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ITocnennne roasl Bee 0oJibIle BHHMAaHHE CHEHUATUCTOB NPHBJIECKAIOT He-
KJIACCHYeCKHe YPABHEHUSI MaTeMaTH4ecKoil (PU3NKH, 3TO CBA3AHO KAK ¢ Teope-
THYECKHM HHTEpecoM, TAK M NPAKTHYECKUM. YPaBHEHHMS TPeTbero MopsiaKa
BCTPEYAIOTCH B Pa3jJMYHBbIX 3agavax (U3NKH, MeXaHUKU U OmoJornu. Hampu-
Mep, B TEOPUM TPAHC3BYKOBBIX Te€YeHMH, PacIpOCTPAHEHHUHM IJIOCKOH BOJIHBI B
BSI3KOYIIPYTOM TBEpPAOM TeJle, POrHO3MPOBAHUS M PeryJIUPOBAHUA I'PYHTOBBIX
BO/.

Hccnenyercs kpaeBasi 3a1aya AJisi YpaBHEHHMs TPeThero MOPSAKA € IJIJIMII-
THKO-THNEePOOJINYeCKUM ONepaTopoM B TIaaBHOil 4YacTtu. PaccmarpuBaemoe
YPABHEHHE COCTABJISACTCS U3 IPOU3BEICHUS HelepecTaHOBOYHBIX Nuddepenun-
AJBHBIX ONEPaTOPOB, MO3TOMY H3BeCTHbIe IpeACTABJICHUS 00IIero peleHus
BBe/leHHbIe A.B. Bunanze u M.C. CanaxurAnHOBbIM He NpuMeHsioTcs. s usy-
YeHHUs YPABHEHHUs] CMEIIAHHOI0 THUIIA TPeThero NopsAAKa HAMH IPUMeHeH MeTo/,
He TpeOdYIOUIMH CHEeNHAJIbHOIO NpeICTABJIEHUS 00LIero pelieHUsl paccMaTpH-
BAeMOI0 ypaBHeHHUsl. JTOT MeToJ 00YC/J0BJIUBACT U3yUYeHHe YPABHEHHMS JJIIUII-
THUKO-TUIIEPOOJIMYECKOr0 THUIIA BTOPOro MOPSAKA C¢ HEU3BECTHBIMU IPABbIMH
YacTAMHU, YTO NPeACTABJsSET MHTepec AJsl pellieHUus Ba)KHbIX OOpaTHBIX 3aJa4
MeXaHUKHU U puznku.

JokazaHbl TeopeMbl CYLIECTBOBAHUSI M €JIMHCTBEHHOCTH KJIACCHYECKOI0
pelleHus] MOCTaBJACHHOH 3a1a4l. Jloka3aTe/IbCTBO OCHOBAHO HA IPHMHLMIIE JKC-
TpeMyMa /Ul YPAaBHEHHsI TPeThero IMopsjaKka U HA TeOPUH CHHIYJISAPHBIX, dpea-
roJIbMCKHX HHTErpaJbHbIX YPaBHEHHUIA.

Kniouesvie cnosa: noxanvnas sadaua; ypagHeHus mpemvbe2o nopaoka, oopamuas
3a0aua; ypagHeHus: ¢ Heu38eCMHbIMU NPABLIMU YACMAMU, NPUHYUNL IKCMPEMYMA, Me-
moo pezyasapusayuu; ypasuenus @pedzonvma.

BBenenue. B nmocnennue roapl Bce 60JbIille BHUMaHKUE CIEIMATUCTOB IPUBJIEKAIOT HEKIIACCUYECKHE
YpaBHEHUSI MaTEMaTHUECKOW (U3UKH, 3TO CBA3AaHO KaK C TEOPETHUECKHMM HMHTEPECOM, TaK M IMpaKTHue-
CKHM.

OnHUM 13 BOXHBIX KJIACCOB HEKJIACCHUYECKUX YPABHEHHH MaTeMaTHUECKON (DU3UKH SBIISETCS YpaB-
HEHHE COCTABHOIO M CMEUIAHHO-COCTABHOI'O THIIA, IVIABHBIE YACTH COAEPIKAT ONEPATOPBI AILIUITHYE-
CKOT'0, JJUIMIITHKO-TUIEPOOINUECKOro U napadosio-runepOonnyeckoro Tunos. KoppekTHeie KpaeBble
3a7auyl JJ1sl ypaBHEHHN SIUTHIITHKO-TUIIEPOOINYECKOTO B NMapado10-rTUIepOoTMIecKOro TUIIOB TPETHETO
MOpsAKa, KOT/a IJ1aBHAsl 9acTh ONEPATOpa COACP>KHUT MPOU3BOJHYIO IO X WM Y, BIEPBHIC H3YYEHBI B

paborax A.B. bumamse u M.C. Canaxuraunosa [1], M.C. Canaxutmunosa [2], T.I. xypaesa [3],
KpOME TOT'O 3TH YPaBHEHHUsS BCTPEUAIOTCS B pa3jIMuHBIX 33Jlayax MexaHuku. Hampumep, pacnpocrpaHe-
HHUE TUTOCKOH BOJIHBI B BSI3KOYIPYroM TBepaoMm Teie [3]. B aTux paboTtax mpu UcCleTOBaHWU KPACBBIX
3a]1a4 MCIOJBb30BaHO MPECTABICHUE OOIIEro PElIeHUs] YPaBHEHHUS CMEIIIAHHO-COCTABHOTO THIIA B BHJIC
cyMMbl QyHKIMA. Takoe mpeacTaBIeHHEe UMEET BaXKHOE MECTO JUIS YPaBHEHHUH, COCTABIISIEMbIX U3 TIPO-
W3BEJICHUS TIEPECTAaHOBOYHBIX AU(QepeHIaIbHBIX OepaTopoB. Jlajgee 3To HampaBieHUE IS Pa3iny-
HBIX YPAaBHEHUH ¢ YaCTHBIMH MIPOU3BOAHBIMU TPETHETO MOPS/IKA pa3BUBaAoCh B padborax [4—10].

Hacrosmas pabora TOCBAIIEHA HW3YYEHHIO YypPaBHEHHUS TPETHEro TMOPSAKa C  3JUIMIITHKO-
TUIEPOOIMUECKUM OMepaToOpoOM B IUIaBHOHM yacTH. [IpuMeHEH MeToj, He TPEeOYIOIMHA CIEIHalbHOIO
MIPEJICTABJICHUS O0IIEro PElIeHUs paccCMaTPUBAEMOr0 ypaBHEHH. DTOT METOJ OOYCIIOBIMBAECT H3y4Ye-
HUE ypaBHEHUS JILTUITHKO-TUNIEPOOIIMYECKOTO THIIA BTOPOTO MOPSIKA C HEM3BECTHBIMH MTPABBIMU Yac-
TSMH, YTO MPEJCTABIISICT HHTEPEC IS PEIICHHUS BAXKHBIX O0OPATHBIX 3a/1a4 MEXaHUKH U (DU3HUKH.
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Jloka3aHbl TeOpeMbl CyLIECTBOBAHUSA U €IUHCTBEHHOCTU KJIACCHMYECKOI'O PELICHUS [10CTaBJIECHHON
3agaun. Jloka3aTeabCTBO OCHOBAHO HA NPHHLMIE SKCTPEMyMa AJIsl ypaBHEHUs! TPETHETO HOPSAKa M Ha
TEOPHH CUHTYJISIPHBIX, PPEATOIBMCKHX HHTETPANbHBIX YpaBHEHUH.

1. ITocTanoBKa 3axauu. PaccMoTpuM ypaBHEHHE
0 Uyxy +Uyyy s mpu y >0,
a(Uyy —Uyy ) +b(u, —uy),  mpu y<O,

)

rae a u b — neficTBuTenbHbIe ynca, npudem a” +b? = 0.
[Tycte D; — koHe4Has oHO3HAYHAsl 00JIACTh B IUIOCKOCTH (X,Y), orpanuueHHas npu Yy >0 kpu-

Boit o X%+ Y% =1 ¢ konnamu B Toukax A(—1,0), B(1,0) u orpeskom AB = {(x,y): -1<x<1, y=0}.
KpuBas o yuupopma otHocutenbHo ocu Y, Touka N(0,h) aToii kpuBOW sBIsCTCS €IUHCTBEHHOM
MaKCUMaJbHO yAalleHHOU oT ocu X Toukoit. Yactu AN u BN nyru o yHudopmsl orpeska ON ocu
Yy, 3necb O — Hauano koopauHaT. D, — oGmacTh, orpannueHHas npu Yy <0 orpeskom AB u aByms
xapakrtepuctukaMmu  AC: X+y=-1, BC: X—y=1 ypaBHenus (1), BBIXOASIIIUMH W3 TOUYKH
A(-1,0), B(1,0) u nepecekaromumucs B touke C(0,-1), D=D, UD, U AB.

3anauva. Haiitu pyrkimo U(X,Y) €O CIEAYIOMIUMHU CBONCTBAMH:

1) u(x,y)eC(D;)nC'(D; UABUADUBC)(j=12); 2) u(x,y)eC3(D;), U,, €C(D;) u

ona B obnactu D; ynoenetsopsier ypasuenuio (1); 3) Ha IMHUM M3MEHEHHS THIIA BBITIOJHSIOTCS yCIIO-

BUs CKIICMBAaHUA

Iimou(x, y) = a(Xx) Iimou(x, y)+ B(x), (x,0)eAB, 2
y—>— y—>+
lim u, (x,y)=y(x) lim u (x,y) +5(x), (x,0)€AB; 3
y—-0 y—+0
4) pyukims U(X,Y) yIOBIETBOPSIET TPAHUYHBIM YCIOBHUIM
ux.y)l,=p(xy), (xy)eo, (4)
u(% Y| o =y, (x), —~1<x<0, (5)
WM, ), —1<x<0, ()
on e
MUY _ (), 0<x<1 )
on  ge
rae ¢(X,Y), w;(X)(]j=13) —u3BecTHbIE QYHKIMH, IPAIEM
a(x), B(x)eCl(aB) NC3(AB), ¥(x), 5(x) eC(aB) NC?(AB), (8)
P(xy) = yp(x.y), ¢(xy) €C(o), 9)
Yy (D =y31) =0, y;(0)=-w;(0), v (0) +w2(0) = %Pl//é (0), (10)

v, (X) eC*[-1,0]NC?*(-1,0), w,(X)eC[-L0]NC?*(-10), w,(x)eC[0,1]nC?*(0,1). (11)

2. UccienoBanue 3agauu. [Ipennonoxum:

Ul(X, y)v (Xv y) € D ’
Hexy) :{ u,(%y), (xy)eD,. (12)

Torna ypaBaenue (1) MOKHO TIEpenHcaTh B BUJIE IBYX CUCTEM

U (X, Y) = vy (X, y) + @1 (X), 13)
U Ty =0, (X,y) €Dy,
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{UZXX —Uyyy =0, (x,y), (14)

rae v,(X,Y) —pousBoIbHAsA J0CTATOYHO riaakas QyHKUuMs, a @ (X) — MPOM3BONbHAS JABAXK/bI HENpe-

priBHO nuddepernupyemast GyHKIHS

®,(X), —1<x<0,
@1(X) = (15y)

0,(X), 0<x<1

puyeM
@, (1) = w,(1) =0. (15,)
Herpyano 3ameTnTh, 4TO 001IIeE pelIeHne YpaBHEHHS auzy +Cv, = 0, wnMmeer BULI
b

0, (X,Y) = @, (X) exp[—g y] , (16)

rae @,(Y)=a,,(y)+ @, (y) — npousBoibHas HeNpepbIBHAS QYHKINS.

Teopema. Ecmu 3amannbie GyHKIIHH yIOBICTBOPIOT yeiaoBusam (8)—(11), To perymspHoe peireHue
MIOCTaBJIEHHOM 3a/1a4u B o6actu D cymiecTByeT U ¢TUHCTBEHHO.
Jokaszamenscmeo meopemot. B cuny (16) pemenue 3amnaun Ko ¢ HaqaabHBIME JTaHHBIMA

U, (x,—0)=7,(X), (x,0)eAB, Uy, (x,-0)=v,(x), (x,0)cAB, (17)

mutst ypaBHeHus (14) B oomactu D, mpepcraBum B BUzIE

X+y Ry 3
u, (%, y _—[Tz X+Y)+7,(X-Y) ]+% _[ 2(8) dr§+— _[ dé I coz[ jexp[—¥}dn. (18)
X=-y x y
[oxacrasmnss (18) B (6) u (7), momyuaem
au,(x,y)| 2| eau, Lo, ~
oy 2l ],

-1

2x+1
:%{Ta (D] oo "jexp[—b“zla"ﬂdn}:wxx),

au, (X, y) :ﬁ{auz 6u2}
on |gc 2| 0x oy -~
1, 1 ¢ 2x-1 b(£+1-2
=${r2 v+ [ o (&ijexp[—%}dé}wg(x),
WM W3 IMMOCIICAHUX ABYX PABCHCTB IOJYYUM

120 (14p b(-1-7) :
> I Wy > exp T oa dn:\/Z//z(x)—Tz(—l)—Vz(—l), (19)
- I (‘5”) p[ b(é;:)}dn=—\/§W3(X)—7§(1)+Vz(1)- (20)

2x 1
Huddepenuupys (19) u (20) o X, HaxoxUM

03(9) =2 wz(x)exp[ b(xa”)} _1<x<0, (21)
@,y (X) = —2y} (x)exp[@}, 0<x<1. (22)

Taxum 00paszom, HensectHble Qynkuun @;(X) (j=12) c yuerom (151), (16), (21) u (22) monuo-

CTBIO OIPENETISIOTCS ¢ IIOMOIIEI0 yenoBwid (6) u (7).
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Teneps neobxoxumo Haiitu U;(X,Y) (j=12) B obnactn Dj, nonesysce ocrapumamucs ycnopusmu

(4), (5) u ycnoBusimu ckienBanus (2) u (3). Jlyist atoro Haiinem GYHKIIMOHAIBHBIC COOTHOIICHHS MEXKTY
i (x) uv;(x).

Honcrapnss (18) B (5), a 3atem, auddepeHEpys o X , IMeeM

75 (X) =y ( ):%%(lej H (%), (23)

H(x)== fwz[ ZXjeXp[ b(i;X)}dg.

Pemenue ypaBaenus (13) yIOBISTBOPSIONICE TPAHUYHBIM YCIOBUSIM
LI (XN e=0(X V) —@1(y), vy (%+0)=1(x), xe(-11), ye[01] (24)
B obmactu D; maercs dopmynoii:

rae

0G(&£(s),m(s); %, Y)
on

u(xy) = j G(L,0;x Y (Bt + |

90

¢ (8)— @1 (&(s)) |, (25)

e @ (s)=(E(s),n7(s)) — msBectnas Qpynkuus, a G(E,7;X,y) = 2t 5 1
2| rnp ol Py &

I'puna st ypasHenust Jlaruiaca, yI0BIeTBOPSIOLIAs OAHOPOAHOMY YCIOBHIO (4) U Uy, (x, +O) =0:

} — (pynkuuun

ot X4y?=l, rP=(x=8P+(y-n)? K== +(y+m?: pP=x"+y?

==&+ (-0, B=X-+F+n), f=p—xz, v=p—y2.
[Monoxwus B (25) y =0, muddepeHunpys mo X, MOIydIuM
Tl(X)———I|: 1 ! }vl(t)dtJrgl’(x), -l<x<1, (26)
rae
00=] e T RACONE
7, (X)=0,(%,+0). (27)
B cuny (17), (24) u (27) u3 (2), (3) Haxomum o
() =a()n(x)+ A(X), (x.0)eAB, (28)
Vo(X) =y(X)v(X) +0(x), (x,0)AB. (29)
[Moxacramsist (28) u (29) B (23), monyunm
a’(x)j 71 (1) dt + ()7 (X) + B'(X) — 7 (X)1y (x) - 5(x) = %‘/’1’ (XT_lJ —H(x). (30)
-1

Uckmouns 71(X) u3 (26) u (30), moayunM CHHTYJISIPHOE HHTETPAIbHOE YPaBHEHHE OTHOCHTEIBHO
bysxun v, (X) :

P(x) t T
v1(X) j T vl(t)dtz j M (X, ), (t)dt + H,(x), (31)
-1
rac
a(X) a'(x) z
PO9= 0 M= ] [t— 1- tz}dz’
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Hl(x>=—7(1x) {;wl'(xz‘ 1)—H(x)—ﬂ'<x)+5(x)}

CuHryssipHoe uHTerpaibHoe ypaBHenue (31) meromom perymspusanuu Kapiaemana—Bekya [2] k-
BHBAJICHTHBIM 00pa30M CBEJEM K HHTETPAbHOMY ypaBHEHHIO DpearosbmMa BTOPOro pojia OTHOCUTEIb-
HO V;(X), 6e3yciioBHas pa3pelInMoCTh KOTOPOTO CIIEMyeT U3 JIEMMBI:

Jlemma. Ecnu BBIIOIHEHO yCIIOBUE
a(X)y(x)>0, vxe[-11], (32)
TO B 00acTu D perieHue mocTaBIeHHON 3aJa4l € IMHCTBEHHO.
Hokazamenscmeo nemmet. Ilycts y,(X) =y, (X) =y,3(X) =@(X,y) =0, S(X)=5(x)=0, Torna u3
(151, 21) u (22) maxomum ,(x)=0, xe[-11]. Orciona B cuny (12)—(14) mnocrapnenHas 3agada

pexynupyercs B obnactu D x 3amaue: u,(X,Y)|,=0, 0<y<]

ou, (X,
=0, —1<x<0, M =0, O<x<1.

AC on

AU, (x,Y)

u, (X, y)|AC =0, —1<x<0, o

BC
13 mpunnmna skcrpemyma[ll] ciemyer, 9To penreHHe NOCTaBIEHHOHM 3amaun npu y;(X) =0,
P(X)=8(x)=0 cBoero nonoxutensHoro Mmakcumyma (IIM) u orpunarensHoro munuMyma (OM) B
3aMKHyTO# o6mactu D; jgocthraer nuuib Ha o . JIeHCTBUTENBHO, B CHTy MPMHIMIA SKCTpEMyMa Jis
SIUTMNTUYECKHUX ypaBHeHHH [11, ctp. 25] pemenne u(X,y) ypaBaenus (13) BHyTpu obmactu D, =He
MoxeT pocturath cBoero IIM u OM. Tlokaxkewm, uto pemienne U(X,Y) ypasuenus (13) He mocTuraer
csoero [IM (OM) Ha unrepBanax AB. IIpeanonoxkum obpathoe. Ilycth U(X,Y) B HEKOTOPOil TOUKe
E(XO,O) unrepBaia AB nmocrturaer ceoero [IM (OM). Tornaa B cuny npunnuna 3apemba—Xupo [11] B

TOYKE E(XO,O) AMEEM

Vv, (X9) <0(v; (%) <0). (33)
Hanee B cuty y;(X) =y, (X) =w5(X)=0, S(X)=0(X)=0 c yuerom (12), (21), (22), (28), (29) u
(32) u3 (23) B Touke E(Xy,0) € AB TIM (OM) umeem y(Xy)v;(%,) > 0 (y(xo)vl(xo) < O). 3T0 MPOTH-

BOpEYHT HepaBeHCTBY (33).
Takum obpa3om, B cuiy (12) pemerne U(X,Y) MOCTaBICHHOM 3amauu  He qocTuraet ceoero [IM

(OM) B TouKe (X,,0) € AB.

CnenosarenpHo, uckomoe pemenue csoero IIM (OM) B obmactu D, nocTuraer B TOYKax KpHBOH

Q|

Otcrona ¢ yuetom U, (X,Y)|,=0 umeem u; (X, y)=0 B obmactn D, . B cuily eMHCTBEHHOCTH periie-

nus 3ana4u Komw B o6mactu D, s ypasrenus (14) momyuanm Uy(X,y¥) =0, (X,y) € D,. Crnenosa-
tenso, u3 (12) cremyer u(X,y)=0, (x,y)eD. TeM caMbIM pellieHHe IOCTABICHHOH 3agaun
€IUHCTBEHHO. J/lemMma 0okazana.

Ha ocnoanun Haiimennbix dynxmmii  @; (X) e C(AB)C?(AB), ;(x) eC(aB)N C?(AB) u

vi(x) e C?(AB), (j=1,2) peuieHue MOCTABIEHHOI 3a1a4n CTPOMTCS B 061acTH D, Kak peureHue 3aja-

g N 1us ypasHenus (13) (cm. (25)), a B obnactu D, HaxoauTes ¢ moMolbo penreHus 3anaun Komm

quist ypaBaenus (14) (em.(18)). U3 mocieanero cieayer, 4To mocTaBieHHas 3ajada B oomactu D on-
HO3Ha4HO paspemnma. Teopema Ooxazana.
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In recent years, non-classical equations of mathematical physics have been attracting more and
more attention of specialists; this is due to both theoretical and practical interest. Third-order equations
are found in various problems of physics, mechanics, and biology. For example, in the theory of transon-
ic flows, the propagation of plane waves in a viscoelastic solid, and the prediction and regulation of
groundwater.

One of the important classes of non-classical equations of mathematical physics is the equations of
composite and mixed-composite type, which the main parts contain operators of elliptic, elliptic-
hyperbolic and parabolic-hyperbolic types. Correct boundary value problems for equations of elliptic-
hyperbolic and parabolic-hyperbolic types of the third order, in case that the main part of the operator
contains the derivative with respect to x or vy, is first studied by A.B. Bitsadze, M.S. Salakhitdinova and
T.D. Djuraev, in addition to the fact that these equations are found in various problems of mechanics.
For example, the propagation of a plane wave in a viscoelastic solid. In these works on the investigation
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of boundary value problems, a representation of general solution of a mixed-composite type equation
in the form of a sum of functions was used. Such representation takes place only for equations, which
are composed of the product of permutable differential operators.

In this paper, we study boundary value problem for a third-order equation with an elliptic-
hyperbolic operator in the main part. The equation under consideration is composed of the product of
non-permutable differential operators, therefore the well-known representations of the general solution
introduced by A.V. Bitsadze and M.S. Salakhitdinova are not applied. To study the considered third-
order equation of the mixed type, we applied a method, which does not require a special representation
of the general solution of the equation. This method determines the study of an equation of elliptic-
hyperbolic type of the second order with unknown right-hand sides, which is of interest for solving im-
portant inverse problems of mechanics and physics.

The existence and uniqueness theorems of the classical solution of the problem are proved. The
proof is based on the extremum principle for a third-order equation and on the theory of singular and
Fredholm integral equations.

Keywords: local problem; third-order equations; inverse problem; extremum principle; regulariza-
tion method; Fredholm equations.
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