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ON BASIS PROPERTY OF ROOT FUNCTIONS FOR A CLASS
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It is well known that the Sturmian theory is an important tool in solving
numerous problems of mathematical physics. Usually, eigenvalue parameter ap-
pears linearly only in the differential equation of the classic Sturm-Liouville
problems. However, in mathematical physics there are also problems, which
contain eigenvalue parameter not only in differential equation, but also in the
boundary conditions.

In this paper, we consider a Sturm-Liouville equation with the
eigenparameter dependent boundary condition and with transmission conditions
at two points of discontinuity. The aim of this paper is to investigate the
completeness, minimality and basis properties of rootfunctions for the considered
boundary value problem.
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Introduction
In this work, we consider

f(u):=—u" +q(x)u = Au, (1)

for xe[-1,4) (&, &)V (&;,1] with the boundary conditions
L (u):= qqu(-1) + U (1) =0, (2)
Lo (u):= (Au(1) - AU (1) + A Au(D) - U (1) =0 3)

and the transmission conditions

Ly(u) = u(& —0) ~Su(& +0) =0, @
Ly (U):=u (& -0)-5u (§+0)=0, 5)
Ls(u) :=u(& —0) —yu(&; +0) =0, (6)
Le(u):=U (& -0)—yu (£ +0) =0, ()

where -1<§<¢&,<1, q(x) is a real-valued function, which is continuous on
[-1.&4)u(&.&)u(&.1] and has finite limits q(& £0):= Iignoq(x) (i=1,2); A is a complex pa-
X—> ii

rameter; & and yare positive coefficients, aj,dj,ﬂj,,éj (j=L2)are real numbers such that
|| + |ao| # 0, B + | Bo| # 0, ‘ﬁl‘+‘,6~’2‘¢0 and p = B, — BB, #0. In [16], the asymptotic formulas

for the eigenvalues and eigenfunctions of problem (1)—(7) are obtained.

Spectral problems for Sturm—Liouville equations with the eigenparameter dependent boundary con-
ditions are of particular interest due to physical applications and are examined in [2, 6, 9, 10, 17]. To this
end, the method of separation of variables is applied to solve the corresponding partial differential equa-
tion when the boundary conditions contain a directional derivative. Problems on eigenvalue for the se-
cond order equation with spectral parameter in the boundary conditions are considered in [5, 7, 8, 11-15,
18]. The corresponding problems led to the eigenvalue problem for a linear operator acting on the space

L, @CN, where CN is N — dimensional Euclidean space of complex numbers. In [9], for distinct cas-
es, it is shown that the eigenfunctions of the spectral problem formed a defect basis in L, (0,1). In [4],

Rayleigh—Ritz formula is developed for eigenvalues.
The goal of this work is to investigate the problem of completeness, minimality and basis property
of the eigenfunctions of boundary value problem (1)—(7). In this study, we introduce a special inner
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product in a special Hilbert space and construct a linear operator A in the space such that problem
(1)—(7) can be interpreted as the eigenvalue problem for A.

1. Operator Theoretic Formulation of the Problem

In this section, we introduce a special inner product in the Hilbert Space H = L,[-1,1]© C and de-
fine a linear operator A in the space such that problem (1)—(7) can be interpreted as the eigenvalue
problem for A.

For p >0, let us define the inner product in H by

a 2 Lo 522
(0,v)= J'u(x)v(x)dx +6° Iu(x)v(x)dx +6%y° Iu(x)v(x)dx + 27wy (8)
-1 a &

for
i= [“mj,v _ (V“’j cH.
U Vi
For convenience, we use the notations
Ri(U) = Au(1) - Bou (1),
Ri(U) = Au(1) - Ao (2).
In this Hilbert space, we construct the operator A:H —H as
Al = [—u + q(x)uJ
—Ry(u)
on the domain

aja= (UL(JX)j eH,u(),u'(x) e AC([-L,&) (&, &) (&),

1
DW={ V(E0= lim uU (0= lim v (9.(=12). ©)

{(u)el,[-1,1], Lu=Lu=Lu=Lsu=Lgu=0,
Uy = Ry (u),

where AC ([a, b]) is the space of all absolutely continuous functions on the interval [a,b]. Hence we

can interprete boundary value transmission problem (1)—(7) in H as

AU = A0, (10)
u(x
where U=[~( )Je H.
Ry (u)
It is clearly verified that the eigenvalues of A coincide with the eigenvalues of problem (1)—(7) (see
Lemma 1.4 in [15]). Also, there exists a correspondence between the eigenfunctions:

- Uy (X) ]
U, (X) & ~ :
“ (Rl(uk)
The operator A is symmetric for p >0 (see Theorem 1 in [16]).

2. Main Results
Lemma 1. The domain D(A) of the operator A is dense in the space H.

Proof. Let us use the same method as in [1]. Suppose that f e H is orthogonal to all §e D(A)

-~ (f(x X -
with respect to the inner product (8), where f =( ]E )], g :(gé )]. Denote by C; the set of func-
1 1
tions
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¢_|_(X),XE[—1,(§1),
D(x) = ¢2(X)1X€(§1’§2)1
%(X)axe(fz,l]:
where ¢(x) eCq’[-1,4), 4(X)eCq (&.£).85(x) €Cqy (&.1]. Since Cy ®0cD(A) (0€C), any

ux)) < _ .
a :[ E) )] eCy @0 is orthogonal to f, namely,

& 2 i 2.2
(4,9) = ju(x)v(x)dx+52 fu(x)v(x)dx+52;/2 _[u(x)v(x)dx 27 u vy = (f,u)y,
-1 a &
where (,); denotes the inner product in L,[-1,1]. This implies that f(x) is orthogonal to (53‘” and

(f,u); =0. Hence,

~ - (0
Therefore, f, =0 since g; = R;(g) can be chosen arbitrary. So f = [O] Therefore, D(A) is dense

in H. This completes the proof of Lemma 1.

Lemma 2. The operator A is selfadjoint.
Proof. We know from Lemma 1 that the operator A is dense in the space H. Further, since A is
the symmetric operator then, it is sufficient to show that the deficiency spaces are the null spaces and

hence A= A" (where A" is the adjoint space of A). Now we prove that the inverse of (A—Al) exists.
If Au(x) = Au(x),
(2—2)(u,u),, =(u,Au), —(u,u), =(u,Au), —(Auu), =0.
Since AR, we have 1—1=0. Therefore, (u,u), =0, thatis u=0.
Then R(4;A) :=(A—/1I)_1, the resolvent operator of A exists.

Take A =+i. The domains of (A—il )71 and (A+il )71 are exactly H. Consequently, the ranges of
(A—il) and (A+il) are also H. Hence the deficiency spaces of A are
N_j:= N(A"+il)=R(A-il)" =H"' ={0},
N; == N(A" —il) =R(A+il)" =H* = {0},
therefore A is self-adjoint. This completes the proof of Lemma 2.

Theorem 3. The eigenfunctions of the operator A form an orthonormal basis in the space
H=L[-11]®C.

Proof. The operator A has countably many eigenvalues {4,}._,, which have the asymptotic form
[16]:
_z(n-1)

n

Then, for any number A, which is not an eigenvalue, and for an arbitary f € H , we can find an el-

o) oo,
n

ement 0 e D(A) satisfying the condition (A-A1)d = f. Therefore, the operator (A—Al) is invertible
except for the isolated eigenvalues. Without loss of generality we assume that the point A =0 is not an
eigenvalue. Then we obtain that the bounded inverse operator A is defined in H. Therefore, the
selfadjoint operator A~ has at most countably many eigenvalues, each of which converges to zero at
the infinity. Hence, the selfadjoint operator A is compact. Applying the Hilbert-Schmidt theorem to
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this operator we obtain that the eigenfunctions of the operator A form an orthonormal basis in H. This
completes the proof of Theorem 1.
Now we consider the case p <0. We assume that the operator A is defined by formula (9) on the

domain D(A). Inthe space H =L, ©C, for G,V eH, the scalar product is defined by the formula
a 2 i 52,2
(4,9)= J.u(x)v(x)dx +5° Ju(x)v(x)dx +8%y° _[u(x)v(x)dx 4
-1 a &
In this case, the operator A is not selfadjoint in the space H . Therefore, we introduce the operator

J as
o 3)
J= ,
0 -l

where | is the identity operator in H. The operator J is selfadjoint and invertible.
In this case, boundary value problem (1)—(7) is equivalent to the eigenvalue problem for the opera-
tor pencil

UpVsy. (11)

(B=4J)a=0 (12)
in the space H such that B = JA. We obtain that (10) is equivalent to (12).
Lemma 4. The operator A is J — selfadjoint in the Hilbert space H.
Proof. Similarly to Lemma 1, we can show that the domain D(A) is dense in the space H. From

(11) and (12) applying two times integration by parts, we obtain that (B0, ) is real. Hence, the operator

B is symmetric. Therefore, the operator A is J — symmetric in the space H. Since A is J — symmet-
ric densely operator, then, similarly to the proof of Lemma 2, it can be shown that the operator JA is
selfadjoint. This completes the proof of Lemma 4.

Corollary 5. One element of the system {u,}, can be eliminated such that the remaining elements
form a complete and minimal system in the space L,[-1,1].
Proof. By Theorem 1, the system of eigenfunctions

0, (x) = {U"U(X)},
1

(u, € C) of the operator A forms an orthonormal basis in H. Hence, the system of the eigenfunctions
{Un (x)}iO is complete and minimal in the space H. Therefore, of course, codimP =1, then by Lemma

2.1 in [15], the system {P0, (x)} = {u,(x)} whose one element is omitted forms a complete and minimal

system in P(H) = L,[-1,1]. Hence, the eigenfunctions {un(x)}:’)o (n=ny, ny is an arbitrary nonnega-

tive integer) of boundary value problem (1)—(7) form complete and minimal system in L,[-1,1]. This
completes the proof of Corollary 1.
Theorem 6. The eigenfunctions of the operator A form a Riesz basis in the Hilbert space H .
Proof. Since the operator J is a bounded operator, then using Theorem 1, it can be shown that the

operator B =JA is invertible because of the fact that the selfadjoint operator B~ is compact. The
selfadjoint operator B~ has at most countably many eigenvalues which converge to zero at infinity.
Hence the operator B™* is compact. Then applying Theorem 2.12 in Section IV of [3] to the operator B,
we obtain that the eigenfunctions of the J — selfadjoint operator A form a Riesz basis in the space
H =L, ®C. This completes the proof of Theorem 2.

3. Results and Discussion

The paper is devoted to one class of the Sturm-Liouville operators with the eigenparameter-
dependent boundary conditions and the transmission conditions. A new operator A associated with the
problem is established, some spectral properties of this operator is examined in an appropriate space H
and basisness of its eigenfunctions is discussed.
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The Sturmian theory is an important tool in solving many problems of mathematical physics. Usual-
ly, the eigenvalue parameter appears only linearly in the differential equation of the classic Sturm-—
Liouville problems. However, in this study the eigenvalue parameter appears both in the differential
equation and boundary condition. Moreover, two transmission conditions at two points are added.
Therefore, the problem is different from the classic Sturm-Liouville problems and it has novelity.
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O BA3SUCHOM CBOUCTBE KOPHEBbIX ®YHKLUNA
OAHOrIO KINACCA ANPPEPEHLUUAIIbHBIX ONMEPATOPOB
BTOPOI'O NOPAOKA

B. Ana, X.P. Mamedoe

MepcuHckuti yHusepcumem, MepcuH, Typuus
E-mail: volkanala@mersin.edu.tr, hanlar@mersin.edu.tr

Xopomo u3BecTHO, 4Tto Teopus LlITypma sBisseTcss BaXKHBIM HHCTPYMEHTOM PEIICHHS IMUPOKOTO
KJacca 3agad Matematuueckod ¢usuku. Kak mpaBuio, B kimaccuueckux 3agadax lIrypma—JlnyBusis
COOCTBEHHBIE 3HAYCHUSI JITHEWHO BXOJST TOJNBKO B MU depeHnnansHoe ypaBHenne. OHaKo B MareMa-
TUYECKOM (hU3MKE BCTpEeyaroTcs 3afayd, B KOTOPHIX COOCTBCHHBIE YMCIA MOSABISIOTCS HE TOJIBKO B
IuQQepeHInanbHOM YPaBHEHHH, HO U B TPAHUYHBIX YCJIOBHSX.

B at0ii cratee MBI paccMaTpuBaeM 3afgauy LTypma—JInyBus, coOCTBEeHHBIE 3HAYEHUS] KOTOPOH
BXOZST B ypaBHEHHUE, IPUCYTCTBYIOT B IPAaHMUYHBIX YCIOBHUSX U AOTIOIHUTEIBHO HOJIKHBI OBITH COTIaco-
BaHBI C YCJIOBUSMH IIPOXOXKICHUS PEIICHHS Yepe3 1Be (PUKCUPOBAaHHbIC TOUKH Pa3phIBa.

Lenpro maHHOM pabOTHI ABISIETCS MCCIICOBAHUE TOJHOTHI, MUHUMAJILHOCTH U 0a3UCHBIX CBOMCTB
KOpHEBBIX (DYHKIMH paccMaTpUBaeMOM KpaeBoH 3aqau.

Knroueswie cnosa: cobcmeennvie ghynkyuu; opmonopmuposantulii oasuc; bazuc Pucca; noanoma.
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