (L1 1+ B1S o+ B mé 2+

+05($5: 629 T(Bof 1 Lok ot ¥ Bafmé 2+
+am<fms’gm§+<ﬁ frﬁ(l"-:g rﬁ52+'-~+/8 m§1 n{ >m> 01 X’ED A1
[My&, 1= 3Ky (VP& 8 + 30 AVEE 58 3+ + 3G (6 &0 >0, xED A
it follows that the operatotdl; andM, ares -monotone. Since
2 2
Cu {5 <[Mi(%. 4 < G K.
(Mo =}t @)+l (@) +.o kil (@),

it follows thatM, is 2-coercive anill, is 4-coercive.
Remark 4. By the construction bf the sets kelr, coimL, cokerL, and imL are defined as

kerL ={0}x{0} x...{0} xHxHx...xH

Kk m-k

coimL=H xHx...xH x{0} x{0} x...0}

k m—-k
cokerL = {O0}x{0} x...40} xH xH x..xH |
K m-k

imL=H xH x..xH X0} 40} x...%0}
k

m-k
Hence, condition (14) is satisfied.
Construct the set
M= { XU Ay s S () + BrenpVat B Vot +
+:3(k+l)mvm'<(k+1> Tt <0’ n ms{ m>s+ <:3 ht /3 gVot... +

BV € ) = (U ey € ) o+ (U )
Condition (15) becomes
O....,0U4q ».. Uy, ) is independent df_i(0,T) (26)
Then Theorem 1 and Lemmas 2 and 3 imply the foligwheorem.
Theorem 4. Suppose that1R, fori = 1,m, KOR, fori= 1,k and conditions (25) and (26) are
satisfied. Then the sitis a simple BanacB8™-manifold modeled on the subspace chim
Construct the spaces

X ={X=(V% Voot Vs Vs 150 ¥ ) 2 ¥VO L (O, T; H)n L, (O, T; H))
%DLZ(O,T;H)J =1,..kx0OL, OTHNL (OT H))
U={u=(uw, u,...,y,): yO LS(O,T; L(Q), i=1,.. ,k

3

u OL,(0,T;H),i =k+1,...m}.
By analogy with Section 2, construct an orthonorregstem {1, ¢,,..., ¢}, where {p} are
eigenvectors oA, which in view of the embedding (13) constitutebaais for the spadd. Construct
Galerkin approximations to the solution to probl@y (3), (24) as

V(s 9=Yd (0 (3, i=1,...m
=1

where the coefficienta! fori = 1,m andl = 1,n are determined by the system

20 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2020, vol. 12, no. 1, pp. 14-23



Gavrilova O.V. Optimal Control over Solutions ofa Mu  Iticomponent Model
of Reaction-Diffusion in a Tubular Reactor

(M} = aVs + ByVi + Byt .+ Btk (V)P40 =(ugd),
(Vi = Vs + BotVi + B oyt B gVt K AVY ) =(ugp),

Vit = A Visst BaM + B Vo +...4 B Vit K (V.0 ) =( u g ),
<_ak+lv?k+1)ss+ ,5’(|<+1)1V£1 + ,B(k+1)2Vg+ ot B l)nvrr]ni¢ » =(Uge 199

<_amvrr]nss+/8rmvln+:8 rﬁvg+"'+/3 mrynn¢ )i=(u n¢>i’

i=1n,

and the Showalter—Sidorov conditions
MO)=Vor.8) =0,..{\ (O vy ¢) =0j =1n

Then Theorem 2 and Lemmas 2 and 3 imply the foligwtheorem.

Theorem 5. Suppose thatIR, fori= 1m, KOR, fori= 1,k and conditions (25) are satisfied.
Givenxoll4 andullU, there exists a unique solutighiX to problem (2)—(4), (24).

Choose a nonempty closed convexl$gt | U. Consider the optimal control problem

J(x U) - inf (27)
by solutions to problem (2)—(4), (25), where th@otive functional is defined as
4

kT 2 m T
w0085 - ¢l aws B J|v- o
kT ) m T 4
1= B2 [} o 3+ @8 X [l o, 8D 0.1,
i=10 i +1p 3
Then Theorem 3 and Lemmas 2 and 3 imply th_efohgvﬂiheorem.

Theorem 6. Suppose that xR, fori = 1,m and conditions (26) are satisfied. Then for every
XoLIA problem (2)—(4), (24), (27) admits optimal control

The author is grateful to Professors N.A. Manakawmd G.A. Sviridyuk for setting the problem and
productive discussions.
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OMTUMAIIbHOE YNPABJIEHVE PELLEHUAMU MHOIOKOMIMOHEHTHOW
MOZAENN PEAKUUN-ONDPDY3NUUN B TPYBYATOM PEAKTOPE

O.B. raepusnoea
HOxHo-Ypanbckuli eocyGapcmeeHHbIlU yHugepcumem, e. YensbuHck, Poccutickass ®edepayusi
E-mail: gavrilovaov@susu.ru

Craths OCBSIICHA U3YYCHUIO MAaTEMAaTHICCKON MOJICTN peakiuu-Tuddy3un B TpyOIaTOM pPeaKTo-
pe Ha OCHOBE BBIPOXJICHHBIX YpaBHCHHH TUNA peakiuu-mudQy3ud, 3aJaHHBIX HA TEOMETPUYECKOM
rpade. Uccnemyercs UMEHHO BBIPOKICHHBIN CTyYaid, TaK KaK MPHU MOCTPOCHUH MaTeMaTHIECKON MoJIe-
JIM YYUTHIBAETCSI, YTO CKOPOCTh OJTHON MCKOMOW (DYHKIIMH 3HAYUTEIHHO MPEBBIIIACT CKOPOCTh JIPYTOi.
Wzyuaemass Mojenb OTHOCHUTCS K IIUPOKOMY KJacCcy MONYJIMHEHHBIX MoJeield cOOONEBCKOTO THIIA.
[IpuBOATCS TOCTATOYHBIC YCIOBUS MPOCTOTHI (PA30BOr0 MHOT000pa3us aOCTPAKTHOTO YPaBHEHUS CO-
0OJICBCKOTO THTIA B CIy4Yae S-MOHOTOHHOTO U P-KO3PIIUTHBHOTO OIEPATOPa; JOKA3BIBAIOTCS CYIIECTBO-
BaHHWE W CAMHCTBEHHOCTH perneHus 3amadn llloyontepa—CumopoBa B c1aboM 0O00OIIEHHOM CMBICIEC U
CYIIIECTBOBAHME ONTHUMAILHOTO YIPABJICHUS CIA0BIMU OOOOINEHHBIMU PEIICHUSIMHU paCcCMaTpUBAESMON
3amauyn. Ha ocHOBe aOCTpakTHOW TECOPUM HAWCHBI JOCTATOYHBIC YCIOBUS CYIISCTBOBAHUS ONTHMAIIh-
HOT'O YIPaBJICHUS JUIsl MATEMaTHYECKON MOJICIH TIepelavd UMITYJIbCa TI0 HEHPOHaM.

Knioueswvie cnosa: ypasnenus cobonesckoeo muna;, gasosoe mnozoobpasue;, 3aoaya llloyonmepa—
Cudoposa; cucmema ypasuenuil peakyus-oudgysus; 3a0ava onmumMaibHO20 YNPAeIeHUs.
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