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ASYMPTOTIC SOLUTION OF THE PERTURBED FIRST BOUNDARY
VALUE PROBLEM WITH A NON-SMOOTH COEFFICIENT
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Osh State University, Osh, Kyrgyz Republic
E-mail: d osh@rambler.ru

In this paper, we consider the first boundary value problem, that is the
Dirichlet problem in a ring for a linear inhomogeneous second-order elliptic
equation with two independent variables containing a small parameter in front of
the Laplacian. The equation potential is not a smooth function in the field under
study. There exists a unique solution of the first boundary value problem under
consideration. It is impossible to construct an obvious solution of the first bound-
ary value problem. We are interested in the influence of the small parameter on
the solution of the Dirichlet problem in the field under study when the small pa-
rameter tends to zero. That is why we need to construct an asymptotic solution of
the first boundary value problem in a ring. The problem under consideration has
two singularities (a bisingular problem): presence of a small parameter in front
of the Laplacian, and solution of a relevant unperturbed equation is not a smooth
function in the field under study. To construct an asymptotic solution, we use a
modified method of boundary functions since it is impossible to use a classical
method of boundary functions. To begin with, we construct a formal asymptotic
solution as per the small parameter, and then we evaluate the remainder term of
the asymptotic expansion. As a result, we have constructed complete uniform as-
ymptotic expansion of the first boundary value problem in a ring as per the small
parameter. The constructed series of the solution of the first boundary value
problem is asymptotic in the sense of Erdey.

Keywords: Dirichlet problem for a ring; bisingular problem; asymptotics; La-
place operator; small parameter.

Consider the partial differential equation of elliptic type

aAu(p,¢,8)—\[p—1(p,p,2)=f(p.0), (p.9)eD, €
with the inhomogeneous boundary conditions of the first kind
ud e, &)=yi(e), u@e.e)=w,(p), 9[0,2r], )
. ® 10 1 ¢° I .
where 0 < ¢is a small parameter, A=—+——+——,feC’(D), D={(p¢)| L < p<aisacon-

op° PO p°op
stant, 0 < o< 27}, yeC[0, 27, k=1, 2.

Mathematical models of many natural phenomena are described using boundary value problems for
partial differential equations [1-2].

According to the theory of partial differential equations, the solution to considered first boundary
value problem (2) for differential equation of elliptic type (1) exists and is unique [3]. We are interested
in the behavior of the solution, i. e. dependence of this solution on the small parameter g, where ¢ — 0.
We consider the question about the part of the domain D in which passage to the limit is performed.

The considered first boundary value problem has two features (bisingularity) [2]. The first singulari-
ty is the fact that the solution to the limit equation (&= 0) cannot satisfy the boundary conditions, since
the limit equation is not a differential equation. The second feature states that the solution to the limit

equation is not a smooth function in the domain D :

u(p,0,0)=~fo(0,0)/\p -1
In order to show how this nonsmooth solution affects the asymptotic behavior of the solution to the
Dirichlet problem, we consider the classical outer asymptotic expansion of the solution to the first
boundary value problem:
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U(p.¢.8)=> e U (p.p), 0. 3)
k=0
Substitute series (3) into differential equation of elliptic type (1) and equate the coefficients at the
same powers of &, then we obtain:

—P—1Uy(p.0) = f(p.0), p-1u(p.0) =AU 1(p,9), keN.
f(p.0) _Au,(p.9) KeN.

1’ u (0, 9) 1

In the general case, all these functions uy(p,¢) have increasing singularities of the form
U, (0, 9) :O((p—l)_(5k+l)/2), p—>LkeNy;=012,.

Therefore, asymptotic solution (3) can be represented as follows:

Here we determine all uy(p,) as follows: uy (o, ) =—

k
1 & £
U(p,(p,g)z—z — | K (p,(p), e—>0,
V=163 J(p-1y°
where F, eC“’([_)),k =0,12,...

Hence, series (3) is an asymptotic solution to the first boundary value problem only in the domain
{(p.9)| 1+&"° <p<a, 0< p< 27}, and does not satisfy the boundary condition u(a,¢,&) =, (@) on
the circle p=a, and solution (3) loses its asymptotic character in the domain {(p, ¢)| 1< p< 1+&”,
0<p<27}.

Let us prove the following theorem.

Theorem. The asymptotic solution to first boundary value problem (1) and (2) can be represented
in the following form:

o0 o0 1 o0
u(p.0.8) = eV (p.0) + 2 212 (t,¢)+22ﬂkwk (z.0), €0,
k=0 k=0 k=0

where t=(a—p)/ A, A=\e, 7= (p— V)i, u=Ye.
The functions v, (p,9),z, (t,9),w, (7,9) are specified below, in the proof of Theorem.

Proof. First, construct a formal asymptotic solution to the first boundary value problem. As usual,
we look for such a solution in the form [4-6]

u(p, &) =V (p,@.8) +Z(t, 0, A) +W(z, 9, 1) , (4)
where V(p,qo,g):z,skvk(p,q)), Z(t,(p,/l)=Zlkzk(t,go), t=(@—p)/ 1, A=+e,
k=0 k=0
1 o0
W(T,cﬂ,#)=;Zuka(T,<p) = (- DI, u=Ye.
k=0
Taking into account conditions (2), we obtain:
W(0,, 1) = ya(9) - V(L p), Vk: lim w(z,9) =0, p<[0,27]; (5)
Z(0,p, 2) = wa(@) —V(a,p, ), VK: lim 2 (t,9) =0, p<l0,27]. (6)
t—w
We write differential equation of elliptic type (1) in the form [4-6]
eAU(p,9,6) = \[p—Lu(p.0.) = f(0,0.8) —h(p,0,¢) + h(p,0.), ()
2 h : oy
where  h(p,p,)= 3| by () + e2t| e 2P PO\ o) are un-
par V-1 (p-1)°

known functions for the present.
Substituting formal series (4) into differential equation of elliptic type (7), we have

SAV(p,w,E)—vp—].V(p,(D,é‘) = f(p!¢!£)_h(p1¢)!€)v (PvCD) € D! (8)
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2
,L{—er C—+(yzc)2%— rW]zh(lJrr,uz,(p,ys), (r,q))e Dy, 9)
T T o

2
Zt_Z_zc— (/r)zaz Va- 1——12 0, (t.p)eDy, (10)

where c=

T<c<l, Do={(r)|0<r<@-1A0< p<27}, Di={(t@)|0<t<(a-
l+r,u a

1
a—At

DI, 0<e<2 7}, €=

Q|

<6<, W=W(rpu), Z=2(tpA).

From (8), taking into account that V (p,p,&)= ngvk (p.9) and equating the coefficients at the
k=0
same degrees of & we obtain:

__f(p,(p)—ho((o)’

VO(:D!(D)_ \/ﬁ

if ho(¢) = (1, ¢), then v, eC(D).

In this case, Vo (0,¢) =—p — 1% (0,¢), ¥, €C*(D) and
1 N, 0%, 1( ¥, o Ry
Avy = = _fp1—8 = 2 [p-1=0 |- [p-1=1,
0 3/2 a/ 1op Vo2 p[Za/p—l ? apJ Y
Let us determlne vi(p, @):
w(p,) = Ao (2, 9) + (0, 9)
a/p—l
Voo(@)  3Vp1(p)p—2Vy4(9) . y . Ny (L, )
let hy(p, ) = ——>2 + 2 0277 where ¥, () =V, (L @), Vo, () = —222
4(,0—1)3/2 4,0 p—l 0,0 0 01 8,0
Then
Ay (p,9) +h(p.9) =\ P~y (0, 9), Vy €C*(D).
Hence,

o) = Av(p.9) +hi(p.0) _

Vl(pi \/ﬁ _VO(p’(D)'

Continuing this process in a similar way, for vy.1(0, ) we have:

AV (p, ) +h ,
Vora (P @) = 2 (P ¢)p_ik+1(p (0)’
let
h = \72 k0 (Q)) 3\72k0,1 ((0)/0 - 2\72k,0 (Q))
2k+1(,0,(p)——4(p_1)3/2+ i |
where
v v J Ny (1, 9)
ok 0(9) = U 9. Vo () = =252,
then

AV (,0) + Moy 1 (0, 0) =\ P~ (0, 0), Ty €C* (D).
Hence, we have:

Av. ,0)+h , ~
2k (,D ¢)p_ik+l(p gﬂ) =V2k (p,¢) .

Voki1 (,01 (0) =

And, for vy (p,¢), we have:
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AVy 4 (P, 9) + i (o,
Vo (0, ) = —2 1(p ‘2)_12k(/0 (p),

if ha(¢) = —Avac1(L,9), keN, then vy, €C(D).
Note that Vyy,; € C*(D), vy €C(D).
Let us determine the functions w(z,¢). Rewrite relation (9) as follows:

0 2 2 0 h h ,
Z,Uk [a W N C,u2 aWk +C2y4 aa(;VZk _\kaJ: Zﬂwk [th (¢) +,U2 2k+1,3(§0) 4 #4 2k+1,1(,UT CD)] .
k=0

o | or? or NE NA
Hence, taking into account (5), we have:
2
Iwozaav\é0 —Jrw, =hy, We(0,¢) =0, limw,(r,9)=0, (11)
T T—>0
Wy =0, wy(0,0) = p1(¢) —Vo(L.9). lim wi(z.9) =0, (12)
Iw, =—c%+M ,W2(0,¢) =0, lim w, (z,9) =0, (13)
aT \/7_3 T—>0
ow, .
w; =—c—=, w3(0,9) =0, limws(7,9)=0, (14)
a‘[ T—>0
w, %Wy h(zue) :
Iw, =—¢c—2 —c>—0 4 & , W4(0,0) =0, lim w,(z,¢) =0, 15
=T E e TR w0 =0, fim (i) (15)
2
|W5=—C%—Cza V\él,w5(0,qo)=0, limws(7,9) =0, (16)
aT 8¢ T—>0
2
g =—c 2% —c2Z% 0,0) = vi(Lg), lim wy(z, ) =0, (17)
T a(pz T—0
W, ,0W, _ _
ij =—C -C 5 , Wj(0,p) =0, lim Wj(r,g0)=0,j=7,8,9, (18)
or 6¢) 70
ow, *w :
IWgy .y =—C k1 _¢? 5273 s Wske1(0,00) = —Vi(1,90), lim Wey,4(7,90) =0, (19)
or a¢) 0
MWygy— *Wyg :
gy =—C—X2 —¢? =104 1 by, (), Wiok(0,9) =0, lim wyg (7,90) =0, (20)
or 5(0 0
Mg 20 Wig o Makiaa(9) .
W2 =—C —-C >t s Wigks2(0,9) = 0, lim wygy ,» (7,90) =0, (21)
or 6(/) \/2'_3 T—0

oW, 0w, Moy 11 (724, ) .
gO;*Z—cZ - L0k Zk”j[  Wiosa(0,0) =0, im Wi 4 (7,0) =0 (22)
() T

Let us prove the following statement.
Lemma. The problem

2"(t) —Jtz(t) =

c

\F

has a unique solution (here ¢, z° are constants).
Proof. We know that the corresponding linear homogeneous differential equation of the second or-

der Z"(t)—ﬁi(t)zo has two independent solutions:
where 1,,5(s), K,,5(s) are the modified Bessel functions.

,te(0,0), k=0,1,3,2(0)=2° limz(t)=0,
t—wo
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Solutions to the homogeneous equation have the following property:
1 454 1 4 {5/4 1
z(t)=0| t 8e® , Z,(t)=0| t 8e 5 , t—> 0, 2(0)=0, z,(0) =0, W(z;,2,)=—, 0#¢, =const.
G

The solution to the inhomogeneous equation with the corresponding boundary conditions can be
represented as

2%2,(t) t o _
2(t) = Zzéo) +cq(22(t)jos k/ZZ]_(S)dS-i-Zl(t)L s k’Zzz(s)ds).

The asymptotic behavior of the solutions z,(t) and z,(t) to the homogeneous equation implies that
z(t) :O(t’("”)’z)when t—o0, and z(t) =O(t2’k’2),k =0,1,3, when t—0. This completes the proof of
Lemma.

By virtue of Lemma, there exist unique solutions to boundary value problems (11)—(22). It follows
from the properties of zy(t) and z,(t) that wig(t) = O(L/t?), Wigksa(t) = O(L/1D), Wigesa(t) = O(L/1), t—>o0,
and the remaining solutions w;(t) are exponentially small when t — oo.

Let us consider boundary value problem (10), (6). Since a=At/(a-1), 0<a <1, then the follow-
ing decomposition takes place:

U—a =1+ Z (—— j .[1—j+1j(—a)i .
EY LY 2
Therefore, homogeneous differential equation (10) can be written in the following form:

2
0 Zo ~Ja-1z,=0, (t,9)eDy, (0, ¢) = (@) Vo(a,g), lim zo(t ) =0,

t—w

0%z oz, 0°z o7, , 0%z
—*—a- zk_Gk(zo, ato a—(pg,...,zk y aktl . kzl,tJ (t.p)eDy,

and the boundary conditions can be represented as z,(0,¢) = —Va(a,9), 220-1(0,) = 0, lim z, (t,p) =0,
t—w
2 2
820 0 Zg, ...,zkfl,az"*1 ,&“zl,t depend linearly on the previous solu-
ot " op ot op

where the functions G [zo,

. L . oz, , 0%z
tions and on the derivatives of these solutions, i.e. onz, ,, 5{1 a—"j
4

These problems have unique solutions, which decrease exponentially when t — oo:

4 A o
2(t,0) = (2 () - Vo(@9)e ", 7 (t.p) =e @R (tp), R cC™ (D).
We have determined all terms of formal asymptotic solution (4). Let us estimate the remainder of
this expansion.

and on the variable t.

Let U(p, @, ‘9)=V2n+1(p’¢v 8)+Z4n+2 (t §0’ ﬂ’) +W10n+6(T ®, ,U)"'R2n+l(p’¢a 8)’ where
2n+1 c 1 10n+6 K
Vo (02:6) = D eV (0.90), Zanio (o2 Z X 7 (t,@), Wigne (r,go,,u):; > 1w w (r.0),
k=0 k=0

R on+1(0,,€) is the remainder of the series.
Then we obtain the following problem for the residual function R (o, ¢,¢):

Ron,1(£,9,6) ~\[p~1Ronu1 (0,0,€) =O(s*™*?), e >0, (p,) €D, (23)
Rona19.2) =0(6"% ), Rypa(a.0.6)=0(6™?), £ 50, pe[0,27]. (24)

It is impossible to apply the maximum principle directly, since /p—1>0 for 1 < p<a. Therefore,

first of all, we replace R zn+1(0,@,6) = (a—p2/2)r2n+1(p, 0,£).
Then problem (23)—(24) takes the form:
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45p arzn 1 48 2n+2
AL, — —= «/ -1+ r.,.=0l¢g ,(p,0)eD,
2ml T p2 op P g p2 2n+1 ( ) (P 9)

b (L0, ) =o(e—1’ g ) b1 (@ 0,6) =0(62™2), £ >0, p [0, 27].

For this problem, the maximum principle [3] can be applied. As a result, we obtain an asymptotic
estimation: r,,,,(p,0,&) =0(s?™), ¢ 50, (p,p) €D

Therefore, Ry,.1(0,¢,6) =0(*™?), £ >0, (p,@) €D.
This completes the proof of Theorem.
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ACUMNTOTUYECKOE PELLEHUE BO3MYLLEHHON NEPBOW KPAEBOWU
3AOA4YUN C HEMMAOAKUM KOO DPULUMEHTOM
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PaccmatpuBaeTcs HeoAHOpPOHAS IEpBasi KpaeBas 3ajaya, T. €. 3aja4ya Jupuxie B KoJblie ISl -
HEUHOTO HEOAHOPOIHOTO AJUIUIITUYECKOTO YPaBHEHUSI BTOPOrO MOPSAKA C IBYMS HE3aBUCHUMBIMU IEpe-
MEHHBIMH, COJEpKAIIET0 Majbld mapaMeTp mepen JiarmacuanoM. [loTeHnnan ypaBHEHHUS HE SIBIISCTCS
TIaaKol (yHKIMEH B uccieayeMont oonactu. Perenne nccnemyeMoil mepBoit KpaeBoid 3aJauu CyIecT-
BYET U €IMHCTBEHHO. SIBHOE pelIeHUE EpBOM KpaeBoM 3a/1aul OCTPOUTh HEBO3MOKHO. Hac unTepecy-
eT BIMSIHHE MaJIOTO IMapaMeTpa Ha pelieHue 3a1aun Jupuxie B paccMarpuBaeMoi 00IacTH, KOraa Ma-
JIBIA TTapaMeTp CTPEMUTCS K HyIo. [loaToMy TpeGyeTcst HOCTPOUTh AaCHMITOTHIECKOE PEIICHUE TIEPBOit
KpaeBoii 3a1aun B Kojblle. Mccienyemas 3aada uMeeT JB€ CUHTYJSIPHOCTH (OMCHHTYJSpHAs 33ja4a):
MPUCYTCTBUE MAJIOTO NapaMeTpa Nepesl JariaChiaHoM U PELIeHNUEe COOTBETCTBYIOLIETO HEBO3MYILIEHHOTO
YpaBHEHUS HE SIBISCTCS TIJAKOH (QyHKIHEW B paccMaTpuBaeMoit obmactu. J{ist mocTpoeHus: aCHMITO-
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TUYECKOTO PEIICHHS TPUMEHsIEM MOTUPUIIMPOBAHHBIM METOJI MTOTPAHUYHBIX (YHKIIHIA, TAK KaK KIIACCHU-
YeCKUil METOJ] MOTPaHWYHbIX (YHKIWH MPUMEHHTH HEBO3MOXKHO. /[ Hadama ctpouM QopmaipHOe
ACUMIITOTHYECKOE PEIICHUE 10 MAJIOMY apaMeTpy, a IOTOM OLIEHUBAEM OCTATOUHBIN YJIEH aCUMITOTH-
YEeCKOro pa3iokeHHsd. B pesynbTare HaMu MOCTPOEHO MOJTHOE PABHOMEPHOE ACHMIITOTHYECKOE pasiio-
JKEHUE PEILCHUS NIEPBOM KpaeBoil 3aa4M B KOJIbLIEC 10 MajoMy napaMmeTpy. IlocTpoeHHBIH psi peleHust
MepPBOI KpaeBoO 3a1auu SBISETCS ACUMIITOTHUECKUM B CMBICIE DpIeH.

Knioueswvie cnosa: 3a0aua Jupuxae ons korvya, OUCUHSYIAPHAS 3a0a4d; ACUMAMOMUKA, ONepamop
Jlannaca,; manwiii napamemp.
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